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Abstract

This paper develops methods for assessing the sensitivity of empirical conclusions regard-
ing conditional distributions to departures from the missing at random (MAR) assumption.
We index the degree of non-ignorable selection governing the missingness process by the max-
imal Kolmogorov-Smirnov (KS) distance between the distributions of missing and observed
outcomes across all values of the covariates. Sharp bounds on minimum mean square approx-
imations to conditional quantiles are derived as a function of the nominal level of selection
considered in the sensitivity analysis and a weighted bootstrap procedure is developed for
conducting inference. Using these techniques, we conduct an empirical assessment of the
sensitivity of observed earnings patterns in U.S. Census data to deviations from the MAR
assumption. We find that the well-documented increase in the returns to schooling between
1980 and 1990 is relatively robust to deviations from the missing at random assumption ex-
cept at the lowest quantiles of the distribution, but that conclusions regarding heterogeneity
in returns and changes in the returns function between 1990 and 2000 are very sensitive to
departures from ignorability.
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1 Introduction

Despite major advances in the design and collection of survey and administrative data, missingness
remains a pervasive feature of virtually every modern economic dataset. Hirsch and Schumacher
(2004)), for instance, find that nearly 30% of the earnings observations in the Outgoing Rotation
Groups of the Current Population Survey are imputed. Similar allocation rates are present in other
major earnings sources such as the March CPS and Decennial Census with the problem growing

worse in more recent years.

The dominant framework for dealing with missing data has been to assume that it is “missing
at random” (Rubin| (1976))) or “ignorable” conditional on observable demographics; an assumption
whose popularity owes more to convenience than plausibility. Even in settings where it is reason-
able to believe that non-response is approximately ignorable, the extent of missingness in modern
economic data suggests that economists ought to assess the sensitivity of their conclusions to small

deviations from this assumption.

Previous work on non-ignorable missing data processes has either relied upon parametric models
of missingness in conjunction with exclusion restrictions to obtain point identification (Greenlees
et al. (1982)) and |[Lillard et al.| (1986)) or considered the “worst case” bounds on population moments
that result when all assumptions regarding the missingness process are abandoned (Manski (1994,
2003))). Neither approach has garnered much popularityE] It is typically quite difficult to find
variables which shift the probability of missingness but are uncorrelated with population outcomes.
And for most applied problems, the worst case bounds are overly conservative in the sense that they
consider missing data processes that the majority of researchers would consider to be implausible

in modern datasets.

Proponents of the bounding approach are well aware of the fact that the worst case bounds may
be conservative. As|Horowitz and Manski (2006) state “an especially appealing feature of conser-
vative analysis is that it enables establishment of a domain of consensus among researchers who
may hold disparate beliefs about what assumptions are appropriate.” However, when this domain
of consensus proves uninformative, some researchers may wish to consider stronger assumptions.
Thus, a complementary approach is to consider a continuum of assumptions ordered from strongest
(MAR) to weakest (worst case bounds), and to report the conclusions obtained under each one. In
this manner, consumers of economic research may draw their own (potentially disparate) inferences

depending upon the strength of the assumptions they are willing to entertain.

We propose here a feasible version of such an approach for use in settings where one lacks
prior knowledge of the missing data mechanism. Rather than ask what can be learned about the
parameters of interest given assumptions on the missingness process, we investigate the level of
non-ignorable selection necessary to undermine one’s conclusions regarding the conditional distri-

bution of the data obtained under a missing at random (MAR) assumption. We do so by making

1See DiNardo et al.| (2006) for an applied example comparing these two approaches.



use of a nonparametric measure of selection — the maximal Kolmogorov-Smirnov (KS) distance
between the distributions of missing and observed outcomes across all values of the covariates. The
KS distance yields a natural parameterization of deviations from ignorability, with a distance of
zero corresponding to MAR and a distance of one encompassing the totally unrestricted missing-
ness processes considered in |Manski (1994)). Between these extremes lie a continuum of selection
mechanisms which may be studied to determine a critical level of selection above which conclusions
obtained under an analysis predicated upon MAR may be overturned. By reporting the minimal
level of selection necessary to undermine a hypothesis, we allow the reader to decide for themselves

which inferences to draw based upon his or her beliefs about the selection process

To enable such an analysis, we begin by deriving sharp bounds on the conditional quantile
function (CQF) under nominal restrictions on the degree of selection present. We focus on the
commonly encountered setting where outcome data are missing and covariates are discrete. In order
to facilitate the analysis of datasets with many covariates, results are also developed summarizing
the conclusions that can be drawn regarding linear parametric approximations to the underlying
nonparametric CQF of the sort considered by (Chamberlain| (1994). When point identification of the
CQF fails due to missingness, the identified set of corresponding best linear approximations consists
of all elements of the parametric family that provide a minimum mean square approximation to

some function lying within the CQF bounds.

We obtain sharp bounds on the parameters governing the linear approximation and propose
computationally simple estimators for them. We show that these estimators converge in distribution
to a Gaussian process indexed by the quantile of interest and the level of the nominal restriction on
selection and develop a weighted bootstrap procedure for consistently estimating that distribution.
This procedure enables inference on the coefficients governing the approximation when considered

as an unknown function of the quantile of interest and the level of the selection bound.

Substantively these methods allow a determination of the critical level of selection for which
hypotheses regarding conditional quantiles, parametric approximations to conditional quantiles, or
entire conditional distributions cannot be rejected. For example we study the “breakdown” function
defined implicitly as the level of selection necessary for conclusions to be overturned at each quantile.
The uniform confidence region for this function effectively summarizes the differential sensitivity of
the entire conditional distribution to violations of MAR. These techniques substantially extend the
recent econometrics literature on sensitivity analysis (Altonji et al.| (2005} [2008)), Imbens| (2003,
Rosenbaum and Rubin| (1983]), Rosenbaum| (2002)) ), most of which has focused on the sensitivity of
scalar treatment effect estimates to confounding influences, typically by using assumed parametric

models of selection.

Having established our inferential procedures, we turn to an empirical assessment of the sensi-

tivity of heavily studied patterns in the conditional distribution of U.S. wages to deviations from

20ur approach has parallels with classical hypothesis testing. It is common practice to report p-values rather
than the binary results of statistical tests because readers may differ in the balance they wish to strike between type
I and type II errors. By reporting p-values, the researcher leaves it to the reader to strike this balance on their own.



the MAR assumption. We begin by revisiting the results of /Angrist et al. (2006)) regarding changes
across Decennial Censuses in the quantile specific returns to schooling. Weekly earnings informa-
tion is missing for roughly a quarter of the observations in their study, suggesting the results may
be sensitive to small deviations from ignorability. We show that despite extensive missingness in
the dependent variable, the well-documented increase in the returns to schooling between 1980 and
1990 is relatively robust to deviations from the missing at random assumption except at the lowest
quantiles of the conditional distribution. However, deterioration in the quality of Decennial Census
data renders conclusions regarding heterogeneity in returns and changes in the returns function be-
tween 1990 and 2000 very sensitive to departures from ignorability at all quantiles. We also show,
using a more flexible model studied by [Lemieux (2006)), that the apparent convexification of the
earnings-education profile between 1980 and 2000 is robust to modest deviations from MAR while

changes in the wage structure at lower quantiles are more easily obscured by selection.

To gauge the practical relevance of these sensitivity results we analyze a sample of workers from
the 1973 Current Population Survey for whom IRS earnings records are available. This sample allows
us to observe the earnings of CPS participants who, for one reason or another, failed to provide
valid earnings information to the CPS. We show that IRS earnings predict non-response to the CPS
within demographic covariate bins, with very high and very low earning individuals most likely to
have invalid CPS earnings records. Measuring the degree of selection using our proposed KS metric
we find significant deviations from ignorability with patterns of selection that vary substantially
across demographic groups. Given recent trends in survey imputation rates, these findings suggest
economists’ knowledge of the location and shape of conditional earnings distributions in the U.S.

may be more tentative than previously supposed.

The remainder of the paper is structured as follows: Section 2 describes our index of selection
and our general approach to assessing sensitivity. Section 3 develops our approach to assessing
the sensitivity of parametric approximations to conditional quantiles. Section 4 obtains the results
necessary for estimation and inference on the bounds provided by restrictions on the selection

process. In Section 5 we present our empirical study and briefly conclude in Section 6.

2 Assessing Sensitivity

Consider the random variables (Y, X, D) with joint distribution F, where Y € R, X € R! and
D € {0,1} is a dummy variable that equals one if Y is observable and zero otherwise — that is only
(YD, X, D) is observable. Denote the distribution of Y given X and of Y given X and D by:

Fyo(c) = P(Y < ¢|X = x) Flaz(c)=P(Y <¢|D=d, X =x), (1)
where d € {0, 1} and further define the probability of Y being observed conditional on X to be:

p(r)=P(D=1X=12). (2)



In conducting a sensitivity analysis the researcher seeks to assess how the identified features of
Fy, depend upon alternative assumptions regarding the process generating D. In particular, we will
concern ourselves with the sensitivity of conclusions regarding ¢(7|X), the conditional 7-quantile
of Y given X, which is often of more direct interest than the distribution function itself. Towards

this end, we impose the following assumptions on the data generating process:

Assumption 2.1. (i) X € R’ has finite support X; (ii) Fyja.(c) is continuous and strictly increas-
ing at all ¢ such that 0 < Fyq,(c) < 1; (iii) The observable variables are (Y D, D, X).

The discrete support requirement in Assumption (1) simplifies inference as it obviates the
need to employ nonparametric estimators of conditional quantiles. While this assumption may be
restrictive in some environments, it is still widely applicable as illustrated in our study of quantile
specific returns to education in Section 5. It is also important to emphasize that Assumption (1)
is not necessary for our identification results, but only for our discussion of inference. Assumption

m(ii) ensures that for any 0 < 7 < 1, the 7-conditional quantile of Y given X is uniquely defined.

2.1 Index of Selection

Most previous work on sensitivity analysis (e.g. [Rosenbaum and Rubin (1983), |Altonji et al.
(2005)) has relied upon parametric models of selection. While potentially appropriate in cases where
particular deviations from ignorability are of interest, such approaches risk understating sensitivity
by implicitly ruling out a wide class of selection mechanisms. We now develop an alternative
approach designed to allow an assessment of sensitivity to arbitrary deviations from ignorability
that retains much of the parsimony of parametric methods. Specifically, we propose studying a
nonparametric class of selection models indexed by a scalar measure of the deviations from MAR
they generate. A sensitivity analysis may then be conducted by considering the conclusions that
can be drawn under alternative levels of the selection index, with particular attention devoted to
determination of the threshold level of selection necessary to undermine conclusions obtained under

an ignorability assumption.

Since ignorability occurs when Fy; , equals Fyo ., it is natural to measure deviations from MAR
in terms of the distance between these two distributions. We propose as an index of selection
the maximal Kolmogorov-Smirnov (KS) distance between Fy; , and Fyo, across all values of the

covariates.ﬂ Thus, for X the support of X, we define the selection metric:

S(F) = supsup |Fyi4(c) = Fyoa(c)] - (3)
zeX ceER
Note that the missing at random assumption may be equivalently stated as S(F) = 0, while

S(F) = 1 corresponds to severe forms of selection where the supports of random variables distributed

according to Fy;, and Fy, fail to intersect for some x € X'. For illustrative purposes, Appendix

3The Kolmogorov-Smirnov distance between two distributions Hi (-) and Ha(+) is defined as sup,cg |H1(c)—Ha(c)|.



A provides a numerical example mapping the parameters of a bivariate normal selection model into

values of S(F') and plots of the corresponding observed and missing data CDFs.

By indexing a selection mechanism according to the discrepancy S(F') it generates, we effectively
summarize the difficulties it implies for identifying Fy,. In what follows, we aim to examine what
can be learned about F,, under a hypothetical bound on the degree of selection present as measured

by S(F'). Specifically, we study what conclusions can be obtained under the nominal restriction:
S(F)<k. (4)

We emphasize that knowledge of a true value of k for which holds is not assumed. Rather, we
propose examining the conclusions that can be drawn when we presume the severity of selection,
as measured by S(F'), to be no larger than k. This hypothetical restriction will be shown to yield
sharp tractable bounds on both the conditional distribution (F),) and quantile (¢(-|z)) functions.
Such bounds will, in turn, enable us to determine the level of selection k necessary to overturn

conclusions drawn under MAR.

2.2 Interpretation of k

Our motivation for working with S(F) rather than a parametric selection model is that researchers
generally lack prior knowledge of the selection process. It is useful, however, to have in mind a
simple class of nonparametric data generating processes that provide an intuitive understanding of
what the value k in represents. Towards this end, we borrow from the robust statistics literature
(e.g. Tukeyl| (1960), Huber| (1964))) in modeling departures from ignorability as a mixture of missing

at random and arbitrary non-ignorable missing data processesﬁ

Specifically, consider a model where a fraction &k of the missing population is distributed accord-
ing to an arbitrary CDF Fm, while the remaining fraction 1 — k of that population are missing at

random in the sense that they are distributed according to Fy; .. Succinctly, suppose:

FyIO,x<C) = (1 - k)Fyll,x(C) + kFy\x(C) ) (5)

where wa is unknown, and holds for all x € X and any ¢ € R. In this setting, we then have:
S(F) = supsup |Fy1 (c) — kﬁ’y|z(c) — (1= k)Fyp.(c)l
TeX cER

=k x supsup |Fyj1 4(c) — Fy‘x(c)\ ) (6)
rzeX ceR

Hence, if we consider the mixture model in for unknown Fy|x, then we must allow for the
possibility that S(F') takes any value between zero and k, as in (4)). Formally, the conclusions we
can draw from the formulations in (4)) and (5] are equivalent — the result of S(F') < k accommodating
for any F|,, and that for any v € [0, k) there is a F, such that S(F) = v when (F) holds.

4We thank an anonymous referee for suggesting this interpretation.



Thus, we may interpret the level of k in the restriction S(F') < k, as a bound on the fraction
of the missing sample that is not well represented by the observed data distribution. This heuristic
is particularly helpful in establishing a link to the foundational work on bounds of |Manski (1994,
2003). In the presence of missing data, the latter approach exploits that Fyp,(c) <1 to obtain an
upper bound for Fy,(c) of the form:

Fypa(c) = Fypa(c) X p(x) + Fyjou(c) x (1 = p(z))

p
< Fypa(c) x ple) + (1 =p(z)) . (7)

Heuristically, the upper bound in follows from a “least favorable” configuration where the entire

missing population lies below the point ¢. By contrast, under the mixture specification:

Fyja(c) = Fypa(e) x p(@) +{(1 = k) Fypa(e) + kEya(c)} x (1 - p(x))
< Fypa(e) x (1= k(1 = p(x)) + k(1 = p(z)) . (8)

Thus, in this setting we need only worry about a fraction k of the unobserved population being
below the point ¢. We can therefore interpret £ as the proportion of the unobserved population
that is allowed to take the least favorable configuration of Manski (1994)).

Remark 2.1. The mixture interpretation of also provides an interesting link to the work on
“corrupted sampling” of |Horowitz and Manski| (1995)), who derive bounds on the distribution of
Y1 € R in a setting where for Z € {0,1}, Y5 € R, and:

Y =Y1Z+Yy(1-2), (9)

only Y is observed. The resulting identification region for the distribution of ¥; can be characterized
in terms of A = P(Z = 1), and the authors study “robustness” in terms of critical levels of A under
which conclusions are as uninformative as when A = 1. In our missing data setting, the problematic
observations are identified. Hence, it is the unobserved population that is “corrupted” — as in

equation . Our index k then plays a similar role to A in the corrupted sampling model. m

2.3 Conditional Quantiles

For ¢(7|X) the conditional T-quantile of ¥ given X, we now examine what can be learned about
the conditional quantile function ¢(7|-) under the nominal restriction S(#') < k. In the absence of
additional restrictions, the conditional quantile function ceases to be identified under any deviation
from ignorability (k > 0). Nonetheless, ¢(7|-) may still be shown to lie within a nominal identified
set. This set consists of the values of ¢(7|-) that would be compatible with the distribution of
observables were the putative restriction S(F) < k known to hold. We qualify such a set as

nominal due to the restriction S(F') < k being part of a hypothetical exercise only.

The following Lemma provides a sharp characterization of the nominal identified set:

Lemma 2.1. Suppose Assumptions (z’z’)—(iiz’) hold, S(F) < k and let F,, (c) = Fl (o) if

y|1,
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0<c<1, F, (c)=-c0ifc<0and F, (c) =00 ifc=1. Defining (q.(7, k|z),qu(7, k[z)) by:

i e ) (10
aulr ko) = Fy, (TR IR IS 1)

it follows that the identified set for q(7|-) is C(T,k) ={0 : X — R : qp(7,k|-) < 0(:) < qu(7,k|")}.

PROOF: Letting KS(Fy1., Fyjoz) = sup, |[Fyp«(c) — Fyox(c)|, we first observe that:

1
KS(Fypz Fyoz) = —— xsup |[Fyi.(c) X p(x) + Fyoz(c) x {1 = p(x)} = Fyoz(c)|

p(x)  cer
= ﬁ X ilelg |Fyz(c) = Fyo(c)] - (12)

Therefore, it immediately follows from the hypothesis S(F') < k and result that:

T = Fyia(q(7]7)) X p(x) + Fyoa(q(rlz)) x {1 —p(z)}
< Fyjiz(q(t)z)) x p(x) + min{ F,, (¢(|z)) + kp(x), 1} x {1 —p(x)}
= Fyj1.(q(7]z)) x p(x) + min{7 + kp(z), 1} x {1 — p(z)} . (13)
By identical manipulations, Fyp ,(¢(7|z)) % p(z) <7 — max{r — kp(x),0} x {1 — p(z)} and hence
by inverting Fy; , we conclude that indeed ¢(7|-) € C(7, k).
To prove the bounds are sharp, we aim to show that for every 6 € C(7, k) and every z € X there
is a [0, such that: (I) Assumption (ii) is satisfied, (IT) sup, |Fy1.(c) — Fyjo.(c)| < k, and (I11):
Eypia(0(x)) % p() + Fjoa(8(x)) x (1= p(z)) =7 . (14)
Toward this end, first note that in order for to hold, we must set Fy.(0(z)) = (), where:

T — Fy1,.(0(x)) x p(x)
1 —p(x) '

Moreover, since 6 € C(7,k), direct calculation reveals that |x(x) — Fy1,.(0(x))] < k. Further

K(z) (15)

assuming k(x) > Fy ,(0(x)) — the case k(x) < Fyp ,(6(x)) is analogous — we then note that if:
Fyjo.s(c) = min{Fyp o(c) + ¥alc), 1}, (16)

then Fy\o,x will satisfy: (I) provided ¥, (c) is continuous, increasing and satisfies lim., o, V,(c) =0,
(IT) provided 0 < W,(c) < k(z) < k for all ¢, and (III) if W, (0(x)) = w(x) — Fy1.(0(x)). For
(a)+ = max{a,0}, and Ky > k(x)/Fyj1,.(0(x)), these conditions are satisfied by the function:

Vo(c) = max{0, r(x) — Fy1,0(0(x)) — Ko(Fypo(0(2)) = Fyna(c)+} - (17)
Therefore, the claim of the Lemma follows from and . [ ]

Figure 1 provides intuition as to why the bounds in Lemma [2.1] are sharp. In this illustration,

the median of the observed distribution Fy,, is zero, and p(z) = 1/2. These parameters yield an



Figure 1: Mlustration with p(z) = 1/2, k = 0.38, ¢(0.5|x) = —0.5.

1.000 -

0.900

0.800

0.700 -

0.600

0.500

0.400 -

0.300

0.200
—Fy|1,x e Fy|O,x =--Fy|x Fy|0,x Upper Bound

0.100 -

0.000 T T T T T T T T T T T T T T T T T T T ]
-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 20

upper bound for Fyjo,(c) < min{l, Fy ,(c) + k} — the line termed “F o, Upper Bound” in Figure
1. The lower bound ¢;,(0.5|z) is then given by the point at which the mixture of F; , and the upper
bound for Fy, crosses 1/2, which in Figure 1 is given by -0.5. Any CDF Fo, which equals its
upper bound at the point ¢z, (0.5|x) and whose maximal deviation from Fy; , occurs at gz, (0.5]x) will
then justify ¢ (0.5|z) as a possible median. The same logic reveals a CDF F o, can be constructed

that stays below its bound, and such that the median of F}|, equals any point in (g (0.5|z), 0].

Remark 2.2. A key advantage, for our purposes, of employing Kolmogorov-Smirnov type distances
is that they are defined directly in terms of CDFs. Competing metrics such as Hellinger or Kullback-
Leibler are, by contrast, defined on densities. Consequently, the quantile bounds that result from

employing these alternative metrics do not take simple analytic forms as in Lemma 2.1} m

Remark 2.3. An alternative Kolmogorov-Smirnov type index that delivers tractable bounds is:

W(E) = supu(e) x {sup | Fy.(e) = Fyoe(e)]} (18)

zeX

for weights w(x) > 0. The restriction W(F') < k is equivalent to employing the bound k/w(z) on
the Kolmogorov-Smirnov distance between Fy;, and Fy, at each x € X. Thus, the identified
set for the conditional quantile ¢(7|x) follows from Lemma with k/w(z) in place of k in (10)
and . This alternative index of selection may prove useful to researchers who suspect particular

forms of heterogeneity in the selection mechanism across covariate values. m

2.4 Examples

We conclude this Section by illustrating through examples how the bound functions (g, qy) may
be used to evaluate the sensitivity of conclusions obtained under MAR. For simplicity, we let X be

binary so that the conditional T-quantile function ¢(7|-) takes only two values.

9



Example 2.1. (Pointwise Conclusions) Suppose interest centers on whether ¢(7|X = 1) equals
q(T|X = 0) for a specific quantile 7y. A researcher who finds them to differ under a MAR analysis
may easily assess the sensitivity of his conclusion to the presence of selection by employing the
functions (g (m0|-), qu(7o|-)). Concretely, the minimal amount of selection necessary to overturn the

conclusion that the conditional quantiles differ is given by:
ko = infk : qr(70,k[X = 1) — qu(70, k| X = 0) <0 < qu(70,k|X = 1) — qr(70, k[ X =0) . (19)

That is, ko is the minimal level of selection under which the nominal identified sets for ¢(7o| X = 0)

and ¢q(79|X = 1) contain a common value. =

Example 2.2. (Distributional Conclusions) A researcher is interested in whether the con-
ditional distribution Fy,—o first order stochastically dominates Fy,—;, or equivalently, whether
q(r|X = 1) < q(7|X = 0) for all 7 € (0,1). She finds under MAR that ¢(7|X = 1) > ¢(7|X = 0)
at multiple values of 7 leading her to conclude that first order stochastic dominance does not hold.

She may assess what degree of selection is necessary to cast doubt on this conclusion by examining:
ko=infk:qr(r, k| X =1) < qu(r,k|X =0) forall 7€ (0,1). (20)

Here, ko is the smallest level of selection for which an element of the identified set for ¢(-|X = 1)
(qr(+, ko|X = 1)) is everywhere below an element of the identified set for ¢(-|X = 0) (qu (-, ko|X =
0)). Thus, ko is the threshold level of selection under which F,—o may first order stochastically

dominate Fy,—;. m

Example 2.3. (Breakdown Analysis) A more nuanced sensitivity analysis might examine what
degree of selection is necessary to undermine the conclusion that ¢(7]X = 1) # ¢(7|X = 0) at each

specific quantile 7. As in Example 2.1, we can define the quantile specific critical level of selection:
ko(T) =infk : qp(m, k| X =1) —qu(T, k| X =0) <0< qu(1, k| X =1) —qr(1, k| X =0) . (21)

By considering xo(7) at different values of 7, we implicitly define a “breakdown” function rg(+) that

reveals the differential sensitivity of the initial conjecture at each quantile 7 € (0,1). m

3 Parametric Modeling

Analysis of the conditional 7-quantile function ¢(7|-) and its corresponding nominal identified set
C(7,k) can be cumbersome when many covariates are present as the resulting bounds will be of
high dimension and difficult to visualize. Moreover, it can be arduous even to state the features
of a high dimensional CQF one wishes to examine for sensitivity. It is convenient in such cases to
be able to summarize ¢(7]-) using a parametric model. Failure to acknowledge, however, that the

model is simply an approximation can easily yield misleading conclusions.

Figure 2 illustrates a case where the nominal identified set C(7, k) possesses an erratic (though

perhaps not unusual) shape. The set of linear CQFs obeying the bounds provide a poor description

10



Figure 2: Linear Conditional Quantile Functions (Shaded Region) as a Subset of the Identified Set
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of this set, covering only a small fraction of its area. Were the true CQF known to be linear this
reduction in the size of the identified set would be welcome, the benign result of imposing additional
identifying information. But in the absence of true prior information these reductions in the size of

the identified set are unwarranted — a phenomenon we term “identification by misspecification”.

The specter of misspecification leaves the applied researcher with a difficult choice. One can
either conduct a fully nonparametric analysis of the nominal identified set, which may be difficult
to interpret with many covariates, or work with a parametric set likely to overstate what is known
about the CQF. Under identification, this tension is typically resolved by estimating parametric

models that possess an interpretation as best approximations to the true CQF and adjusting the

corresponding inferential methods accordingly as in (Chamberlain| (1994) and |Angrist et al.| (2006).
Following |Horowitz and Manski (2006)), Stoye| (2007)), and [Ponomareva and Tamer| (2009), we extend
this approach and develop methods for conducting inference on the best parametric approximation
to the true CQF under partial identification.

We focus on linear models and approximations that minimize a known quadratic loss function.
For S a known measure on X and Eg[g(X)] denoting the expectation of ¢g(X) when X is distributed
according to S, we define the parameters governing a best linear approximation (BLA) asﬂ

B(1) = arg min Es[(q(7|X) — X'7)%] . (22)

veR!

In cases where the CQF is actually linear in X it will coincide with its best linear approximation.

Otherwise, the BLA will provide a minimum mean square approximation to the CQF. In many

5The measure S weights the squared deviations in each covariate bin. Its specification is an inherently context-
specific task depending entirely upon the researcher’s objectives. In Section 4 we weight the deviations by sample
size. Other schemes (including equal weighting) may also be of interest in some settings.

11



Figure 3: Conditional Quantile and its Best Linear Approximation
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settings such an approximation may serve as a relatively accurate and parsimonious summary of

the underlying quantile function.

Lack of identification of the conditional quantile function ¢(7|-) due to missing data implies lack
of identification of the parameter (7). We therefore consider the set of parameters that correspond

to the best linear approximation to some CQF in C(7, k). Formally, we define:
P(r,k)={B€R": B € arg mi}g Es[(0(X) — X'y)% for some 6 € C(1,k)} . (23)
YE

Figure 3 illustrates the approximation generated by an element of P(7, k) graphically. While intu-
itively appealing, the definition of P(7, k) is not necessarily the most convenient for computational
purposes. Fortunately, the choice of quadratic loss and the characterization of C(7, k) in Lemma

imply a tractable alternative representation for P (7, k), which we obtain in the following Lemma.
Lemma 3.1. If Assumptions[2.1)(ii)-(iii), S(F) < k and Eg[X X'] is invertible, then it follows that:

P(r, k) ={B € R": B = (BEs[X X)) ' Eg[X0(X)] s.t. qr(1,k|2) < 0(x) < qu(T, k|z) for all x € X} .

Interest often centers on either a particular coordinate of B(7) or the value of the approximate
CQF at a specified value of the covariates. Both these quantities may be expressed as N 3(1) for
some known vector A € R!. Using Lemma it is straightforward to show that the nominal
identified set for parameters of the form XN (1) is an interval with endpoints characterized as the

solution to linear programming problemsﬁ

6Since X has discrete support, we can characterize the function @ by the finite number of values it may take.
Because the weighting scheme S is known, so is X' (Es[X X’])~!, and hence the objectives in and are of the
form w’6 where w is a known vector and 6 is a finite dimensional vector over which the criterion is optimized.
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Corollary 3.1. Suppose Assumptions[2.1|(ii)-(iii), S(F) < k, Es[XX'] is invertible and define:
nu(rk) = nf X6 = it X(EsXX) T ESIXO0] st qu(r. k) < 0a) < av(rble) (24
ceP(r,

mu(T, k) = ﬁesgl(pk) NpB = Sl;p N(Es[ XX 'Eg[X0(X)] s.t. qu(r, klr) <0(x) < qu(r, klz) . (25)

The nominal identified set for N'5(T) is then given by the interval [wp (7, k), 7y (7, k)].

Corollary provides sharp bounds on the quantile process X' ((+) at each point of evaluation 7
under the restriction that S(F') < k. However, sharpness of the bounds at each point of evaluation
does not, in this case, translate into sharp bounds on the entire process. To see this, note that
Corollary 3.1 implies X'3(-) must belong to the following set:

Gk)={g:10,1] = R:7p(1,k) < g(1) < my(r, k) for all 7} . (26)

While the true XNG(-) must belong to G(k), not all functions in G(k) can be justified as some
distribution’s BLA process[’| Therefore, G(k) does not constitute the nominal identified set for the
process X'(-) under the restriction S(F') < k. Fortunately, 7. (-, k) and 7y (-, k) are in the identified
set over the range of (7, k) for which the bounds are finite. Thus, the set G(k), though not sharp,
does retain the favorable properties of: (i) sharpness at any point of evaluation 7, (ii) containing
the true identified set for the process so that processes not in G(k) are also known not to be in the
identified set; (iii) sharpness of the lower and upper bound functions 7 (-, k) and 7y (-, k); and (iv)

ease of analysis and graphical representation.

3.1 Examples

We now revisit Examples from Section 2.1 in order to illustrate how to characterize the
sensitivity of conclusions drawn under MAR with parametric models. We keep the simplifying

assumption that X is scalar, but no longer assume it is binary and instead consider the model:
q(7|X) = a(7) + XB(7) . (27)

Note that when X is binary equation (27) provides a nonparametric model of the CQF, in which

case our discussion coincides with that of Section 2.1.

Example (cont.) Suppose that an analysis under MAR reveals 5(7) # 0 at a specific quantile

To- We may then define the critical level of ky necessary to cast doubt on this conclusion as:
ko =infk : wp(m0,k) <0 < my(10. k) . (28)
That is, under any level of selection k > kg it is no longer possible to conclude that 5(7y) # 0. m

Example (cont.) In a parametric analogue of first order stochastic dominance of Fy|, over

"For example, under our assumptions \'3(-) is a continuous function of 7. Hence, any g € G(k) that is discontin-
uous is not in the nominal identified set for X'(-) under the hypothetical that S(F') < k.

13



F,

v
analysis reveals that §(7) > 0 for multiple values of 7. The functions (7, 7) enable her to assess

i for © < 2, a researcher examines whether (1) < 0 for all 7 € (0,1). Suppose that a MAR

what degree of selection is necessary to undermine her conclusions by considering;:
ko=infk:m (r,k) <0 forall 7€ (0,1) . (29)

Note that finding 7 (7, ko) < 0 for all 7 € (0,1) does in fact cast doubt on the conclusion that
B(1) > 0 for some 7 because 7 (-, ko) is itself in the nominal identified set for 5(-). That is, under

a degree of selection ko, the process (-) may equal 7z (-, ko). m

Example (cont.) Generalizing the considerations of Example 2.1 we can examine what
degree of selection is necessary to undermine the conclusion that 5(7) # 0 at each specific 7. In

this manner, we obtain a quantile specific critical level of selection:
ko(T) =inf k : (7, k) <0 < 7y (T, k) . (30)

As in Section 2.1, the resulting “breakdown” function rg(-) enables us to characterize the differential

sensitivity of the entire conditional distribution to deviations from MAR. m

4 Estimation and Inference

In what follows we develop methods for conducting sensitivity analysis using sample estimates of
7.(7, k) and 7wy (7, k). Our strategy for estimating the bounds 7. (7, k) and 7y (7, k) consists of first
obtaining estimates ¢, (7, k|x) and gy (7, k|z) of the conditional quantile bounds and then employing
them in place of qr(7, k|z) and qy(7, k|x) in the linear programming problems given in and
. Thus, an appealing characteristic of our estimator is the reliability and low computational
cost involved in solving a linear programming problem — considerations which become particularly

salient when implementing a bootstrap procedure for inference.

Recall that the conditional quantile bounds ¢, (7, k|x) and gy (7, k|z) may be expressed as quan-
tiles of the observed data (see Lemma. We estimate these bounds using their sample analogues.
For the development of our bootstrap procedure, however, it will be useful to consider a represen-
tation of these sample estimates as the solution to a general M-estimation problem. Toward this

end, we define a family of population criterion functions (as indexed by (7,b,x)) given by:
Qu(c|m, ) =(P(Y <¢e,D=1,X=2)+bP(D=0,X =2) - 7P(X =12))*. (31)

Notice that if Q. (|7, b) is minimized at some ¢* € R, then ¢* must satisfy the first order condition:
7 —b(1 — p(z))

p(x)
Therefore, Lemma [2.1] implies that if unique minimizers to Q,(-|7, ) exist for b = min{r + kp(z), 1}
and b = max{7 — kp(x),0}, then they must be given by ¢ (7, k|x) and qy (7, k|x) respectively.

F,

y\lﬂl‘(c*) -

(32)
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For this approach to prove successful, however, we must focus on values of (7, k) such that
Q(-|7,b) has a unique minimizer at the corresponding b — which we note are the same values for
which the bounds ¢ (7, k|x) and gy (7, k|z) are finite. Additionally, we focus on (7, k) pairs such
that S(F') < k proves more informative than the restriction that Fo, lie between zero and one.

Succinctly, for an arbitrary fixed ¢ > 0, these conditions are satisfied by values of (7, k) in the set:

B = {(77 k) € [0,1]2 : (i) kp(x)(1 — p(z)) + 2¢ < 7p(7) (iii) kp(z) +2¢ < 7 e X}

(ii) kp(x)(1 = p(x)) +2¢ < (1 = 7)p(x)  (iv) kp(z) +2¢ <1 —7

Heuristically, by restricting attention to (7, k) € B¢, we are imposing that large or small values of 7
be accompanied by small values of k. This simply reflects that the fruitful study of quantiles close
to one or zero requires stronger assumptions on the nature of the selection process than the study

of, for example, the conditional median.

For any (7, k) € B., we then obtain the desired characterization of ¢ (7, k|z) and qu (7, k|z) as:
qr (7, k|x) = arg néllg Qz(c|T, 7+ kp(z)) qu(T, k|z) = arg Hélflg Q. (c|m, 7 —kp(z)) . (33)

These relations suggest estimating the bounds ¢ (7, k|x) and gy (7, k|z) through the minimizers of
an appropriate sample analogue. Toward this end, we define the sample criterion function:

n

Qun(clr,b) = (% S{Y € e D= LX, = 2} +51{D, = 0, X, = x} — 71{X, = 1}})

i=1

2
)

(34)

and exploiting ([31)), we consider the extremum estimators for ¢, (7, k|z) and qu (7, k|z) given by:
Gr(7, k|z) € arg IIél}_I{l Qunlc|T, 7+ kp(z)) qu(, k|x) € arg néllg QunlclT, 7 —kp(z)), (35)

where p(z) = (O, 1{D; = 1,X; = z})/(3>_, 1{X; = z}). Finally, employing these estimators, we
may solve the sample analogues to the linear programming problems in (24)) and to obtain:

7r(r, k) = i%f N(Es[XX') 'Es[X0(X)) s.t. qr(r, k|z) < 0(x) < qu(T, k|z) (36)

fu(T k) = Sl@lp N(Es[XX'))'Eg[X0(X)] s.t. Gr(7, klz) < 0(x) < qu(r, k|z) (37)

We introduce the following additional assumption in order to develop our asymptotic theory:

Assumption 4.1. (i) Be # 0; (ii) Fy1.(c) has a continuous bounded deriwvative fy1.(c); (i)
fyna(c) has a continuous bounded derivative f,, (c); (i) Es[XX'] is invertible; (v) fy1.(c) is

bounded away from zero uniformly on all ¢ satisfying ¢ < Fyp(c)p(r) <p(x) — (Vo € X.

Provided that the conditional probability of missing is bounded away from one and ¢ > 0
is sufficiently small, Assumption (1) will be satisfied since B, contains the MAR analysis as a
special case. Assumptions[4.1{ii)-(iii) demands that Fy; , be twice continuously differentiable, while
Assumption [4.1]iv) ensures 7. (7, k) and 7y (7, k) are well defined — see Corollary [3.1] Assumption
(V) demands that the density fy1, be positive at all the quantiles that are estimated — a common
requirement in the asymptotic study of sample quantiles. We note that Assumption [L.I|v) is a
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strengthening of Assumption (ii), which already imposes strict monotonicity of Fy|1@ﬁ

As a preliminary result, we derive the asymptotic distribution of the nonparametric bound esti-
mators ¢, (7, k|z) and ¢y (7, k|z) uniformly in (7, k,2) € B x X. Though potentially of independent
interest, this result also enables us to derive the asymptotic distribution of the functions 7, and 7y,
pointwise defined by and (37), as elements of L>(B;) (the space of bounded functions on B).
Such a derivation is a key step towards constructing confidence intervals for 77 (7, k) and (7, k)
that are uniform in (7, k). As we illustrate in Section 4.2, these uniformity results are particularly
useful for conducting the sensitivity analyses illustrated in Examples 2.1}2.3

Theorem 4.1. If Assumptions hold and {Y;D;, X;, D;}!, is an i.i.d. sample, then:

(T £y (39)

qu — qu

where J is a Gaussian process on L (B x X)) x L® (B x X). Moreover, under the same assumptions:

\/ﬁ< ﬁL_“)#G, (39)

Ty — Ty

where G is a Gaussian process on the space L>®(B:) x L™ (B;).

We note that since J and G are Gaussian processes, their marginals J(7, k,z) and G(7,k)
are simply bivariate normal random variables. For notational convenience, we let J® (7, k,z) and
GO (1,k) denote the i component of the vector J(7, k,2) and G(r,k) respectively. Thus, for
instance, G (7, k) is the limiting distribution corresponding to the lower bound estimate 7 (7, k),

while G®(7, k) is the limiting distribution of the upper bound estimate 7y (7, k).

Remark 4.1. Our derivations show that 7y and 7 are linear transformations of the nonparametric
bounds ¢;, and gy to establish ﬂ If X does not have discrete support, then result fails
to hold and our arguments do not deliver . While it would constitute a significant extension
to Theorem it is in principle possible to employ nonparametric estimators for g (7, k|-) and
qu (7, k|-), and exploit that 7y (7, k) and 7y (7, k) are smooth functionals to obtain asymptotically
normal estimators pointwise in (7, k) without a discrete support requirement on X —|Newey| (1994))
and (Chen et al.| (2003)). However, obtaining an asymptotic distribution jointly in all (7, k) € B¢, as
in (39), would present a substantial complication as standard results in semiparametric estimation

concern finite dimensional parameters — e.g. a finite set of (7,k). m

Remark 4.2. Letting P denote the joint distribution of (Y D, D, X), and P denote a set of distri-

butions, we note that Theorem is not uniform over classes P such that:

inf inf P(X =2)=0. (40)

PeP zcX

SFy“,x being strictly increasing on C' = {c: 0 < Fy1 »(c) < 1}, implies fy; »(¢) > 0 on a dense subset of C.
9Formally, there exists a continuous linear transformation K : L (B x X) x L= (B¢ x X) — L>(B¢) x L>=(B¢)
such that (7, 7y) = K(qr,qu)-
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Heuristically, the asymptotically normal approximation for (7, k|z) and ¢y (7, k|x) in will
prove unreliable at (z, P) pairs for which P(X = z) is small relative to n. As argued in Remark
, however, a failure of does not immediately translate into a failure of . [ ]

Remark 4.3. For fixed distribution P, Theorem is additionally not uniform in the parameter
¢ defining B, when it is allowed to be arbitrarily close to zero. Intuitively, small values of (
imply ¢1(7, k|z) and gy (7, k|x) can correspond to extreme quantiles of F; , for certain (7, k) € Bc.
However, the limiting distribution of a sample 7,, quantile when n7,, — ¢ > 0 is nonnormal, implying
Theorem cannot hold under sequences ¢, | 0 with n¢, = ¢ > 0 — e.g. |Galambos (1973). =

4.1 Examples

We now return to the Examples of Section 2.1 and 3.1 and discuss how to conduct inference on the
various sensitivity measures introduced there. For simplicity, we assume the relevant critical values

are known. In Section 4.2 we develop a bootstrap procedure for their estimation.

Example (cont.) Since under any level of selection k larger than kq it is also not possible to

conclude (1) # 0, it is natural to construct a one sided (rather than two sided) confidence interval

for kq. Toward this end, let T%’la(/{) be the 1 — o quantile of G (7, k) and define:
(1 2 (2) k

Tl—a( ) S 0 S ﬁU(TO,k) + rl;(/)zé ) )

NG

The confidence interval [k, 1] then covers ko with asymptotic probability at least 1 — . m

ks =infk: wp(m0, k) — (41)

Example (cont.) Construction of a one sided confidence interval for kq in this setting is more

challenging as it requires us to employ the uniformity of our estimator in 7. First, let us define:

(1)
T1_o(k) =infr: P( sup G k)

< r) >1—a, 42
reBe(k) Wi(T, k) (42)

where B¢ (k) = {7 : (1, k) € B¢} and wy, is a positive weight function chosen by the researcher. For

every fixed k, we may then construct the following function of 7:

_ Tl_a(k)
NG

which lies below 7(-, k) on B¢ (k) with asymptotic probability 1 — a.. Hence, provides a one

sided confidence interval for the process mp (-, k). The weight function wy allows the researcher to

(-, k) wr(+, k) (43)

account for the fact that the variance of G(Y)(7, k) may depend heavily on (7, k). Defining:

ky =infk: sup 7(r, k) — ri-a(k)

reBe (k) Vn

it can then be shown that [k§, 1] covers ko with asymptotic probability at least 1 — . m

wr(m, k) <0, (44)

Example (cont.) Employing Theorem it is possible to construct a two sided confidence
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interval for the function ko(-). Towards this end, we exploit uniformity in 7 and k by defining:

. GO k)| |G (7, k)l
g =infr:P , < >1—a, 4
" mr ((:kl)lgzsc max{ wr (7, k) wr (7, k) } T) “ (4)

where as in Example 2.2, w;, and wy are positive weight functions. In addition, we also let:

. N LA ~ LA
Ki(r)=infk: 7p(r, k) — ——=wr(r,k) <0, and 0 <7y(r,k)+ wy (T, k) (46)

vn vn

LA Y M-«

wr(r, k) >0, or 0>ay(r,k)—

ki (T) =supk : wp(T, k) + wy (T, k) . (47)

Vn vn

It can then be shown that the functions (k% (-), x;;(-)) provide a functional confidence interval for

ko(+). That is, k3 (7) < ko(7) < k(1) for all 7 with asymptotic probability at least 1 — . m

Remark 4.4. One could also conduct inference in these examples by employing the sample ana-
logues of ky (Examples or ko(-) (Example [2.3). While the consistency of such estimators
follows directly from Theorem [£.1], their asymptotic distribution and bootstrap consistency requires
a specialized analysis of the particular definition of “critical £” that corresponds to the conjecture
under consideration. For this reason, we instead study 7 and 7y which, as illustrated by Examples

2.3, enables us to conduct inference in a wide array of settings. m

4.2 Bootstrap Critical Values

As illustrated in Examples 2.3, conducting inference requires use of critical values that depend
on the unknown distribution of GG, the limiting Gaussian process in Theorem and possibly on
weight functions wy, and wy (as in , ) We will allow the weight functions wy, and wy to be

unknown, but require the existence of consistent estimators of them:

Assumption 4.2. (i) wr(7,k) > 0 and wy(1,k) > 0 are continuous and bounded away from zero

on Be; (i1) There exist estimators Wi (7, k) and &y (7, k) that are uniformly consistent on Be.

Given (wr,wy), let G, be the Gaussian process on L>(B;) x L>(B;) pointwise defined by:

GO (1, k) /wr (T, k) > .

Gu(1, k) = ( G(2)(Ta k) /wy (T, k)

(48)

The critical values employed in Examples can be expressed in terms of quantiles of some
Lipschitz transformation L : L>(B;) x L*(B;) — R of the random variable G,,. For instance, in
Example , the relevant critical value, defined in (42, is the 1 —« quantile of the random variable:

L(G,) = sup GU(7.k). (49)
TEBc(k)

Similarly, in Example the appropriate critical value defined in (45)) is the 1 — « quantile of:

L(G,) = sup max{GY)(r,k),GP(r.k)}. (50)
(T,k‘)GBC
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We therefore conclude by establishing the validity of a weighted bootstrap procedure for consis-
tently estimating the quantiles of random variables of the form L(G,,). The bootstrap procedure is
similar to the traditional nonparametric bootstrap with the important difference that the random
weights on different observations are independent from each other — a property that simplifies the
asymptotic analysis as noted in Ma and Kosorok (2005) and |Chen and Pouzo (2009). Specifically,

letting {W;}"_, be an i.i.d. sample from a random variable W, we impose the following:

Assumption 4.3. (i) W is independent of (Y, X, D), with W > 0 a.s., E|W| =1, Var(W) =1
and E[|W[**°] < oo for some 6§ > 0; (i) L : L=(B;) x L>(B;) — R is Lipschitz continuous.

A consistent estimator for quantiles of L(G,,) may then be obtained through the algorithm:

STEP 1: Generate a sample of 1.i.d. weights {W;}7, satisfying Assumption [£.3(i) and define:
- 1 2
Qunlclr,b) = (— S WY, € ¢,D; = 1.X, = 2} + b1{D, = 0, X, = 2} — 71{X, = x}}) . (51)
n
i=1

Employing Q.. (c|7,b), obtain the following bootstrap estimators for qz (7, k|z) and gy (7, k|z):
qr(7, k|z) € arg Iréllg Qunlc|T, T + Ep(x)) qu(T, k|z) € arg Iréllg Qun(clr, 7 — kp(x))  (52)

where p(x) = O, W, I{D; = 1, X; = z})/(>_, Wil{X,; = z}). Note that ¢, (7, k|z) and ¢y (7, k|z)
are simply the weighted empirical quantiles of the observed data evaluated at a point that depends
on the reweighted missingness probability. Note also that if we had used the conventional bootstrap
we would run the risk of drawing a sample for which a covariate bin is empty. This is not a concern

with the weighted bootstrap as the weights are required to be strictly positive. m

STEP 2: Using the bootstrap bounds ¢ (7, k|z) and ¢y (7, k|x) from Step 1, obtain the estimators:

qu (T, k|z) (53)

7(r k) = ir(}f N(Es[ XX 'Es[X0(X)]  s.t. Go(r, klo) < 0(x) <
(T, k) = s%p N(Es[ XX 'Eg[X0(X)]  s.t. go(r, klz) < 0(x) < Gu(r, k|z) . (54)

Algorithms for quickly solving linear programming problems of this sort are available in most modern

computational packages. The weighted bootstrap process for G,, is then defined pointwise by:

éw(T’ k‘) — \/ﬁ( (ﬁL(Ta k) _ﬁL<7_7 k:))/wL(T7k) ) ‘ (55)

(7~TU(T, k?) - 7ATU(T, k?))/(;JU(T, k?)

STEP 3: Our estimator for r_,, the 1 — « quantile of L(G,,), is then given by the 1 — a quantile

of L(G,,) conditional on the sample {Y;D;, X;, D;}; (but not {W,;},):
1o = inf {7‘ : P(L(éw) > ‘{YiDi,Xi,Di}?:l) >1- a} . (56)

In applications, 7, will generally need to be computed through simulation. This can be accom-

plished by repeating Steps 1 and 2 until the number of bootstrap simulations of L(G,,) is large. The
estimator 7_, is then well approximated by the empirical 1 — « quantile of the bootstrap statistic

L(G,) across the computed simulations. m
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We conclude our discussion of inference by establishing 7, _,, is indeed consistent for r;_,.

Theorem 4.2. Let r1_, be the 1 — « quantile of L(Gy). If Assumptions hold, the
CDF of L(G,,) is strictly increasing and continuous at r1_ and {Y;D;, X;, Dy, Wi}, is i.i.d, then:

~ P
Tl—a 7 T1—qa -

5 Evaluating the U.S. Wage Structure

We turn now to an assessment of the sensitivity of observed patterns in the U.S. wage structure to
deviations from the MAR assumption. A large literature reviewed by (among others) |Autor and
Katz (1999), Heckman et al.| (2006) and |Acemoglu and Autor| (2011)) documents important changes

over time in the conditional distribution of earnings with respect to schooling levels.

In this Section, we investigate the sensitivity of these findings to alternative missing data as-
sumptions by revisiting the results of Angrist et al.| (2006) regarding changes across Decennial
Censuses in the quantile specific returns to schooling. We analyze the 1980, 1990, and 2000 Cen-
sus samples considered in their study but, to simplify our estimation routine, and to correct small
mistakes found in the IPUMS files since the time their extract was created, we use new extracts
of the 1% unweighted IPUMS files for each decade rather than their original mix of weighted and
unweighted samples. Use of the original extracts analyzed in Angrist et al. (2006) yields similar

results.

Table 1: Frequency of Missing Weekly Earnings in Census Estimation Sample by Year and Cause

Census Total Number Allocated Allocated Fraction of Total
Year  of Observations Earnings Weeks Worked Missing
1980 80,128 12,839 5,278 19.49%
1990 111,070 17,370 11,807 23.09%
2000 131,265 26,540 17,455 27.70%
Total 322,463 56,749 34,540 23.66%

The sample consists of native born black and white men ages 40-49 with six or more years of
schooling who worked at least one week in the past year. Details are provided in the Data Appendix.
Like |Angrist et al.| (2006), we use average weekly earnings as our wage concept, which we measure
as the ratio of annual earnings to annual weeks worked. We code weekly earnings as missing for
observations with allocated earnings or weeks worked. Observations falling into demographic cells
with less than 20 observations are dropped. The resulting sample sizes and imputation rates for
the weekly earnings variable are given in Table 1. As the Table makes clear, allocation rates have
been increasing across Censuses with roughly a quarter of the weekly earnings observations missing

by 2000. Roughly a third of these allocations result from missing weeks worked information ")

10Tt is interesting to note that only 7% of the men in our sample report working no weeks in the past year. Hence,
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Figure 4: Worst Case Nonparametric Bounds on 1990 Medians and Linear

Experience Groups of White Men.
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Like Angrist et al.| (2006), we estimate linear conditional quantile models for log earnings per

week of the form:

q(71X, E) = X'y(7) + EB(7) , (57)

where X consists of an intercept, a black dummy, and a quadratic in potential experience, and
E represents years of schooling. Our analysis focuses on the quantile specific “returns” to a year
of schooling B(7) though we note that, particularly in the context of quantile regressions, these

Mincerian earnings coefficients need not map into any proper economic concept of individual returns

(Heckman et al.| (2006)). Rather, these coefficients merely provide a parsimonious summary of the

within and between group inequality in wages that has been a focus of this literature.

5.1 Analyzing the Median

Before revisiting the main results of |Angrist et al. (2006)), we illustrate the methods developed so

far by analyzing the median wages of the 227 demographic groups in our 1990 sample. We begin by
considering the worst case nonparametric bounds on these medians. Because the covariates are of
dimension three, the identified set is difficult to visualize directly. Figure 4 reports the upper and

lower bounds for two experience groups of white men as a function of their years of schooling. The

at least for this population of men, assumptions regarding the determinants of non-response appear to be more
important for drawing conclusions regarding the wage structure than assumptions regarding non-participation in the
labor force.
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Figure 5: Nonparametric Bounds on 1990 Medians and Best Linear Approximations for Two Ex-
perience Groups of White Men Under S(F') < 0.05.
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bounds were obtained using ¢r(0.5,1|x) and ¢y (0.5, 1|x), which are the sample analogues to the
quantiles in Lemma 2.1 for the case when k£ = 1. We also report confidence regions containing the
conditional median function with asymptotic probability of 95%.E Finally, we show the envelope

of parametric Mincer fits that lie within the estimated confidence region.

The estimated worst case bounds on the conditional median are quite wide with a range of
roughly 100 log points for high school dropouts. Accounting for sampling uncertainty widens these
bounds substantially despite our use of large Census samples. Unsurprisingly, a wide range of Mincer
models fit within the confidence region, with the associated parametric returns to schooling spanning
the interval [1.5%, 16.3%]. Moreover, the set of parametric models in the confidence region clearly
overstates our knowledge of the true conditional median function relative to the nonparametric

confidence region.

Figure 5 reports the nonparametric bounds and their associated 95% confidence region when
allowing for a small amount of non-random selection via the nominal restriction that S(F") < 0.05.
As discussed in Section 2.2, this restriction would be satisfied if 95% of the missing data were missing
at random. Sampling uncertainty is relatively more important here than before as the sample bounds
now imply a very narrow identified set. Even after accounting for uncertainty, however, the irregular

shape of the bounds prohibits use of a linear model. Formally, our inability to find a linear model

' These regions were obtained by bootstrapping the covariance matrix of upper and lower bounds for each z € X
where X" is the set of all 227 demographic bins. We exploit independence across x to find a critical value delivering
coverage of the conditional median function with asymptotic probability of 0.95. See the implementation appendix
for details.
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obeying the bounds for the conditional median implies the Mincer specification may be rejected
at the 5% level despite the model being partially identified. Nevertheless, the conditional median
function still appears to be approximately linear in schooling. Were the data known to be missing
at random, so that the median was point identified, we would summarize the relationship between
schooling and earnings using an approximate parametric model as in |(Chamberlain| (1994) or |Angrist
et al.| (2006)). As we saw in Section 3, lack of identification presents no essential obstacle to such an

exercise.

The shaded regions of Figure 5 report the set of best linear approximations to the set of con-
ditional medians lying within the confidence region obtained under S(F') < 0.05]1__7] Note that this
set provides a reasonably accurate summary of the nonparametric confidence region. The approxi-
mate returns to schooling coefficients associated with this set lie in the interval [.058,.163]. Much
of this rather wide range results from sampling uncertainty. Using the methods of Section 4.2,
we can reduce this uncertainty by constructing a confidence interval for the schooling coefficient
£(0.5) directly rather than inferring one from the confidence region for the entire nonparametric
identified set. Doing so yields a relatively narrow interval for the approximate returns to schooling
of [0.102,0.118]E Thus, in our setting, switching to an explicit approximating model not only
avoids an inappropriate narrowing of the bounds due to misspecification, but allows for substantial

improvements in precision.

5.2 A Replication

We turn now to a replication of the main results in |Angrist et al. (2006) concerning changes across
Censuses in the structure of wages under the assumption that the data are missing at random. This
is accomplished by applying the methods of Section 4 subject to the restriction that S(F) = 0.
Details of our algorithm are described in the Implementation Appendix. To ensure comparability
with |Angrist et al| (2006) we define our approximation metric as weighting the errors in each
demographic bin by sample size (i.e. we choose S equal to empirical measure, see Section S)E
Notably, with the MAR restriction, our estimation procedure is equivalent to the classical minimum
distance estimator studied by |Chamberlain, (1994]).

Figure 6 plots estimates of the approximate returns functions 3(-) in 1980, 1990, and 2000 along
with uniform confidence intervals. Our MAR results are similar to those found in Figure 2A of
Angrist et al.| (2006). They suggest that the returns function increased uniformly across quantiles
between 1980 and 1990 but exhibited a change in slope in 2000. The change between 1980 and 1990

is consistent with a general economy-wide increase in the return to human capital accumulation as

12As in the next Section, we weight the squared prediction errors in each demographic bin by sample size when
defining the best linear predictor.

13We employed the bootstrap procedure of Section 4.2 to obtain estimators of the asymptotic 95% quantiles of
Vn(7y(0.5,0.5) — w7 (0.5,0.5) and y/n(7(0.5,0.5) — 71(0.5,0.5)), which we denote by éy and é, respectively. The
confidence interval reported is then [71(0.5,.05) — ér/v/n, 7y (.5,.05) + éu/v/n].

14\We have also performed the exercises in this Section weighting the set of demographic groups present in all three
decades equally and found similar results.
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Figure 6: Uniform Confidence Regions for Schooling Coefficients by Quantile and Year Under
Missing at Random Assumption (S(F') = 0).
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Note: Model coefficients provide minimum mean square approximation to true conditional quantile
function.

conjectured by |Juhn et al| (1993). However, the finding of a shape change in the quantile process

between 1990 and 2000 indicates that skilled workers experienced increases in inequality relative
to their less skilled counterparts, a pattern that appears not to have been present in previous

decades. This pattern of heteroscedasticity is consistent with recently proposed multi-factor models

of technical change reviewed in |Acemoglu and Autor| (2011]).

5.3 Sensitivity Analysis

A natural concern is the extent to which some or all of the conclusions regarding the wage structure
drawn under a missing at random assumption are compromised by limitations in the quality of
Census earnings data. As Table 1 shows, the prevalence of earnings imputations increases steadily
across Censuses with roughly a quarter of the observations allocated by 2000. With these levels
of missingness, quantiles below the 25th percentile and above the 75th become unbounded in the

absence of restrictions on the missingness process.

We now examine the bounds on the schooling coefficients governing our approximating model
that result in each year when we allow for families of deviations from MAR indexed by different
values of S(F'). These upper and lower bounds may then be compared across years to assess the

sensitivity of conclusions regarding changes in the wage structure to violations of MAR. Of course,
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it is possible for substantial deviations from MAR to be present in each year but for the nature of
those deviations to be stable across time. Likewise, in a single cross-section, each schooling group
may violate ignorability but those violations may be similar across adjacent groups. If such prior
information is available, the bounds on changes in the quantile specific returns to schooling and their
level may be narrowed. While it is, in principle, possible to add a second dimension of sensitivity
capturing changes in the selection mechanism across time or demographic groups, we leave such
extensions for future work as they would complicate the analysis considerably. We simply note
that if conclusions regarding changes across Censuses are found to be robust to large unrestricted

deviations from MAR, adding additional restrictions will not change this assessment.

Figure 7 provides 95% uniform confidence regions for the set G(k) of coefficients governing the
BLA, as defined in , that result when we allow for a small amount of selection by setting
S(F) < 0.05. Though it remains clear that the schooling coefficients increased between 1980 and
1990, we cannot reject the null hypothesis that the quantile process was unchanged from 1990 to
2000. Moreover, there is little evidence of heterogeneity across quantiles in any of the three Census

samples — a straight line can be fit through each sample’s confidence region.

To further assess the robustness of our conclusions regarding changes between 1980 and 1990,
it is informative to find the level of k necessary to fail to reject the hypothesis that no change in
fact occurred between these years under the restriction that S(F) < k. Specifically, for 7% (7, k)
and 7}, (7, k) the lower and upper bounds on the schooling coefficients in year ¢, we aim to obtain

a confidence interval for the values of selection £ under which:
70 k) > 707 k) for all T € [0.2,0.8] . (58)

As in Example , we are particularly interested in kg, the smallest value of k such that holds,
as it will hold trivially for all & > kq. A search for the smallest value of k such that the 95% uniform
confidence intervals for these two decades overlap at all quantiles between 0.2 and 0.8 found this
“critical £” to be kj = 0.175. Due to the independence of the samples between 1980 and 1990, the
one-sided interval [k§, 1] provides an asymptotic coverage probability for ko of at least 90%. The
lower end of this confidence interval constitutes a large deviation from MAR indicating the evidence
is quite strong that the schooling coefficient process changed between 1980 and 1990. Figure 8 plots
the uniform confidence regions corresponding to the hypothetical S(F) < k.

Though severe selection would be necessary for all of the changes between 1980 and 1990 to be
spurious, it is clear that changes at some quantiles may be more robust than others. It is interesting
then to conduct a more detailed analysis by evaluating the critical level of selection necessary to
undermine the conclusion that the schooling coefficient increased at each quantile. Towards this
end, we generalize Example [2.3| and define ko(7) to be the smallest level of k& such that:

(1, k) > 7(7, k) . (59)

The function ko(-) summarizes the level of robustness of each quantile-specific conclusion. In this

manner, the “breakdown” function ko(-) reveals the differential sensitivity of the entire conditional
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Figure 7: Uniform Confidence Regions for Schooling Coefficients by Quantile and Year Under
S(F) <0.05.
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Figure 8: Uniform Confidence Regions for Schooling Coefficients by Quantile and Year Under
S(F) <0.175 (1980 vs. 1990).
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function as in (Chamberlain| (1994).
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Figure 9: Breakdown Curve (1980 vs 1990).
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Note: Each point on this curve indicates the minimal level of S(F') necessary to undermine the
conclusion that the schooling coefficient increased between 1980 and 1990 at the quantile of interest.

distribution to violations of the missing at random assumption.

The point estimate for ko(7) is given by the value of k where #8°(7, k) intersects with #9°(7, k).
To obtain a confidence interval for ko(7) that is uniform in 7 we first construct 95% uniform two
sided confidence intervals in 7 and k for the 1980 upper bound 7i°(7, k) and the 1990 lower bound
79(7, k). Given the independence of the 1980 and 1990 samples, the intersection of the true bounds
(7, k) and 73°(7, k) must lie between the intersection of their corresponding confidence regions
with asymptotic probability of at least 90%. Since ro(7) is given by the intersection of 78°(7, k)
with 7°(7, k), a valid lower bound for the confidence region of the function kg(-) is given by the
intersection of the upper envelope for 78(7, k) with the lower envelope for 7°(7, k) and a valid

upper bound is given by the converse intersection.

Figure 9 illustrates the resulting estimates of the breakdown function x¢(-) and its corresponding
confidence region. Unsurprisingly, the most robust results are those for quantiles near the center of
the distribution for which very large levels of selection would be necessary to overturn the hypothesis
that the schooling coefficient increased. However the curve is fairly asymmetric with the conclusions
at low quantiles being much more sensitive to deviations from ignorability than those at the upper
quantiles. Hence, changes in reporting behavior between 1980 and 1990 pose the greatest threat to

hypotheses regarding changes at the bottom quantiles of the earnings distribution.
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Figure 10: Confidence Intervals for Fitted Values Under S(F') < 0.05.
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To conclude our sensitivity analysis we also consider the fitted values that result from the more

flexible earnings model of Lemieux] (2006]) which allows for quadratic effects of education on earnings

quantilesE| Figure 10 provides bounds on the 10th, 50th, and 90th conditional quantiles of weekly
earnings by schooling level in 1980, 1990, and 2000 using our baseline hypothetical restriction
S(F) < 0.05. Little evidence exists of a change across Censuses in the real earnings of workers at
the 10th conditional quantile. At the conditional median, however, the slope of the relationship
with schooling (which appear roughly linear) increased substantially, leading to an increase in
inequality across schooling categories. Uneducated workers witnessed wage losses while skilled

workers experienced wage gains, though in both cases these changes seem to have occurred entirely

during the 1980s. Finally, we also note that, as observed by |[Lemieux (2006)), the schooling locus

appears to have gradually convexified at the upper tail of the weekly earnings distribution with

very well educated workers experiencing substantial gains relative to the less educated.

15The model also includes a quartic in potential experience. Our results differ substantively from those of Lemieux
both because of differences in sample selection and our focus on weekly (rather than hourly) earnings.
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5.4 Estimates of the Degree of Selection in Earnings Data

Our analysis of Census data revealed that the finding of a change in the quantile specific schooling
coefficients between 1990 and 2000 is easily undermined by small amounts of selection while changes
between 1980 and 1990 (at least above the lower quantiles of the distribution) appear to be relatively
robust. Employing a sample where validation data are present, we now turn to an investigation of

what levels of selection, as indexed by S(F'), are plausible in U.S. survey data.

In order to estimate S(F') we first derive an alternative representation of the distance between
F,

ylo, and Fy; , that illustrates its dependence on the conditional probability of the outcome being

missing. Towards this end, let us define the following conditional probabilities:

P(D=1|X =z, F(Y) < 7) (60)
P(D=1|X =z, F(Y) > 7). (61)

pr(x,7)

pu(x,T)

By applying Bayes’ Rule, it is then possible to express the distance between the distribution of

missing and non-missing observations at a given quantile as a function of the selection probabilities{'|

V(pL(z,7) — p(@))(pu(z, 7) — p(2))7(1 —7)
p(x)(1 = p(z))

Notice that knowledge of the missing probability P(D = 0|X = xz, F,,(Y) = 7) is sufficient to

compute by integration all of the quantities in and (by taking the supremum over 7 and z)

| Fyjna(q(7]2)) = Fyjon(q(T]2))] = (62)

of S(F) as WGH.E] For this reason, our efforts focus on estimating this function in a dataset with

information on the earnings of survey non-respondents.

We work with an extract from the 1973 March Current Population Survey (CPS) for which
merged Internal Revenue Service (IRS) earnings data are available. Because we only have access to
a single cross-section of validation data our analysis will of necessity be confined to determination
of plausible levels of S(F') in a given year rather than changes in the nature of selection across
years. Moreover, the CPS data contain far fewer observations than our earlier Census extracts. In
order to ensure reasonably precise estimates we broaden our sample selection criteria to include
additional age groups. Specifically, our sample consists of black and white men between the ages
of 25 and 55 with five or more years of schooling who reported working at least one week in the
past year and had valid IRS earnings. We drop observations with annual IRS earnings less than
$1,000 or equal to the IRS topcode of $50,000. Following Bound and Krueger| (1991) we also drop
men employed in agriculture, forestry, and fishing or in occupations likely to receive tips. Finally,
because self-employment income may be underreported to the IRS, we drop individuals identifying

themselves as self-employed to the CPS. Further details are provided in the Data Appendix.

As in our study of the Decennial Census, we take the relevant covariates to be age, years of

16See Appendix B for a detailed derivation of .

"Note that P(D = 0,F,,(Y) < 7|X = 2) = [; P(D = 0|F,,(Y) = u,X = z)du because F,,(Y) is uniformly
distributed on [0,1] conditional on X = z. Thus p(z,7) = [ P(D = 0|F,,(Y) = u,X = z)du/7. Likewise
pu(z,7) = [} P(D = 0[Fy(Y) = u, X = 2)du/(1 —7) and p(z) = [, P(D = 0|F,,(Y) = u, X = z)du.
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schooling, and race. However, because our CPS sample is much smaller than our Census sample,
we coarsen our covariate categories and drop demographic cells with fewer than 50 observationsﬁ

This yields an estimation sample of 15,027 observations distributed across 35 demographic cells.

For comparability with our analysis of Census data, we again take average weekly earnings as
our wage concept. Because we lack an administrative measure of weeks worked, we construct our
wage metric by dividing the IRS based measure of annual wage and salary earnings by the CPS
based measure of weeks worked. Observations with allocated weeks information are dropped.ﬂ As

a result, we are only able to examine biases generated by earnings non-response.

We take the log of annual IRS earnings divided by weeks worked as our measure of Y and use
response to the March CPS annual civilian earnings question as our measure of D. This yields
a missingness rate of 7.2%. We approximate the probability of non-response with the following

sequence of increasingly flexible logistic models:

P(D =0|X =2, F,(Y) =) = A(byi7 + b1 + 5,,) (M1)
P(D =0|X =z, Fyo(Y) = 7) = Abi7 + bo7” + 10,7 + 12057 + 0a) (M2)
P(D =0|X =, Fu(Y) =7) = A(byoT + bo o™ + 3, (M3)

where A(-) = exp(-)/(1+exp(-)) is the Logistic CDF. These models differ primarily in the degree of
demographic bin heterogeneity allowed for in the relationship between earnings and the probability
of responding to the CPS. Model M1 relies entirely on the nonlinearities in the index function A(-)
to capture heterogeneity across cells in the response profiles. The model M2 allows for additional
heterogeneity through the interaction coefficients (71, 72) but restricts these interactions to be linear
in the cell effects §,. Finally, M3, which is equivalent to a cell specific version of M1, places no

restrictions across demographic groups on the shape of the response profile.

Maximum likelihood estimates from the three models are presented in Table 2@ A compari-
son of the model log likelihoods reveals that the introduction of the interaction terms (71,72) in
Model 2 yields a substantial improvement in fit over the basic separable logit of Model 1 despite the
insignificance of the resulting parameter estimates. However, the restrictions of the linearly inter-
acted Model 2 cannot, at conventional significance levels, be rejected relative to its fully interacted

generalization in Model 3 which appears to be somewhat overfit.

A Wald test of joint significance of the earned income terms (by, b2) in the first model rejects the
null hypothesis that the data are missing at random with a p-value of 0.03. Evidently, missingness

follows a U-shaped response pattern with very low and very high wage men least likely to provide

18We use five-year age categories instead of single digit ages and collapse years of schooling into four categories:
<12 years of schooling, 12 years of schooling, 13-15 years of schooling, and 16+ years of schooling. Our more stringent
requirement that cells have 50 observations is motivated by our desire to accurately estimate S(F') while allowing
for rich forms of heterogeneity across demographic groups.

19Weeks allocations are less common in the 1973 CPS than the Census, comprising roughly 20% of all allocations.

20We use the respondent’s sample quantile in his demographic cell’s distribution of Y as an estimate of Fy.(Y).
It can be shown that sampling errors in the estimated quantiles have asymptotically negligible effects on the limiting
distribution of the parameter estimates.
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Table 2: Logit Estimates of P(D = 0|X =z, F,|,(Y) = 7) in 1973 CPS-IRS Sample

Model 1 Model 2 Model 3
by -1.06 0.05
(0.43) (5.44)
by 1.09 3.75
(0.41) (4.08)
" 0.45
(2.30)
Yo 1.15
(1.73)
Log-Likelihood -3,802.91 -3798.48 -3759.97
Parameters 37 39 105
Number of observations 15,027 15,027 15,027
Demographic Cells 35 35 35
pP=O e B 0T ] -0.04 0.04  -0.03
Jof el ST S Ra VN 0.00 0.00  -0.01
pZ 007D ] 0.05 0.04 0.02
Min KS Distance 0.02 0.02 0.01
Median KS Distance 0.02 0.05 0.12
Max KS Distance (S(F')) 0.02 0.17 0.67
Ages 40-49
Min KS Distance 0.02 0.02 0.01
Median KS Distance 0.02 0.05 0.08
Max KS Distance (S(F)) 0.02 0.09 0.39

Note: Asymptotic standard errors in parentheses.

valid earnings information — a pattern conjectured (but not directly verified) by |Lillard et al.| (1986)).
This pattern is also found in the two more flexible logit models as illustrated in the third panel of
the table which provides the average marginal effects of earnings evaluated at three quantiles of the
distribution. These average effects are consistently negative at 7 = 0.2 and positive at 7 = 0.8. It is
important to note however that Models 2 and 3 allow for substantial heterogeneity across covariate
bins in these marginal effects which in some cases yields response patterns that are monotonic rather
than U-shaped.

It is straightforward to estimate the distance between missing and nonmissing earnings distribu-
tions in each demographic bin by integrating our estimates of P(D = 0|X = z, F,(Y') = 7) across
the relevant quantiles of interest. We implement this integration numerically via one dimensional
Simpson quadrature. The third panel of Table 2 shows quantiles of the distribution of resulting cell
specific KS distance estimates. Model 1 is nearly devoid of heterogeneity in KS distances across
demographic bins because of the additive separability implicit in the model. Model 2 yields sub-
stantially more heterogeneity with a minimum KS distance of 0.02 and a maximum distance S(F)
of 0.17. Finally, Model 3, which we suspect has been overfit, yields a median KS distance of 0.12

and an enormous maximum KS distance of 0.67. For comparability with our earlier Census analysis,
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Figure 11: Logit Based Estimates of Distance Between Missing and Non-Missing CDF's by Quantile
of IRS Earnings and Demographic Cell.
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the bottom panel of Table 2 provides equivalent figures among men ages 40-49. These age groups
exhibit somewhat smaller estimates of S(F") with maximum KS distances of 0.09 and 0.39 in Models

2 and 3 respectively.

Figure 11 provides a visual representation of our estimates from Model 2 of the underlying dis-
tance functions |Fy1.(q(7]2)) — Fyjo2(q(7]2))| in each of the 35 demographic bins in our sample.
The upper envelope of these functions corresponds to the quantile specific level of selection consid-
ered in the breakdown analysis of Figure 9, while the maximum point on the envelope corresponds
to S(F'). Note that while some of the distance functions exhibit an unbroken inverted U shaped
pattern others exhibit double or even triple arches. The pattern of multiple arches occurs when the
CDF's are estimated to have crossed at some quantile which yields a distance of zero at that point.
A quadratic relationship between missingness and earnings can easily yield such patterns. Because
of the interactions in Model 2, some cells exhibit effects that are not quadratic and tend to generate
CDFs exhibiting first order stochastic dominance. It is interesting to note that the demographic cell
obtaining the maximum KS distance of 0.17 corresponds to young (age 25-30), black, high school
dropouts for whom more IRS earnings are estimated to monotonically increase the probability of
responding to the CPS earnings question. This leads to a distribution of observed earnings which

stochastically dominates that of the corresponding unobserved earnings.
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The upper envelope of distance functions among men ages 40-49 is also illustrated in Figure 11
and spans three demographic cells. The maximum KS distance in this group of 0.09 is obtained by
45-49 year old white men with a college degree. These estimates, when compared to the breakdown
function of Figure 9, reinforce our earlier conclusion that most of the apparent changes in wage
structure between 1980 and 1990 are robust to plausible violations of MAR but that conclusions
regarding lower quantiles could potentially be overturned by selective non-response. Likewise, the
apparent emergence of heterogeneity in the returns function in 2000, may easily be justified by
selection of the magnitude found in our CPS sample. Though our estimates of selection are fairly
sensitive to the manner in which cell specific heterogeneity is modeled, we take the patterns in
Table 2 and Figure 11 as suggestive evidence that small, but by no means negligible, deviations
from missing at random are likely present in modern earnings data. These deviations may yield
complicated discrepancies between observed and missing CDFs about which it is hard to develop
strong priors. We leave it to future research to examine these issues more carefully with additional

validation datasets.

6 Conclusion

We have proposed assessing the sensitivity of estimates of conditional quantile functions with missing
outcome data to violations of the MAR assumption by considering the minimum level of selection,
as indexed by the maximal KS distance between the distribution of missing and nonmissing out-
comes across all covariate values, necessary to overturn conclusions of interest. Inferential methods
were developed that account for uncertainty in estimation of the nominal identified set and that
acknowledge the potential for model misspecification. We found in an analysis of U.S. Census data
that the well-documented increase in the returns to schooling between 1980 and 1990 is relatively
robust to alternative assumptions on the missing process, but that conclusions regarding hetero-
geneity in returns and changes in the returns function between 1990 and 2000 are very sensitive to

departures from ignorability.
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Appendix A. The bivariate normal selection model and KS.

To develop intuition for our metric S(F') of deviations from missing at random we provide here a
mapping between the parameters of a standard bivariate selection model, the resulting CDFs of
observed and missing outcomes, and the implied values of S(F). Using the notation of Section 2,

our DGP of interest is:

(Y;,v:) ~ N(0, (1 4)) D; = 1{p+v; >0} . (63)

p1

In this model, the parameter p indexes the degree of non-ignorable selection in the outcome variable
Y;. We choose i = .6745 to ensure a missing fraction of 25% which is approximately the degree of
missingness found in our analysis of earnings data in the US Census. We computed the distributions
of missing and observed outcomes for various values of p by simulation, some of which are plotted
in Figures A.1 and A.2. The resulting values of S(F'), which correspond to the maximum vertical
distance between the observed and missing CDF's across all points of evaluation, are given in the
table below:

Table A.1: S(F) as a function of p

p | S(F) p | S(F) p | S(F)
0.05 | 0.0337 0.35 | 0.2433 0.65 | 0.4757
0.10 | 0.0672 0.40 | 0.2778 0.70 | 0.5165
0.15 | 0.1017 0.45 | 0.3138 0.75 | 0.5641
0.20 | 0.1355 0.50 | 0.3520 0.80 | 0.6158
0.25 | 0.1721 0.55 | 0.3892 0.85 | 0.6717
0.30 | 0.2069 0.60 | 0.4304 0.90 | 0.7377

Figure A.1: Missing and Observed Outcome CDFs
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Appendix B. Data Details

CENSUS DATA

Our analysis of Decennial Census data uses 1% unweighted extracts obtained from the Minnesota
IPUMS website http://usa.ipums.org/ on August 28th, 2009. Our extract contained all native
born black and white men ages 40-49. We drop all men with less than five years of schooling and
recode the schooling variable according to the scheme described by Angrist et al.| (2006) in their
online appendix available at: http://econ-www.mit.edu/files/385. Our [IPUMS extract, along
with Stata code used to impose our sample restrictions is available online at http://www.econ.

berkeley.edu/~pkline/papers/web_supplement_KS_missing.zip.

Like Angrist et al.| (2006), we drop from the sample all individuals with allocated age or education
information and all individuals known not to have worked or generated earnings. We also drop
observations in small demographic cells. The following Table lists the effects of these drops on the

sample sizes by Census year:

Table A.2: Census Sample Sizes by Year After Imposing Restrictions

1980 1990 2000
Native Born Black and White Men Ages 40-49
w/ >=5 Years of Schooling 97,900 131,667 168,909
Drop Observations w/Imputed Age 96,403 130,806 165,505
Drop Observations w/Imputed Education 90,064 124,161 155,158
Drop Observations w/Unallocated (earnings or weeks worked)=0 80,800 111,366 131,711
Drop Observations in Cells w/ < 20 observations 80,128 111,070 131,265

Following |Angrist et al.| (2006) we choose as our wage concept log average weekly earnings — the
log of total annual wage and salary income divided by annual weeks worked. Earnings in all years
are converted to 1989 dollars using the Personal Consumption Expenditure (PCE) price index. We

recode to missing all weekly earnings observations with allocated earnings or weeks worked.

CPS DAtTA

For the analysis in Section 5.2 we used ICPSR archive 7616 — “Current Population Survey,
1973, and Social Security Records: Exact Match Data.” We extract from this file a sample of white
and black men ages 25-54 with six or more years of schooling who reported working at least one
week in the last year. We then drop from the sample individuals who are self-employed and those
working in industries or occupations identified by |Bound and Krueger| (1991)) as likely to receive

tips underreported to the IRS.

Annual IRS wage and salary earnings are topcoded at $50,000 dollars. There are also a small

fraction of observations with very low IRS earnings below $1,000. We drop observations falling into
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either group. We also drop observations with allocated weeks worked. Finally we drop observations
falling into demographic cells with less than 50 observations. An itemization of the effect of these

decisions on sample size is provided by the following Table:

Table A.3: CPS Sample Sizes After Imposing Restrictions

1980

Black and White Men Ages 25-54 w/ >= 5 Years of Schooling

and One or More Weeks Worked 19,693
Drop Self-Employed 17,665
Drop Bound-Krueger Industries/Occupations 17,138
Drop Topcoded IRS Earnings and Outliers 15,632
Drop Observations w/Allocated Weeks Worked 15,355
Drop Cells w/ < 50 observations 15,027

Weeks worked are reported categorically in the 1973 CPS. We code unallocated weeks responses
to the midpoint of their interval. Our average weekly earnings measure is constructed by dividing

IRS wage and salary earnings by the recoded weeks worked variable.

Appendix C. Implementation Details

We outline here the implementation of our estimation and inference procedure in the Decennial
Census data. The MATLAB code employed is available online at http://www.econ.berkeley.
edu/~pkline/papers/web_supplement_KS_missing.zip.

Our estimation and inference routine consists of three distinct procedures: (i) Obtaining point
estimates, (ii) Obtaining bootstrap estimates, and (iii) Constructing confidence regions from such

estimates. Below we outline in detail the algorithms employed in each procedure.

(i) Point Estimates: We examine a grid of quantiles, denoted 7T, with lower and upper limits of 7
and 7 — for example 7 = {0.1,0.15...0.85,0.9}. For each 7 in this grid, we let

i 1-— i 1-—
K, (r) = min { mingr, (1 = 7)) min{r, (1 - T)},0.3} ~0.001 , (64)
maXex (1l —p(x)) maxgex p(x)
and examine for each 7 € T a grid of restrictions k, denoted K(7), with a lower bound of 0 and
upper bound K, (1) — for example, K(7) = {0,0.01,. .., Ig”f—(g)j x 0.01}. These grids approximate:
B={(r,k) €[0,1P:r<7<7Fand 0 <k < Ky(r)} (65)

which is with probability tending to one a subset of B, for some ¢ such that B, # (). For each pair

(7, k) in our constructed grid, we then perform the following operations:
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STEP 1: For each z € X, we find ¢, (7, k|z) and ¢y (7, k|z), which respectively are just the 7 — k(1 —
p(x)) and 7+ k(1 + p(x)) quantiles of observed Y for the demographic group with X = x. m

STEP 2: We obtain 7. (7, k) and 7y (7, k) by solving the linear programming problems in and
employing the linprog routine in MATLAB. m

(ii) Bootstrap Estimates: We generate an i.i.d. sample {W;}? , with W exponentially distributed
and E[W] = Var(W) = 1. For each (7,k) in the grid employed to find point estimates, we then

perform the following operations:

STEP 1: For each z € X we find G (7, k|z) and Gy (7, k|x). Computationally, they respectively equal
the 7 — k(1 — p(x)) and 7 + k(1 — p(z)) weighted quantiles of observed Y for the group X = =z,
where each observation receives weight W; /(> W;1{D; = 1, X; = z}) rather than 1/n. m

STEP 2: We obtain 71 (7, k) and 7y (7, k) by solving the linear programming problems in and
(54) employing the linprog routine in MATLAB. m

(iii) Confidence Regions: Throughout we set wy, (7, k) = wy (7, k) = w(7) where w(7) = ¢(®~(7)) "2,

with ¢(-) and @(-) equal to the standard normal density and CDF. In computing confidence regions,
we employ the point estimates (7%, 7;) for ¢ € {80,90,00} from (i), and 1000 bootstrap estimates

{(7} 1, ) 1YY computed according to (ii) based on 1000 independent i.i.d. samples {W;}i-,.

The specifics underlying the computation of each Figure’s confidence regions are as follows:

FIGURE 4: For this figure, we compute (§.(7, k|x),qu (7, k|z)) evaluated at (r,k) = (0.5,1) for
all z € X. Employing the bootstrap analogues (G.(0,5,1|x), Gy (0.5,1|x)), as in , we obtain

estimates ¢, and &y of the asymptotic variances of (0.5, 1|x) and ¢y (0.5, 1) and construct:

21-a071, i 21—a0y
N NG

for all x € X', where z;_,, is the 1 — « quantile of a standard normal. By independence, the product

[G(0.5, 1]z) — (0.5,1]z) +

] (66)

of the intervals evaluated at o = 0.95%7 is a nonparametric confidence region with asymptotic
probability of covering ¢(7|z) of at least 0.95 —|Imbens and Manski| (2004). Employing linprog in
MATLAB, we obtain the bounds for the “parametric set” by maximizing/minimizing the coefficient
on schooling subject to the constraint that the Mincer specification lie within forallz € X. m

FIGURE 5: The nonparametric confidence region was obtained as in Figure 4, but employing k£ = .05

instead. The bounds on the set of BLPs were obtained by solving a linear programming problem as

in and but employing the endpoints of in place of ¢7(0.5,1]x) and ¢y (0.5, 1]x) — here
A equals one for the coordinate corresponding to the coefficient on education, and zero elsewhere. m

FIGURE 6: We employ a grid for 7 equal to 7 = {0.1,0.15,...,0.85,0.9}. For each t € {80, 90,00},

we compute the 1 — a quantile across bootstrap samples of:

7 (1,0) — @t (7,0) 7t (7, 0) — 7k (7, 0)}
w(T) ’ w(T) 7

(67)

max max {
7€{0.1,0.15,...,0.85,0.9}

which we denote by 7__(0). For each ¢t € {80,90,00} the two sided uniform confidence region
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is then given by [7(7,0) — 7 __(0)w(7), 7t (7,0) + 7 _,(0)w(7)], where for 7 outside our grid

{0.1,0.15,...,0.85,0.9} we obtain a number by linear interpolation. m
FIGURE 7: The procedure is identical to Figure 6, except k is set at 0.05 instead of at 0. m

Fi1GURE 8: For ks = 0.05 we compute the 1 — o quantile across bootstrap samples of:

~80 _ =80
e (T, ks) — 7 (T, ks) | (68)
7€{0.2,0.25,...,0.75,0.8} w(T)

which we denote by 7% (k). Similarly, we find the 1 — a quantile across bootstrap samples of:

7}%0 (Ta ks) B 7%2[)/0 (7—7 ks)

X
7€{0.2,0.25,...,0.75,0.8} w(T)

, (69)

which we denote by 77°  (ks). Unlike in Figures 6 and 7, we employ a shorter grid for 7 as the
bounds corresponding to extreme quantiles become unbounded for large k. Next, we examine if:

. ~ 80 80 (A9 =90 >
oo AR P () = (R k) = # (R J(r)} 20 (70)

If holds, we set & = ks, otherwise repeat - with ks + 0.005. Hence, kj = 0.175 was
the smallest k& (under steps of size 0.005) for which the upper confidence interval for 78 (7, kj) lied
above the lower confidence interval for 79°(7, k%) for all 7 € {0.2,0.25,...,0.75,0.8}. m

FIGURE 9: For this figure, we employ a grid of size 0.01 for 7 —e.g. 7 = {0.1,0.11,...,0.89,0.9},
and compute K, (7) (as in (64])) using the 1990 Decennial Census. In turn, for each 7 we employ a
k-grid K(7) = {0,0.001, ..., | %« ] % 0.001} and obtain #8(7, k) and #89(r, k) at each (7, k) pair.

0.001
Finally for each 7 in our grid, we let k;(7) denote the smallest value of k in its grid such that:

(1, k) > 70 (1, k) (71)

and define &(7) = (78 (7, k1 (7)) +73°(7, k1(7))) /2, which constitutes our estimate of the “breakdown

curve”. To obtain a confidence region we compute the 1 — « quantile across bootstrap samples of:

~ 80 _ =80
max max ’ﬂ-U (T7 k) U (T> k)’ ’ (72)

7€{0.1,0,15,...0.85,0.9) ke (0,0.01,....| Ku | 0,01 w(T)

which we denote by 7% . Similarly, we compute the 1 — o quantile across bootstrap samples of:

~90 _ ~90
max max |7TL (7—7 k) 7T-L (7—7 k>| , (73)

7€{0.1,0,15,...0.85,0.9) ke (0,0.01,....| K1 | 0,01 w(T)

which we denote by 7{° . We then let k; (7) be the smallest value of k in the grid, such that:
iy (r k) + M w(r) 2 7 (1 k) = 12 (7). (74)

The lower confidence band is then /7 (7) = (7327, ki (7)) +75° w(7)+ 73T, kr 1. (T)) —75° (7)) /2.

Analogously, we let k7 7(7) be the smallest value of k € {0,0.001, ..., 1516(071” x 0.001}, such that:
g (7, k) — P qw(r) > 7 (1, k) + 712 () (75)



and get the upper confidence band iy (1) = (78 (7, k1 v (7)) =70 w(T)+7L (7, k1 v (7)) +75° w(T)) /2.
Figure 9 is a graph of k1(7), Ay (7) and £(7). Our bootstraps were conducted over a coarser grid

than the one used to obtain point estimates in order to save on computational cost. m

F1GURE 10: Here A is set to different levels of education and all other coordinates are set equal
to the sample mean of {X;}" ;. The procedure is otherwise identical to the one employed in the

construction of Figure 7, with the exception that a quantile specific critical value is employed. m

Appendix D. Derivations of Section 5.2.

The following Appendix provides a justification for the derivations in Section 5.2, in particular of

the representation derived in equation . Towards this end, observe first that by Bayes’ rule:
P(D=1X =2,Y <c¢) x Fy,(c)

p(z)
_ P(D=1X =2, Fa(Y) < Fyal©) X Fya(c) (76)
p(z) 7

F,

y\lvfﬁ(@ =

where the second equality follows from F), being strictly increasing. Evaluating at ¢ = q(7|z),
employing the definition of py(z,7) in (60)), and noting that Fy,(¢(7|z)) = 7 yields:

pr(T,x) X T

Fy|1,x(Q(T‘I)) = p(x)

(77)

Moreover, by identical arguments, but working instead with the definition of py (7, x), we derive:

1= Fya(a(tle)) = PD=1]Y > Q(T\fﬂ),Xp(zx):v) x (1= Fypolg(r]z)) _ polr, a:}))(;@ =) (rs)

Finally, we note that the same manipulations applied to Fy o, instead of F}; , enable us to obtain:

(1 —pp(r,z)) x T (1 —=py(r,z)) x (1 —7) .

Fyoq = 1—F oz = 79
yl0, (q(’i”l?)) 1 —p(:r;) y|0, (Q(Tlx)) 1 —p(l’) ( )

Hence, we can obtain by direct algebra from the results and that we must have:

Ip(x) —pr(z,7)[ X T
[Fya(a(T|2) = Fyoe(a(r]z))| = : (80)
o o p(z)(1 = p(z))
Analogously, exploiting and once again, we can also obtain:
[ Fypa(q(Tl2) = Fyoe(q(rle)] = [(1 = Fype(g(r]e))) — (1 = Fyoa(q(r]z)))]

_ |p(l’)—pU(l’,T)’ X (1_T) (81)

p(x)(1 —p(z))
Result then follows from taking the square root of the product of and .
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Appendix E. Proof of Results.
PROOF OF LEMMA u For any 6 € C(r, k), the first order condition of the norm minimization problem
yields 8(7) = (Es[X;X!]) "' Es[X;0(X;)]. The Lemma then follows from Corollary ]

PROOF OF COROLLARY |3.1} Since P(7,k) is convex by Lemma it follows that the identified set for
N B(7) is a convex set in R and hence an interval. The fact that 7 (7, k) and 7y (7, k) are the endpoints

of such interval follows directly from Lemma [ |

Lemma .1. Let Assumption hold, W; be independent of (Y;, X;, D;) with E[W;] =1 and E[W?] < oo
and positive almost surely. If {Y;D;, X;, D;, W;} is an i.i.d. sample, then the following class is Donsker:

M={m.:m.(y,z,dyw) =wl{y <c,d=1,z =20} — P(Y;<¢, D;=1, X; =x0), ceE R} .
PRrROOF: For any 1 > € > 0, there is an increasing sequence —oo = yg < ... < Yrsp = +o0 such that for
any 1 < j < [%] we have Fy1 . (yj) — Fyj1,2(yj-1) < €/4. Next, define the functions:

lj(yvxade) = ’U)1{y < Yj—1, d= 17 Tr = 3:0} - P(E < Y, DZ = 17 X’L = x()) (82)
ui(y, v, d,w) =wl{y <y, d=1, v =20} — P(Y; <yj—1, Di =1, X; = x0) (83)

8
and notice the brackets {[/;, uj]}]fjl form a partition of the class M, (since w € Ry). In addition, note:

E[(u;(Y;, X4, Di, W;) — 1;(Yi, Xy, Dy, Wi))?]
<2E[WA{yj—1 <Y; <y, Di=1, X; =0} +2P%(y;—1 <Y; <y;, Di =1, X; = x0)

< 4E[Wi2] X (Fy|1,x(yj) - Fy\l,x(yjfl)) ) (84)

and hence each bracket has norm bounded by |/ E[W?]e. Therefore, Njj(e, M, || - [|12) < 16E[W?]/€?, and
the Lemma follows by Theorem 2.5.6 in van der Vaart and Wellner| (1996)). m

Lemma .2. Let Assumption hold, W; be independent of (Y;, X;, D;) with E[W;] =1, E[W?] < oo and
positive almost surely. Also let Sc = {(7,b) € [0,1]2 :b{1 —p(2)} +e < 7 < p(x) +b{l —p(x)} —€ Vo € X'}

for some € satisfying 0 < 2e¢ < inf,cx p(x) and denote the minimizers:
so(7,b,x) = arg min Q,(c|T,b) S0(7,b,x) € argmin Qm’n(ch, b) . (85)
ceR ceR
Then so(7,b,x) is bounded in (1,b,2) € Sc x X and if {Y;D;, X;, D;i, W;} is i.i.d. then for some M > 0:

P(sup sup |So(7, b, x)| > M) =o(1) .
zeX (1,b)ES.

PROOF: First note that Assumption ii) implies so(7, b, z) is uniquely defined, while 5¢(7, b, z) may be
one of multiple minimizers. By Assumption [2.1|ii) and the definition of S, it follows that the equality:

P(Y; < so(1,b,z),D; =1|X; =x) =7 —bP(D; =0|X; = x) (86)

implicitly defines so(7, b, z). Let 3(x) and s(x) be the unique numbers satisfying Fy|; ,(5(z)) xp(z) = p(x)—e
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and Fy|; ,(s(7)) x p(z) = €. By result and the definition of S we then obtain that for all x € X

—o0o < s(x) < inf so(r,b,x) < sup so(7,b,x) < 5(x) < 400 . (87)
(T,b)ESe (T,b)€S.

Hence, we conclude that sup. y)cs, |s0(7,b,2)| = O(1) and the first claim follows by X’ being finite.

In order to establish the second claim of the Lemma, we define the functions:

Ry(7,b) =bP(D; =0,X; =) — TP(X; = 1) (88)
Run(r,b) = % zn: Wi(b1{Ds = 0, X; = 2} — 71{X; = 2}) (89)
=1

as well as the maximizers and minimizers of R, ,(7,b) on the set S¢, which we denote by:

(1,(2),b,(z)) € arg max Ry, (7,b) (Tn(2),bn(z)) € arg min Ry, (7,b) . (90)
(T,b)ESe (7,b)ESe

Also denote the set of maximizers and minimizers of Q ,(c|7,b) at these particular choices of (7,b) by:

S,(@) = {s,() € R: 5,(x) € argmin Quun (el (1), by()) | (91)
Sp(r) = {En(:z;) € R:5,(z) € arg Igréllrltl Qa}’n(clfn(az),gn(m))} (92)

From the definition of Q.. ,(c|T,b), we then obtain from (90), and that for all z € A

inf s,(x) < inf 3Sg(7,b,2) < sup So(7,b,7) < sup  Sp(x) . 93
sp(7)€S,, (2) (@) (T.b)ESe ( ) (T,b)ESe ( ) 8n(2)E€5, (x) (@) 53)

We establish the second claim of the Lemma, by exploiting and showing that for some 0 < M < oo:

P(§n(x)lrelgn(l’)§n(l‘) < —M) = 0(1) P(Sn(xs)lellis)n(m) gn(l‘) > M) = 0(1) . (94)

To prove that inf s, (x)€S, (z) s, (x) is larger than —M with probability tending to one, note that:

| Ren (7, (2), by, (%)) + €P(Xi = 2)| = |Ran (1, (2), by (2)) — (Tfrbl)aé Ry (7,0)| = 0p(1) , (95)

where the second equality follows from the Theorem of the Maximum and the continuous mapping theorem.

Therefore, using the equality a? — b? = (a — b)(a + b), result and Lemma it follows that:

sup |Qun(elTy (@), by () = (Fypa(@p(a) — )*PA(X; = 2)| = 0,(1) - (96)

Fix 0 > 0 and note that since Fy|; ,(s(z))p(x) = € and ¢/p(z) < 1, Assumption (ii) implies that:
n=_inf (Fy.(c)p(z) - €)2>0. (97)
le—s(z)|>0

Therefore, it follows from direct manipulations and the definition of S,,(x) in and of s(z) that:

(I, o su@)=s@) > 8) < P( il Qua(elra(e),b,(2)) < Qunls(e) |z (@), b (2) )
< P (1< 5up 21Qun(elra ()., (2) = (Fyy o (p(a) = P PA(Xi = 2)])

We hence conclude from that inf, (2)es (x) 80 () 2 s(z), which together with implies that

41



infy (2)es, (x) 8p(7) is larger than —M with probability tending to one for some M > 0. By similar
arguments it can be shown that sup; (,)cg, (2) Sn(2) 2, 5(x) which together with establishes (94]). The
second claim of the Lemma then follows from , and X being finite. m

Lemma .3. Let Assumptz'on hold, W; be independent of (Y;, Xi, D;) with E[W;] =1, E[W?] < 0o and
positive almost surely. Also let Se = {(7,b) € [0,1]? : b{1 —p(x)} + e < 7 < p(x) +b{1 — p(x)} —€ Vo € X}

for some € satisfying 0 < 2e < inf,cx p(x) and denote the minimizers:
so(7,b,x) = arg min Q,(c|7,b) 40(7,b,2) € argmin Q. ,,(c|T,b) . (98)
ceR ceR

If {YiD;, X;, Di, Wi} is an i.i.d. sample, then supgcy Sup(;p)es, [80(7, 0, ) — so(7,b, )| = 0p(1).

PROOF: First define the criterion functions M : L>®(S, x X) — R and M,, : L=®(S. x X) — R by:

M) =sup sup Q(0(7,b,x)|T,b) M, (0) = sup sup Qx,n(G(T, b,x)|T,b) . (99)
zeX (1,b)ES. z€X (1,b)ES.

For notational convenience, let so = so(-,, ) and 89 = 3¢(-,, ). By Lemma[2] so € L>°(S, x X) while with
probability tending to one §y € L>(S, x X'). Hence, implies that with probability tending to one:

3 in M.(0 — in M) . 100
%0 € argeeLgl(l‘Sr':xX) n( ) %0 arg@eL‘E%g:xX) ( ) ( )

By Assumption [2.1f(ii) and (86]), Q(-|7,b) is strictly convex in a neighborhood of s¢(7, b, z). Furthermore,
since by and the implicit function theorem s¢(7,b,x) is continuous in (7,b) € S, for every x € X

inf  M(0) > inf inf inf Qz(c|T,b)

[[0—50]|co>0 z€X (1,b)ESe |c—so(T,b,x)|>6

= inf inf min{Q,(so(7,b,x) — d|7,b), Qz(so(7,b,x) + d|7,b)} >0, (101)
TEX (1,b)ESe

where the final inequality follows by compactness of S, which together with continuity of so(7, b, ) implies
the inner infimum is attained, while the outer infimum is trivially attained due to X being finite. Since

(101)) holds for any 6 > 0, sg is a well separated minimum of M () in L*>(S, x X). Next define:
Gei(c)=Wil{Y; <¢,D; =1, X; =z} (102)

and observe that compactness of S, a regular law of large numbers, Lemma [.1] and finiteness of X" yields:

1 n
sup sup sup|— Z Gz,i(c) + Rypn(1,b) — E[Gyi(c)] — Ry(7,b)]
r€X (1,h)€Sc c€R T

1 n
< supsup [= > " Gri(¢) = E[Gei(c)]| + sup sup [Ryn(7,b) = Ro(7,b)| = 0,(1) , (103)
zeX ceR N z€X (1,b)ES.

where R;(7,b) and R, ,,(7,b) are as in and respectively. Hence, using (103)), the equality a® —b? =
(a — b)(a + b) and Qz(c|,b) uniformly bounded in (¢, 7,0) € R x Sc due to the compactness of S, we
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obtain:

sup | M, (0) — M(9)| < sup sup sup ’me(e(T, b,x)|T,b) — Qu(0(7,b,x)|T,b)|
0ELoo(Sex X) 0ELo (S x X) TEX (1,h)ES.

<sup sup sup@x,n(ch', b) — Qu(c|7,b)| = 0p(1) . (104)
zEX (7,b)€Se cER

The claim of the Lemma then follows from results (100)), (101)) and (104) together with Corollary 3.2.3 in
van der Vaart and Wellner| (1996). m

Lemma .4. Let Assumptzonsm - /. 1| hold, W; be independent of (Yi, X;, D;) with E[W;] =1, E]W?] < oo
and positive a.s. Also let Sc = {(,b) € [0,1]? : b{1 — p(z)} + € < 7 < p(z) + b{1l — p(x)} — € Yz € X} for

some € satisfying 0 < 2e < inf ey p(x) and denote the minimizers:
so(7,b,x) = arg min Q,(c|7, b) 40(7,b,2) € argmin Q. (c|T,b) . (105)
ceR ceR
For Gy i(c) = W;l{Y; < ¢,D; =1, X; = 2} and Ry ,(7,b) as defined in , denote the criterion function:
2
(c|7,b) ( Z{E 2i(€) = Gui(s0(T,b,2))] + Gai(50(7, b, )} + Ron(r, b)) . (106)
If{Y;D;, X;, D;, W;} is an i.i.d. sample, it then follows that:

‘in,n@Ogj’ IO _ o (107)

sup sup
xEX (1,b)ES.

PrOOF: We first introduce the criterion function M : L>(S. x X') — R to be given by:

M;3(0) =sup sup Q5 (6(r,b,x)|7,b) . (108)
TEX (1,b)ES.

We aim to characterize and establish the consistency of an approximate minimizer of M (6) on L™ (S, x X).

Observe that by Lemma [.1] compactness of S, finiteness of X and the law of large numbers:

sup sup |*Z{G:rz so(7,b,2)) — E[Gy,i(s0(T,b,2))]} + Ry n(7,b) — Ry (7, b)]
zeX (Th)esS. " i

< sup sup ]— Z{Gm i(c) = ElGgi(c)]} +sup sup |Rgyn(T,b) — Ry(7,b)| = 0p(1) , (109)

zeX ceER zeX (1,b)ES.
where R, (7,b) is as in (88). Hence, by definition of S and Ry (7,b), with probability tending to one:
1 n
—P(X;=2x) < - Z{E[Gm(so(ﬂ b,x))] — Gai(s0(T,b,2))} — Ry n(T,0)
< (p(z) — §)P(Xi =x) V(r,b,x) € Se x X . (110)

By Assumption (ii), whenever (110]) holds, we may implicitly define 5§(7,b,x) by the equality:

P(Y; < §(r,b,2),D; =1, X; =x) = :LZ{E[GM(SO(T, b,x))] — Gzi(so(7,b,2))} — Ryn(1,0), (111)
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for all (7,b,z) € S¢ x X and set §§(7,b,x2) = 0 for all (7,b, z) € Sc x X whenever (110) does not hold. Thus,
sup sup Q5 (35(7, b, 2)|7,b) — inf Q. (e[ b)[ = 0p(n") . (112)
TEX (T,b)ES. ' c€R 7

Let 5) = s{(-,-,-) and note that by construction 5§ € L>®(S, x X'). From (112)) we then obtain that:

My(35) < sup sup inf Q3 ,(c[mb) +op(n™!) < inf  Mi(0) +op(n7") . 113
() < sup sup Inf Qealelrb) +op(n) < b Ma(®) +0p(n™) (113)

In order to establish |55 — so||cc = 0p(1), let M (8) be as in and notice that arguing as in ((104) together
with result (109) and Lemma [.1| implies that:

sup  [M3(0) = M(9)| < sup  sup sup |Q5,(0(7,b,)|7.b) — Qu(6(r, b, x)|7,b)|
0€L>®(ScxX) 0EL>®(ScxX) x€X (1,b)ES.

<sup sup sup|Q:, (c|7,b) — Qu(c|T,b)| = 0,(1) . (114)
TEX (1,h)eS. c€ER

Hence, by (101}, (113)), (114)) and Corollary 3.2.3 in [van der Vaart and Wellner| (1996)) we obtain:

sup sup [85(7,b,2) — so(7, b, x)| = 0p(1) . (115)
zEX (7,b)ESe

Next, define the random mapping A, : L>®(S, x X') — L*(Sc x X) to be given by:

An(0)(7, b, 7) = %Z{(Ga:,i(ﬂﬂ b)) = E|Gi(0(7,b,2))]) = (Gei(s0(7, b, 2)) = E[Gei(so(T; b, 2))])}
= (116)
and observe that Lemma |.1{and finiteness of X’ implies that ||A,(5)]e = op(n_%) for any § € L>®(S, x X)
such that [|5 — so|leo = 0p(1). Since Qu n(50(7, b, )|7,b) < Qu.n(s0(7,b,z)|7,b) for all (1,b,z) € Sc x X, and
by Lemma |1 and finiteness of X', sup,cx Sup(;p)es. Qun(50(T,b,2)|7,b) = Op(n~"), we conclude that:

sup sup {Qi,n(g() (Tv b, x) |7—7 b) - N;,n(§8(7—7 b, LL’)‘T, b)}
xEX (1,b)ESe

~ ~ 1
< i e {Qun(B0(7,b,2)[7,b) — Q3 (35(7,0,2)|7,0)} + | A2 (30)lloo + 2] An(30)lloc x Mi? (30)
zeX (1,b)ES,

< sup sup {Q%n@g(ﬂ b, z)|T,b) — ~;,n(‘§8(7—7 b,x)|T,b)} + op(nfl) , (117)
2EX (7,b)ES.

where M, (6) is as in (99). Furthermore, since by (113)) we have M3 (85) < M (so)+0p(n~') and by Lemma
and finiteness of X we have M3 (sg) = Op(n~1), similar arguments as in (117) imply that:

sup sup {Qu,n(55(7, b, 2)|7,0) — Q3 (83(7, b, 2) |7, b)}
z€X (1,b)ES.

< AR + 2080 (35) oo X [M3(35)]2 = 0p(n") . (118)

Therefore, by combining the results in (112)), (117)) and (118]), we are able to conclude that:

sup sup {Qin(§0(7, b,x)|T,b) — inf Qin(ch, b)}
z€X (1,b)ES. ’ ceR ’

<sup sup {Q5,(30(7,b,)|7,b) — Q5. (55(7,b,2)[T,0)} + 0p(n~!) < 0p(n~") . (119)
TE€X (1,b)ES.
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Let €, ~\( 0 be such that €, = op(n_%) and in addition satisfies:

sup sup Q5 ,(30(7,b,2)|7,b) — inf Q5 ,(c|7,b)| = op(e7,) (120)
TEX (T,b)ES. ceR "~

which is possible by (119)). A Taylor expansion at each (7,b,z) € S¢ X X then implies:

0<sup sup {Q5,(50(7,0,2) + |7, b) — Q3 (30(7,0,2)|7,0)} + 0p(er)

zeX (1,b)ES.
dQs , (0(r,b,x)|m,b) 2 d?Q2.,(5(1,b,x)|T,b) )
= " : o : 2y 121
s s {on & 2 a2 jrofd), 02

where 5(7,b, z) is a convex combination of 89(7,b, ) and 8o(7,b, z) + €,. Since Lemma|[3|and €, \, 0 imply

that [|5 — sollcc = 0p(1), the mean value theorem, fy|; ,(c) being uniformly bounded and (104)) yield:
sup sup ‘f Z{E 2i(5(7,0,2)) = Gaa0(7,0,2))] + Gari(0(7,0,2))} + R (7))
xEX (1,b)ESe

< Sup fy0(O)p() P = 2) x [ = solo -+ M (30) = 0p(1) . (122)

Therefore, exploiting (122] (¢) being uniformly bounded and by direct calculation we conclude:

’ y|1

‘ d2Qi,n(‘§(T7 b, SU) |7—7 b)

dc? -2 5|1,a:(§(7_7 b? x))pQ(x)Pz(Xi = .%')

sup sup
zEX (1,b)ES.

<sup sup | £, ,(5(r,b.a))p(@) P(X; = 2)] x 0,(1) = 0,(1). (123)

zEX (1,b)ES,
Thus, combining results (121 together with (123) and fy; »(c) uniformly bounded, we conclude:
dQ:Sr:,n(éo (Tv b, .iL') ’7_7 b) 2

0 <€, Xxsup sup

+ Op(ey,) - 124
D D i p(€n) (124)

In a similar fashion, we note that by exploiting (120)) and proceeding as in (121f)-(124]) we obtain:
0< é?fc(T%?ése{Q n(80(7,0,2) — €n|7,b) — Q3 ,,(30(7, b, )|, )} + 0p(€)

Do (8 2 d2Q3 ,(5(7,b,2)|7,b
<inf {_ande,n(so(T,b,z)\T,b)JrenX 2 (8(7, b, )| )}+0p(62)

< inf f —
2EX (r,llar)lese de 2 dc? "
d ~£L’n 5 7b7 7b
< —€, X SUp sup Qrn(S0(r, b, 7). b) +O0p(é2) . (125)
TEX (1,)ES de

Therefore, since €, = op(nfé), we conclude from (124]) and (125) that we must have:

dQ3 . (30(7,b,x)|7,b
sup sup Qx,n(so(; iul) = Opley) = op(n_%) . (126)
TEX (1,b)ESe c

By similar arguments, but reversing the sign of €, in (121) and (125)) it possible to establish that:

dQs . (3o(r,b,z)|7,b
sup sup — Qan O(d )Im.%) = op(n_%) : (127)
x€X (1,b)ES. c

The claim of the Lemma then follows from (126]) and ( . [ ]

Lemma .5. Let Assumptions hold, W; be independent of (Y;, X;, D;) with E[W;] =1, E[W?] < oo

(2
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and positive a.s. Also let Sc = {(7,b) € [0,1]? : b{1 —p(2)} + e < 7 < p(x) + b{1 — p(x)} — € Vz € X} for

some € satisfying 0 < € < inf ey p(x) and denote the minimizers:
so(7,b,x) = arg min Q,(c|T,b) S0(7,b,x) € argmin me(ch, b) . (128)
ceR ceR
If Gy i(c) is as in (102)), infyex inf(rpyes, fy1,2(50(7, b, 2))p(x) > 0 and {Y; Dy, X;, D;, Wi} is i.i.d., then:

sup sup ‘(go(’i', b,z) — so(7,b,x))
zEX (1,b)ES,
1 "\ Gri(so(r,b,2)) + Wi(b1{D; = 0, X; = v} — 71{X; = z}) o (n—3
"2 P = 0)p(@) Fyna (5o, b)) =) (29

PRroor: For Qfm (c|7,b) as in ((106)), note that the mean value theorem and Lemma |.4|imply:

d*Q3 ,(3(r,b,2)|7,b) N dQ} (s0(7,b, 2)|7,b)

1
=0
dc? de ‘ p

(n™2)  (130)

sup sup ‘(§0(7-7 b7 l’) - SO(Ta b: 'T)) X
zeX (1,b)ES.

for 5(7,b, ) a convex combination of so(7,b,x) and So(7,b,z). Also note that Lemma |.1] implies:

sup sup

‘ dQs . (so(7, b, x)|7,b)
z€X (1,b)ES.

de

n

> Gailsolr,b,2)) + Ba(r.b)}| = Op(n™3) . (131)

=1

1
—sup sup_[2f,.(s0(r b, 2))p(e) P(X, = ) x (-
TEX (1,b)ESe n

In addition, by (123)), the mean value theorem and f; ,(c) being uniformly bounded we conclude that:

‘ dQQLn(E(T, b, x)|T,b)

dc? B 2f§|1,x(50(7—7 b, I))pZ(x)P2(Xi = 1)‘

sup sup
2EX (1,b)ESe

Ssup sup | fhy L (8(m,b,2)) = fy o (s0(7,b,2))| + 0p(1) S sup | fypy 4 ()] X [I5 = sollec +0p(1) . (132)
xEX (7,b)ESe ceR

Since by assumption fy1 ;(so(7,b,))p(x) is bounded away from zero uniformly in (7,b,z) € Sc x &, it
follows from ((132]) and ||5 — so||cc = 0p(1) by Lemma |.3| that for some § > 0:

2 It —
nf  inf d Qx,n(S(Ty b, ‘T)‘Ta b)

) 1
TEX (1,b)ES. dc? = (133)

with probability approaching one. Therefore, we conclude from results (130f), (131]) and (133]) that we must
have |30 — s0||co = Op(n_é) Hence, by (130)) and (132)) we conclude that:

N d@;n(SU(Ta bv$)|7-v b) 1
sup sup_[2(50(7,b.2) = so(7, b)) £, (solr by ) pP (@) PG = 1) =2 = op(n}
TEX (7,b)ES. ¢

The claim of the Lemma is then established by (131f), (133 and (134). m

Lemma .6. Let Assumptions [ 4|(ii)- (iii) hold, W; be independent of (Yi, X;, D;) with E[W;] = 1,
E[W?] < oo and positive a.s. Let Se = {(7,b) € [0,1]2 : b{l—p(z)} +€ < 7 < p(z) +b{l —p(z)} —€ Vx € X}

for some € satisfying 0 < 2e < inf,cx p(x) and for some xo € X, denote the minimizers:

so(T,b,x0) = arggéilr% Qz,(c|T,b) .
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Ifinf (- pyes. fy1,2(50(7, 0, 20))p(z0) > 0 and {Y; Dy, X, Di, W;} is i.i.d., then the following class is Donsker:

wl{y < so(7,b,70),d = 1,2 =20} + bwl{d = 0,7 = 20} — Twl{zr = 20}
P(X; = z0)p(z0) fy|1,2(50(7, b, 0)) .

F = {fﬂb(y,m,d,w) = (1,b) € Se}

PROOF: For § > 0, let {B;} be a collection of closed balls in R? with diameter § covering S. Further
notice that since S C [0, 1]%, we may select {B;} so its cardinality is less than 4/6%. On each B; define:

T; = M pyes.np; T Tj = MaX(rp)esans; T
bj = min(r,b)esemBj b bj = max(rp)eS.NB,; b
(135)
8; = Min( p)es,np; So(7; b, ¥o) 8j = max(rp)es.nB; S0(7: b, o)
[; = mingpes.ns, fy1,2(80(7, b, 20)) fj = max(p)es.nB; fy1,2(s0(7,b,20)) ,

where we note that all minima and maxima are attained due to compactness of Sc N Bj, continuity of
so(T,b, o) by and the implicit function theorem and continuity of fy; ,(c) by assumption (iii).
Next, for 1 < j < #{B,} define the functions:

Uiy, 2, d,w) = wiy <s;, d=1, t=xo} +bwl{d =0,z =20}  Fwl{z =z} (136)
TR B F’(,XZ = xo)p(mo)fj P(Xz = Jio)p(ﬂ))ij

wi(y. . dow) = wl{y <35;, d=1, 2 =0} + bjwl{d =0,z = z¢} B Tjwl{z = z0} _ (137)
JAT P(X; = xo)p(xg)ij P(X; = zo)p(20) [;

and note that the brackets [I;,u;] cover the class F. Since fjfl < ij_l < [inf (7 pyes. fy1,2(s0(T, b, 20))] 71 <
oo for all 4, there is a finite constant M not depending on j so that M > 3E[W2P~2(X; = ch())]fQ(:180)&*2]?]-_2

uniformly in j. To bound the norm of the bracket [l;,u;] note that for such a constant M it follows that:
E[(uj(Ys, Xi, Dy, Wi) — 1;(Ya, Xi, Dy, Wi))?] < M x (b fj — bjij)z + M x (75 f; —Ijij)z
+ M x BI({Y; < s;,D; = 1,X; = xo} f, = 1{Y; <55, D = 1, X; = wo} [;)°]  (138)

Next observe that by the implicit function theorem and result we can conclude that for any (7,b) € S.:

dSO(Tv b) 330) — 1 dSO(T7 baxﬂ) - _ 1 —p(fL‘Q) (139)
dT fy|1,w(50(7—7 ba 1:0)) db fy|1,:p(50(7—’ bu 1"0)) .

Since the minima and maxima in (135) are attained, it follows that for some (71, b1), (72,b2) € B; N Se we

have sq(71,b1.20) = §; and so(72, b2, 29) = s;. Hence, the mean value theorem and ([L39)) imply:

1 —p(x) V26

b1 —b2)| < -
(b1 2)| < 1nf(7,b)€86 fyu,m(SO(Ta b, z0))

1
5; — 8| = = (11 —m2) + (140)

fyi1,2(50(7, b, 70)) Fypze(s0(7,b,20))
where (7,0) is between (71,b;) and (79, by) and the final inequality follows by (7,b) € S. by convexity of
Se, (11,b1), (12,b2) € Bj NS and B; having diameter §. By similar arguments, and ({140) we conclude:
V26

>< .
inf (;p)es. fy1,2(50(7,b,70))

f5 = £ 1 < suplfy o (o)l x [55 — 55| < sup | fyp, . ()] (141)
ceR ceR
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Since b; < Ej < 1 due to Bj € [0,1] and ]Bj — bj] < ¢ by Bj having diameter §, we further obtain that:

462

(035 = b,0)% < 207 (b = )" + 20505 = 1) S 2500 () X 8% 7 ot * 142
where in the final inequality we have used result . By similar arguments, we also obtain:
-7 2 2 2 44
R R R ey - e ey (143)

Also note that by direct calculation, the mean value theorem and results (140]) and (141]) it follows that:
El({Yi <s;, Di = LX; = wo} f, - 1{Y; <55, Di = 1, X = 20} f;)?]

<2(fj—f)*+ sup Fone(e) x P(X; = z0)p(x0) (Fyp 2 (5)) — Fypals)))

1o +sup 3, (c) x V20
= infrpes, o (50(Tb,20))  cer vl inf (- pyes. fy1,2(50(7, b, 70))

. (144)

Thus, from (138]) and (142))-(143)), it follows that for § < 1 and some constant K not depending on j:
E[(uj (Y;, Xi, Dy, Wi) — 1;(Yi, X, Dy, Wi))?] < K6 (145)

Since #{B;} < 4/6%, we can therefore conclude that N6, Foll - llz2) < 4K? /5% and hence by Theorem
2.5.6 in jvan der Vaart and Wellner| (1996) it follows that the class F is Donsker. m

Lemma .7. Let Assumptions [4-1(i1)-(i1i) hold, W; be independent of (Y;, X;, D;) with E[W;] = 1,
E[W?] < oo, positive a.s., S¢ = {(1,b) € [0,1]? : b{1 —p(z)} + ¢ < 7 < p(x) + b{1 —p(x)} — (Vz € X} and

_ S Wil{D; =1, X; =z}
plx) = n
( ) Zi:l Wil{XZ‘ = .%'}

If inf (7 payes xx fyp,a(so(T,0,2))p(x) > 0 and {Y;D;, X;, D;, Wi} is an i.i.d. sample, then for a € {—1,1}:

pl) = P(Di = 11X =2)  so(7,b,2) = argmin Qu(c|7,b) .
ce

so(7, 7 + akp(x), x) — so(7, 7 + akp(x), z)

- (1 = p())ka
Fyta(o(rs 7 + akp(z),2)) P(X = )

1 & 1
— R(X;, W;, “z), (146
D R W) o)) (140

where R(W;, Xi,x) = p(x){P(X =z) -W,{X; =z}} + W, I{D; = 1,X; =z} - P(D=1,X =z) and
(146) holds uniformly in (Be x X). Moreover, the right hand side of (146|) is Donsker.

PRrOOF: First observe that (7, k) € B¢ implies (7,7 + akp(x)) € S¢ for all x € X, and that with probability

tending to one (7,7 + akp(x)) € S¢ for all (7,k) € B¢. In addition, also note that
. 1 - _1
Blx) = p(r) = —5—— > R(Xi, Wi, ) + 0p(n~7) (147)

by an application of the Delta method and inf,cx P(X = x) > 0 due to X having finite support. Moreover,
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by the mean value theorem and (139) we obtain for some b(7, k) between 7 + akp(x) and 7 + akp(z)

(- p(a)ka
fy\l,x(SO(Tv b(Ta k)v :L'))
_ (1—p)ka
fy,z(s0(7, 7 + akp(z), z))

where the second equality follows from (7,b(7,k)) € S¢ for all (7, k) with probability approaching one by

so(7, 7 + akp(x), x) — so(7, 7 + akp(z), z) = (P(z) — p(x))

(B(x) — p(x)) + 0p(n~2) (148)

convesity of S, inf(r st it (50(r. b, 2))p(z) > 0 and sup(y e, |ak(5(@) —p(a))| = op(1) uniformly
in X. The first claim of the Lemma then follows by combining ((147) and (148)).

Finally, observe that the right hand side of ([146]) is trivially Donsker since R(X;, W;, x) does not depend
on (k,7) and the function (1 — p(z))ka/(fy1,2(s0(7, 7 + akp(x),z))P(X = z)) is uniformly continuous on
(Ta k) < BC due to inf(T,b,I)ESC xX fy\l,x(80(7—7 b?'%'))p(x) >0.m
PROOF OF THEOREM Throughout the proof we exploit Lemmas [5] and [6] applied with W; = 1 with
probability one, so that Qx,n(ch, b) = Qun(c|r,b) for all (7,b) in S¢, where

Se={(r,0) €[0,1]*: {1 —p(z)} + ¢ < 7 < p(x) + b{1 — p(z)} — ¢ Vw € X} . (149)

Also notice that for every (7,k) € B¢ and all # € X, the points (7, 7+ kp(z)), (7, 7 —kp(x)) € S¢, while with
probability approaching one (7,7 + kp(x)) and (7,7 — kp(x)) also belong to S¢. Therefore for so(7,b, )
and $o(7, b, x) as defined in (128)) we obtain from Lemmas |.5[and |.6, applied with W; =1 a.s., that:

|(So(7, T+ akp(x),x) — so(, 7+ akp(x),x)) — (So(T, T+ akp(z), x) — so(T, T+ akp(x), x))| = op(nfé) (150)
uniformly in (7,k,x) € B¢ x X and a € {—1,1}. Moreover, by Lemma |.7| applied with W; =1 a.s.

so(T, 7+ akp(x),x) — so(T, 7 + akp(zx), x)

— (1 —p(z))ka 1 & | o
B _fy|1,w(50(7',7' + akp(z),z))P(X = ) X ;R(Xm:) +o0,(n"2), (151)

where R(X;,z) =p(2){P(X =2) - {X; =2}} + I{D; = 1,X; =z} — P(D =1, X = z) again uniformly
in (7,k,x) € B x X. Also observe that since (7,74 kp(x)) and (7,7 — kp(x)) belong to S¢ with probability
approaching one, we obtain uniformly in (7, k,x) € Be x X' that:

qr(1, k|x) = so(7, 7 + kp(x), ) qu (T, klz) = so(T, 7 — kp(x), z)
(152)

aL (7, k|z) = 8o(r, 7 + kp(x), z) + 0p(n"2) Gu (T, k|z) = So(7, 7 — kp(z), 2) + 0p(n"2) .

Therefore, combining results (150))-(152) and exploiting Lemmas and |.7| and the sum of Donsker

classes being Donsker we conclude that for J a Gaussian process on L>(B¢ x X') x L*>(B¢ x X):

i1,(m, k|lz) — qr (7, k|z
JnCn 5 J Co(r, Ky 2) = ( e k) = an (. k) ) (153)

qAU(7_7 k|l‘) - QU(T’ k|£13‘)

To establish the second claim of the Theorem, observe that since X has finite support, we may denote
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X = {x1,...,2x} and define the matrix B = (P(X; = x1)z1, ..., P(X; = 7)x|)7|x|) as well as the vector:
w= N (Es[X;:X]])™'B . (154)

Since w is also a function on X, we refer to its coordinates by w(x). Solving the linear programming

problems in and , it is then possible to obtain the closed form solution:

(1, k) = Z{l{w(az) > 0tw(x)qr (T, klz) + H{w(z) < 0}w(z)qu (T, k|z)}
zeX

(k) = Y {H{w(@) > 0}w(z)qu (7, klz) + Hw(z) < 0}w(z)qr(r, klz)} (155)
TEX

with a similar representation holding for (7 (7, k), 7y (7, k)) but with (Gr(7, k|x), Gu (T, k|x)) in place of
(qr(7,klx), qu (T, k|z)). We hence define the linear map K : L (B x X) x L*(Be x X') — L*°(B¢) x L>(B),
to be given by:

S el H{w(@) > 0bw(2)0W (1, k, z) + H{w(z) < 0}w(x)0P (1, k,2)}
K(0)(r,k) = ( o ) (156)
Ysex {H{w(@) > 0}w(2)0 (1, k, x) + Hw(x) < 0yw(z)0M (7, k,z)}

where for any 6 € L>®(X x B;) x L®(B; x X), 0% (r, k, z) denotes the i*" coordinate of the two dimensional
vector O(, k,x). It then follows from ((153)), (155) and (156) that:

vi( e ) = VAK(C) (157)

U — U

Moreover, employing the norm || - ||oc + || - [[sc on the product spaces L>(B; x X') x L*(B¢ x X) and
L>(B¢) x L>(B¢), we can then obtain by direct calculation that for any 8 € L>°(B; x X') x L= (B¢ x X):

IK(0)]loo <2 Jw(@)| x sup sup [0(,b,2)] =2 |w(z)] x [|0]| (158)
TEX TEX (1,0)€5¢ TEX

which implies the linear map K is continuous. Therefore, the theorem is established by (153)), (157)), the

linearity of K and the continuous mapping theorem. m

PROOF OF THEOREM [4.2 For a metric space D, let BL.(ID) denote the set of real valued bounded Lipschitz

functions with supremum norm and Lipschitz constant less than or equal to ¢. We first aim to show that:

sup  |E[R(L(Gw))|Za] — E[W(L(G))]| = 0p(1) (159)
heBL1(R)

where Z,, = {Y;D;, X;, D;}1, and E[h(Z)|Z,] denotes outer expectation over {W;}7, with Z, fixed. Let

So(1,b,z) € arg rcrélfr{l Qun(c|T,b) S0(7,b,x) € arg rcréllrll Qan(c|T,b) so(7,b,x) € arg rcréllral Qx(c|T,b) .
(160)
Also note that with probability approaching one the points (7,7 + akp(x)) € S¢ for all (1, k,z) € By x X
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and a € {—1,1} for S¢ as in (149). Hence, arguing as in (150)) and (151 we obtain:

L7 klz) = 4u (7 klz) =5o(7, 7 + kp(x), ) — 0(7, 7 + kp(z), )

( p(x)) l - ) . o n_%
fy\lx(SO(TT-i-kp(x),a:)) X = Xn;ARU%WZ, )+ op(n"%) (161)
(r, k) = o (v, k) =So(r, 7 = k(). 2) = So(7, 7 — kp(w), o)
( —p(x))k

X —ZAR (Xi, Wi, z) + 0p(n~2) (162)

_l’_
Ty a(oo(r, T — (@), ) P(X =) " n 2=
where AR(X;, Wi, z) = (1 - W,))({X,; = z}p(z) — 1{D; = 1, X; = x}) and both statements hold uniformly

in (7,k,x) € Be x X. Also note that for the operator K as defined in (156)), we have:

) _ JRK(G) Gl ko2 = ( qr(r, klx) — (7, k|x) ) . (163)

Ty — Ty (jU(Tvk‘m)_(jU(Tvk’a:)

L — 7L

X

By Lemmas and [.7} results (161]) and (162)) and Theorem 2.9.2 in van der Vaart and Wellner| (1996)),
the process \/ﬁén converges unconditionally to a tight Gaussian process on L>°(B; x X’). Hence, by the
continuous mapping theorem, \/nK (C),) is asymptotically tight. Define,

_ ( (fp — 7L)/wr )

Gu=vn : (164)

(Tv — 7v) /wu

and notice that wr,(7, k) and wy (7, k) being bounded away from zero, wr,(7, k) and @y (7, k) being uniformly

consistent by Assumption (11) and /nK(C,) being asymptotically tight imply that:

Vn(rp(r k) — 7p(r, k)) \/ﬁ(er(T, k) — wr(T, k))‘
wL(T /{?) wL(T, /{3)

L(Gu) = L(Gu) £ sup M|

(1,k)eB;¢
Valiu(r,k) — 7y(r k) Valdu(r.k) —7u(r.k)) _
L M) | T a6s)

for some constant My due to L being Lipschitz. By definition of BL1, all h € BL; have Lipschitz constant

less than or equal to 1 and are also bounded by 1. Hence, for any n > 0 Markov’s inequality implies:

P sup  |ER(L(GL)|Z:] - EIR(L(GL)) 2]l > 1)

heBL1(R)
< P(2P(L(Gu) ~ L(Gu)| > 21Z0) + DP(L(Gu) ~ L(Gu)| < 21Z0) > n)
< iE[E[1{|L(éw) LG > THz]] - (166)

Therefore, by (165)), (166) and Lemma 1.2.6 in van der Vaart and Wellner| (1996|), we obtain:

P swp EWLGIZ] - BILG)IZ| > 1) < SP(IL(G) ~ LG > §) =o(1) . (167)

heBL1(R) 2

Next, let L stands for “equal in law” and notice that for J the Gaussian process in (153)):
L(G,) £ T o K(J) L(G,) = vnLo K(C,) , (168)

o1



due to the continuous mapping theorem and (163). For w(xz) as defined in and Cy =2,y |w(z)],
it follows from linearity of K and , that K is Lipschitz with Lipschitz constant Cy. Therefore, for any
h € BLi(R), result implies that ho L o K € BLcyn, (L™ (B¢ x X)) for some My > 0 and hence

b VELG)IZN - BHLEIN S - sp BBGIZ] =B = 0y(1) . (169
where the final equality follows from (161)), (162), (168), arguing as in (166)-(167) and Lemmas and
Theorem 2.9.6 in [van der Vaart and Wellner| (1996)). Hence, and establish .

Next, we aim to show that for all t € R at which the CDF of L(G,,) is continuous, and any n > 0:

P(IP(L(G) < H1Z,) = P(L(GL) <D > 1) = o(1) . (170)
Towards this end, for every A > 0, and ¢ at which the CDF of L(G,,) is continuous define the functions:
A () =1 —1{u >t} min{\(u —t),1} hy(u) = 1{u < t} min{\(t — u), 1} . (171)

Notice that by construction, h%,(u) < 1{u < t} < h¥ (u) for all u € R, the functions h¥, and AY, are

both bounded by one and they are both Lipschitz with Lipschitz constant A. Also by direct calculation:
0 < E[hY (L(Gw)) — Wi (L(Gu))] S P(t = X' < L(Gy) <t + A7) . (172)
Therefore, exploiting that hf,t, hg’t € BL)\(R) and that h € BLy(R) implies A™'h € BL;(R), we obtain:

|P(L(Gw) <t|2,) — P(L(Gw) < t)|
< |E[h3(L(Gw)) 2] = EIhS((L(G))]| + B[RS ((L(Gw)) 2] — ElR% 4 (L(Gw))]|

<2 swp  |EM(L(GL))|Z] — EIR(L(GL))]| +2P(t — A7 < L(GL) <t + A7)
hEBL,(R)

=2\ suwp  |E[(L(G.))|Z4] — E[ML(GL))]| +2P(t — A < L(Gy) <t + A7) . (173)
heBL1(R)

for any X > 0. Moreover, we may select a A, sufficiently large, so that 2P(t—X, 1 < L(G,) < t+A; 1) <n/2
due to t being a continuity point of the CDF of L(G,). Therefore, from (173]) we obtain:

P(IP(L(Gy) < t|2n) — P(L(Gy) < t)| > 1)
<

P2X\, sup |E[h(L(Gw))|Zn] — E[h(L(GL))]| > T=o(1), (174)
heBL1(R) 2

where the final equality follows from ((159)).

Finally, note that since the CDF of L(G,,) is strictly increasing and continuous at 71—, we obtain that:
P(L(Gy,) <ri—qg—€) <1l—a< P(L(Gy) <Ti—q +€) (175)

Ve > 0. Define the event A, = {P(L(G,,) < r1_a —€/2,) <1—a < P(L(G,) < r1_a + €/Z,)} and notice
P(lf1 o~ 71 al <€) > P(Ag) = 1, (176)

where the inequality follows by definition of 71—, and the second result is implied by (170) and (175). m
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