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Abstract

We examine the higher order properties of the wild bootstrap (Wu/ (1986)) in a linear
regression model with stochastic regressors. We find that the ability of the wild bootstrap to
provide a higher order refinement is contingent upon whether the errors are mean independent
of the regressors or merely uncorrelated. In the latter case, the wild bootstrap may fail to match
some of the terms in an Edgeworth expansion of the full sample test statistic. Nonetheless,
we show that the wild bootstrap still has a lower maximal asymptotic risk as an estimator
of the true distribution than a normal approximation, in shrinking neighborhoods of properly
specified models. To assess the practical implications of this result, we conduct a Monte Carlo
study contrasting the performance of the wild bootstrap with a normal approximation, and

the traditional nonparametric bootstrap.
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1 Introduction

The wild bootstrap of |Wul (1986) and [Liu| (1988) provides a procedure for conducting inference in
the model:

Y:X,ﬁo—i—ﬁ, (1)

where Y € R, X € R% and € may have a heteroscedastic structure of unknown form. This robust-
ness to arbitrary heteroscedasticity provides the wild bootstrap with a distinct advantage over the
residual bootstrap of |Freedman| (1981]) which requires homoscedastic errors. Moreover, theoretical
results from Mammen| (1993)) indicate the wild bootstrap outperforms the nonparametric bootstrap
when a large number of regressors are present and the errors obey the mean independence restriction
E[e|]X] = 0. These properties have led to increasing attention among economists concerned with
heteroscedasticity robust inference in small sample environments (Horowitz| (1997, 2001)), Cameron
et al.| (2008), Davidson and Flachaire (2008)), and to a variety of recent extensions beyond the ba-
sic linear regression model (Cavaliere and Taylor| (2008), Gongalves and Meddahi| (2009)), Davidson
and MacKinnon (2010), Kline and Santos | (2011))). To date, however, the higher order properties
of the wild bootstrap have only been studied under the assumption of proper model specification,
where the errors are mean independent of the regressors. |Liu| (1988)) first established that when this

condition holds the wild bootstrap provides a refinement over a normal approximation.

Since the seminal work of White| (1980ajb, [1982)), economists have sought inference procedures
robust to the possibilities of both unmodeled heteroscedasticity and misspecification (see |Stock
(2010) for a recent retrospective). In an important contribution, Mammen| (1993) established that
the wild bootstrap exhibits a form of robustness, showing that it remains consistent in the absence
of proper model specification. In this paper, we contribute to the literature by examining whether,
in addition to remaining consistent, the wild bootstrap continues to provide a refinement over the
normal approximation under misspecification. Concretely, we study the higher order properties of
the wild bootstrap when € is uncorrelated with X but not necessarily mean independent of it — a
setting commonly encountered in economics where parametric modeling is pervasive. It is precisely
in such misspecified environments that heteroscedasticity is likely to arise making the higher order

properties of the wild bootstrap of particular interest (White| (1982)).

We conduct our analysis in two steps. First, we compute the approximate cumulants (Bhat-



tacharya and Ghosh| (1978)) of t-statistics under both the full sample and bootstrap distributions
with general assumptions on the wild bootstrap weights. We show that both the first and third
approximate cumulants may disagree up to order Op(n_%) if higher powers of X are correlated with
€ — a situation that is ruled out under proper specification. This higher order discordance between
the approximate cumulants under the full sample and bootstrap distribution implies that if valid
Edgeworth expansions exist they would only be equivalent up to order Op(n_%) (Hall (1992)). As a
result, despite remaining consistent under misspecification, the wild bootstrap may fail to provide

a higher order refinement over a normal approximation.

We complement this result by formally establishing the existence of valid one term Edgeworth ex-
pansions when the distribution of the wild bootstrap weights is additionally assumed to be strongly
nonlattice (Bhattacharya and Rao| (1976)). In accord with Liu| (1988)) we note that one-sided wild
bootstrap tests obtain a refinement to order O,(n~') under proper specification. However, this
result is undermined by certain forms of misspecification under which only some, but not all, of
the second order terms in the full sample Edgeworth expansion are matched by their bootstrap
counterparts. Despite this discordance, we establish that the wild bootstrap still possesses a lower
asymptotic risk as an estimator of the true distribution of studentized test statistics than a normal
approximation in shrinking neighborhoods of properly specified models. Heuristically, these results
suggest the wild bootstrap should outperform a normal approximation provided misspecification

7

is not “too severe.” To assess the practical implications of this result, we conclude by conducting
a Monte Carlo study contrasting the performance of the wild bootstrap with that of a normal

approximation and the traditional nonparametric bootstrap in the presence of misspecification.

The rest of the paper is organized as follows. Section 2 contains our theoretical results while
Section 3 examines the implications of our analysis in a simulation study. We briefly conclude in

Section 4 and relegate all proofs to the Appendix.

2 Theoretical Results

While numerous variants of the wild bootstrap exist, we study the original version proposed by 'Wu

(1986) and [Liu| (1988). Succinctly, given a sample {Y;, X;}™, and § the OLS estimator from such



sample, the wild bootstrap generates new errors and dependant variables:
Y =XIf+€ e = (Y, — XIBW; | (2)

where {W;}?_ , is an i.i.d. sample independent of the original data {Y;, X;} ;. A bootstrap estimator
3* can then be computed from the sample {Y;*, X;}7_, and the distribution of \/n(3*— ) conditional
on {Y;, X;}7, (but not {W;}"_,) used to approximate that of \/n(3 — fy). While it may not be

possible to compute the bootstrap distribution analytically, it is straightforward to simulate it.

We focus our analysis on inference on linear contrasts of 3y, which includes both individual

coefficients and predicted values as special cases. In particular, for an arbitrary ¢ € R% we examine:

v,

o

T, = (B — Bo) 62 = dH, 'S, (B)H, e, (3)

where the d, x d, matrices H,, and ¥,,(f) are defined by:

_ 1 - / — 1 - ! 3)2
H, = n ZXin‘ Yn(B) = o ;XiXi(Y; - X;B) . (4)

i=1
The bootstrap statistic T¥ is then the analogue to T;, but computed on {Y;*, X;} , instead. Namely,

vn

5-*

Ty = 2-d(5 =) (6°) = ¢H, 'S5 (5)H, e (5)

where H, is as in (), and 33(8) = £ >, X, X[ (Y;* — X[B)%

As argued in [Mammen| (1993), under mild assumptions on the wild bootstrap weights {W;}!,,
the distribution of 7* conditional on {Y;, X;}" ,, (but not {W;}?_,) provides a consistent estimator
for the distribution of T},. Consequently, tests based upon a comparison of the statistic 7,, to the
quantiles of the wild bootstrap distribution of 7;" can provide size control asymptotically. In what
follows, we explore whether such a procedure is additionally able to provide a refinement over the

standard normal approximation.

2.1 Assumptions

In model , the regression can be made to include a constant by setting one of the components
of the vector X to equal one almost surely. Because such a setting will require special care in our
notation, we let X = (1, X’) if X contains a constant and set X = X otherwise. Throughout, for

a matrix A, we also let || - || denote the Frobenius norm ||A||% = trace{A’A}. Given this notation,



we introduce the following assumptions on the data generating process:

Assumption 2.1. (1) {Y;, X;}I is i.i.d., satisfying (1) with E[Xe] = 0; (i) E[||XX'||'%] < oo and
E[|IXX'e*||%] < oo for some v > 9; (iii) E[XX'] = Hy and g = E[X X'e?] are full rank; (iv) For
Z = (X', X'e, vech( X X"), vech(X X'€?)'Y, &7 its characteristic function, lim SUD|j¢ o0 €2 (1)] < 1

Assumption 2.2. (1) {W;}", is i.i.d., independent of {Y;, X;}", with E[W] =0, E[W? =1 and

E|W[“] < 00, w > 9; (ii) ForU = (W,W?)", & its characteristic function, lim supy,_, . [Ev(t)] < 1.

Assumption (1) allows for misspecification of the conditional mean function by requiring
E[Xe] = 0 rather than E[e|X] = 0. In Assumption [2.1](ii) we demand the existence of certain
higher order moments of (Y, X) so that the appropriate approximate cumulants of T,, are finite.
The requirements on the weights {W;}"_; in Assumption 2.2i) are standard in the wild bootstrap

literature and satisfied by all commonly used choices of wild bootstrap weights.

Assumptions [2.1f(i)-(iii) and 2.2](i) suffice for showing that the approximate cumulants of T, and
of Ty under the bootstrap distribution may disagree up to order Op(n_%) under misspecification. In
order to additionally establish the existence of Edgeworth expansions, however, we also impose As-
sumptions 2.1fiv) and [2.2[(ii). These requirements, also known as Cramer’s condition, are standard
in the Edgeworth expansion literature (Bhattacharya and Rao| (1976))). Unfortunately, this require-
ment rules out two frequently used wild bootstrap weights: Rademacher random variables and a
weighting scheme originally proposed in Mammen| (1993)). Thus, while our results on approximate

cumulants are applicable to these choices of weights, our results on Edgeworth expansions are not.

2.2 Approximate Cumulants

In what follows, for notational simplicity, we denote expectations, probability and law statements
conditional on {Y;, X}, (but not {W;}" ) by E*, P* and L* respectively. Additionally, we define

the following parameters which play a fundamental role in our higher order analysis:

o’ =cdHy'SoHy e k= E[(Hy X))

Y0 = E[(¢ Hy ' X)X 1 = E[(¢ Hy ' X) (X' Hy X)) (6)

!For a symmetric matrix A, vech(A) denotes a column vector composed of its unique elements.



Finally, we let ® denote the distribution of a standard normal random variable and ¢ its density.

We begin our analysis by obtaining an asymptotic expansion for 7,, and 7.

Theorem 2.1. Suppose Assumption (z')-(z'iz') and[2.4(i) hold, and for ¢ € R% define:

n

2 n
Ly =d{Hy' + Hy ' A Hy '} ——> " Xie; — 203\F Z CH X)) ei{ (6% — 02) — - > Hy ' Xier}
i=1 =1

where N, = Hy—H,, 6% = ¢ Hy 'S, (80) Hy L e+2¢ Hy ' A Hy 'S0 Hy te and (67)2 = ¢H'Sx (B)H e

It then follows that T,, = L, + op(n_%) and T} = L + 0, (n2) almost surely.

Recall that in Assumption [2.1(ii) the matrix Hy was defined to equal E[X X']. Therefore A,, =
Hy— H,, is the estimation error in the Hessian and the first term in the definition of L,, captures the
contribution to 7T;, of not knowing the true value of E[X X']. Similarly, the contribution of having
to estimate the variance is divided into two parts: (i) %Zl voHy ' Xye; which reflects the use of B
rather than f3; in the sample variance calculations and (ii) 6% — o which captures the randomness
that would be present in estimating o2 if 8, were known. Interestingly, these terms are smaller

order under the bootstrap distribution due to the mean independence of ¢* and X.

Due to their polynomial form, the moments of L,, and L are considerably easier to compute
than those of T;, and T¢. However, the cumulants of L,, and L} provide only an approximation to
those of T}, and 7" and were for this reason termed “approximate cumulants” by Bhattacharya and
Ghosh| (1978). Despite their approximate nature, the cumulants of L,, and L} play a crucial role as
they may be employed in place of the true cumulants of 7}, and 7} for computing their second order
Edgeworth expansions, whenever such expansions are indeed valid. Thus, a discordance between
the approximate cumulants is indicative of an analogous difference in the corresponding Edgeworth

expansions if such expansions do exist.

Theorem shows the approximate cumulants may disagree under misspecification.

Theorem 2.2. Let X, (L,) and X7 (L?) denote the k' cumulants of L, and L} respectively and



define iz = 1S (¢ H ' X3)2(Y; — XIB)3. If Assumptions (z')—(z'z'z') and (z) hold, then:

K " 2¢ Hy 'S0 Hy Mo s E[W?3&
Xy (Lyn) = — - XL = ——/———=—
1(Ln) 205 ovn NG r(La) 263/n
Xy (L) =14+0(n™) X5 (LX) =1+ Ogs(n™h)
2 6 H 'S Ho ! 2E W3k
Xy(Ly) = ——2 4 2070 2070 0 4 g~y xF(LE) = — W)k, Ous(n7Y) .

o3\/n o3\/n N

Observe first that unless k = 0, the wild bootstrap fails to correct the first term in the first and
third cumulants if E[W3] # 1. This property has already been noted in [Liu| (1988) who advocates
imposing E[WW3] = 1 for precisely this reason. However, even with this restriction, two additional
terms in the first and third cumulants of L,, remain. These terms capture (i) the correlation between
H, and %ZZ X,é€;, and (ii) the additional randomness of employing A rather than 8, in estimating
o%. Both these expressions are of smaller order under mean independence but may be present
when regressors and errors are merely uncorrelated. Because the wild bootstrap imposes mean
independence in the bootstrap distribution it fails to mimic these terms. As a result, a discordance

between the full sample and bootstrap approximate cumulants will arise under misspecification if

the error term e is correlated with higher powers of X so that vy or 7, are nonzero [

2.3 Edgeworth Expansions

Under the additional requirement that the Cramer conditions hold (Assumptions[2.1|iv) and [2.2(ii))
we now establish that the discordance in approximate cumulants indeed translates into an analogous

disagreement between Edgeworth expansions.

Theorem 2.3. Under Assumptions [2.1/(i)-(iv) and[2.9(i)-(ii) it follows that uniformly in z:

P(T, < 2)=®(2) + a(i(sz\)/%?z? +1) - g(z(\z/)ﬁ(C'Ho_lEoHJl’m(ZQ +1) = n0’) +o(n72)  (7)

DRREWVY ) -
“eatym 22t Do) as (8)

P Ty <z)=®(z) +

As Theorem [2.3| shows, the wild bootstrap provides the usual skewness correction whenever
E[W3] = 1. However, when the conditional mean function is misspecified, imposing mean inde-

pendence in the wild bootstrap sample implies the bootstrap distribution may fail to match some

21t is interesting to note that even under misspecification, if ¢ # 0 solves ¢/ Hy 'S Hy ' E[(¢'Hy ' X)?X¢] = 0, and
dHy'E[XX'H; ' Xe] = 0, then the approximate cumulants of the full sample and wild bootstrap statistics will still
match. It seems unlikely, however, that a c of interest to the researcher would happen to satisfy these conditions.
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of the second order terms in the Edgeworth expansion for 7},. In particular, if € is correlated with
higher moments of X, so that 7y and v; are not equal to zero, then the wild bootstrap will not

provide the usual full refinement over a normal approximation.

2.4 Local Asymptotic Risk

Heuristically, the ability of the wild bootstrap to outperform the normal approximation hinges
on the degree of misspecification of the regression model as measured by the magnitude of the
parameters 7o and ;. However, various tests of model specification are available that reject with
probability tending to one outside local neighborhoods of the true distribution. It is therefore
natural to evaluate the performance of the wild bootstrap as an estimator of the finite sample
distribution of T;, in neighborhoods local to proper model specification. Following Beran, (1982)
and Singh and Babu| (1990) we assess such performance in terms of maximal local asymptotic risk.E]
Specifically, we compare limiting maximal local asymptotic risks for a variety of loss functions based

on the Kolmogorov-Smirnov distance between the true distribution and its estimator.

Unfortunately, the local risk analysis requires us to significantly complicate notation, as it be-
comes imperative to explicitly study parameters as functions of the underlying distribution of the
data. Towards this end, for P a measure on R'*%_ let Ep denote expectation statements when

(Y, X) ~ P. We will restrict our analysis to measures P such that Ep[X X’] is full rank, and hence:
Bo(P) = (Ep[X X)) ' Ep[XY] (9)

is well defined. Throughout what follows, let ¢ = Y — X’fy(P). Note that we suppress the
dependence of € on P and, with some abuse of notation, we index the implied law of (X, ¢€) also by

P. We further now need to make the dependence of previously defined moments on P explicit as

well — e.g. Ho(P) = Ep[XX'], 5¢(P) = Ep[X X'¢?], and similarly for all expressions defined in ().

In order to study local asymptotic risk, we must first define an appropriate local neighborhood.
To this end, let P denote a set of probability distributions for (Y, X), which we assume is endowed

with a metric || - ||p. For any Py € P and any 0 < h € R, we then define:

P(Fy,h) ={PeP:|P—Flp <hj. (10)

3We thank an anonymous referee for suggesting we pursue this question.



Given the above definitions, we may now state our assumptions on P and associated metric || - ||p.

Assumption 2.3. (i) {Y;, X;}I" | is i.i.d.; (i) For some v > 18, suppep Ep[|| X X'||%] < oo and
sup pep Ep[|| X X'€?||%] < oo; (iii) inf pep A(Ho(P)) > 0 and inf pep AM(Xo(P)) > 0, where A\(A) is the
smallest eigenvalue of A; () For Z = (X, X'e,vech(X X'),vech(X X'€?)), inf pep N(Ep[ZZ']) > 0,
and for &z p the characteristic function of Z under P, suppep [£2,p(t)| < F(t) for some function F

satisfying supjy s F(t) <1 for any 6 > 0.

Assumption 2.4. (i) o(P)?, k(P), v(P) and v (P) are continuous in P on P under || - ||p.

Assumption [2.3(ii) strengthens the moment requirements relative to Assumption [2.1f(ii) to ensure
the wild bootstrap Edgeworth expansion holds except in a set whose probability vanishes sufficiently
fast uniformly in P € P. In turn, Assumption [2.3[(iii)-(iv) imposes that the conditions of Assumption
2.1(iii)-(iv) hold uniformly in P € P. In particular, we note that Assumption [2.1](iii)-(iv) and
2.3(iii)-(iv) are equivalent in the case that P is a singleton. The additional uniformity requirement
of Assumptions [2.3[(iii)-(iv) will enable us to show that the Edgeworth expansions for both the full

sample and bootstrap statistics in fact hold uniformly in P € P.

In Assumption [2.4{i) we additionally demand that the metric || - ||p be such that o(P)2, x(P),
7o (P) and 1 (P) are continuous in P under || - ||[p on P. This requirement implies the Edgeworth
expansions for T,, are continuous in the underlying distribution P with respect to the metric ||-||p as
well. Assumption 2.4{1) is satisfied, for example, if (Y, X) are bounded and || - ||p metrizes the weak
topology. Alternatively, in studying maximal local asymptotic risk for estimating the distribution
of a univariate mean, Singh and Babul (1990)) let || - [|[p denote the Kolmogorov-Smirnov metric and

obtain continuity by uniformly bounding higher order moments of P in P.
Under the additional Assumptions [2.3 and [2.4] we derive our asymptotic risk comparison.

Theorem 2.4. Let Assumptions and [2.4 hold and L : [0,00) — [0,00) be a continuous
increasing function satisfying limsup, . L(a)a™® < oo for some 0 < 99 < . If E[W?] = 1,
Py € P and in addition Ep)[Y|X] = X'Bo(F), then for any sequence h,, | 0:
limsup sup Ep[L(supv/n|P(T, < z) — P*(T} < 2)|)]
n—oco  PeP(Py,hy) z€R

<liminf sup L(supv/n|P(T, < 2)—®(2)]) . (11)

n=X  pcP(Py,hn) 2€R



Moreover, if in addition L : [0,+00) — [0,+00) is strictly increasing, and Py € P is such that

k(FPy) # 0, then the inequality in is strict.

Theorem establishes that the asymptotic risk of the wild bootstrap is never larger than that
of a normal approximation in shrinking neighborhoods of properly specified models. Moreover,
the asymptotic risk is in fact strictly lower when the analysis is local to a distribution for which
k(Py) # 0. Heuristically, this results from the effects of skewness (x(P)) being more important than
those of misspecification (yo(P) and ~;(P)) when P is local to a properly specified model. Thus,
since the wild bootstrap distribution mimics the effects of skewness, while the normal approximation

does not, it is able to deliver a lower asymptotic risk when k(FP,) # 0.

The results of Theorem also apply to any loss function satisfying a polynomial growth
bound in the tails, provided sufficient moments exist. The more demanding moment requirements
are employed in showing that the probability of an Edgeworth expansion not holding for the wild
bootstrap distribution vanishes sufficiently fast uniformly in P € P[{] Such a result, in turn enables
us to show the wild bootstrap asymptotic risk remains finite despite the loss function diverging
faster to infinity for higher degree polynomials. In the special case of quadratic loss, Theorem

requires to set 7 = 18 4 § for some ¢ > 0 (compared to 7 > 18 in Assumption [2.3(ii)).

3 Monte Carlo

We turn now to a series of sampling experiments designed to assess the finite sample performance of
the wild bootstrap in environments where misspecification is of concern. We begin with a short sim-
ulation study where the degree of heteroscedasticity and misspecification are varied parametrically.

Specifically, we generate the variable Y according to the relationship:
Y= X0+ X2 4 X 4 XX+ (140X (12)

where (V;,Xi(Q),Xég)) are distributed as trivariate standard normals with equal correlation of 0.2,

)

and Xl.(l) — exp(Vi)—Efexp(Vi)] is meant to generate observations

Ver(ep (V)72 The lognormal specification of Xi(1

with high leverage, which [Chesher and Jewitt| (1987)) have found can present serious obstacles to

4See also Bhattacharya and Qumsiyeh| (1989) for a similar tradeoff between existence of moments and asymptotic
loss under polynomial loss functions.
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heteroscedasticity robust inference. Additionally, the log-normal specification provides us with an
asymmetric covariate, which is helpful in avoiding overly optimistic results (Chesher| (1995))). The
error 7 is generated independently of the regressors as the mixture of a N (—%, 1) variable with
probability 0.9 and a N(1,4) variable with probability 0.1. Though all of the moments of 7 exist,
it exhibits substantial skewness, a feature which influences the higher order approximate cumulants

derived in Theorem 2.2

In , the parameter v captures the degree of interaction between the covariates X 7;(1) and X i(z).
We will consider the case where the researcher mistakenly omits this interaction in the estimated
specification, so that 1) parametrizes the severity of the resulting misspecification of the conditional
mean. Concretely, we examine the ability of the wild bootstrap to control size when conducting

inference on the coefficient ; in the following (potentially misspecified) linear regression model:
YVi=a+AXY + 86X +8,XP ¢ (13)

When ¢ = 0 in , the model is properly specified and the population regression coefficient [,
equals one. Otherwise, the model is misspecified, and 3; = 1 4 )b where b ~ .41 is the coefficient

on Xi(l) from a projection of Xi(l)Xi(Q) onto the space spanned by (1, Xi(l), XZ-(2), Xi(?’)).

In conducting our sampling experiments we examine tests regarding J3; centered around the
true population regression coefficient 1+ b. The following testing procedures are considered: (i) t-
tests based upon the usual (“normal”) heteroscedasticity robust variance estimates White, (1980b)),
(ii) t-tests relying upon a Wild bootstrap critical value using three alternative weighting schemes
(“Gamma”, “Rademacher”, and “Mammen”), and (iii) the nonparametric (“pairs”) bootstrap]
As |Hall and Horowitz| (1996]) have shown, the pairs bootstrap obtains a refinement without mean
independence assumptions on the regression errors. Thus, theory suggests that the nonparamet-
ric bootstrap should exhibit an improvement over a standard normal approximation regardless of

whether misspecification is present or not.

Tables 1 and 2 provide empirical rejection rates of one-sided and two-sided tests under different

values of the parameters governing misspecification (1)) and heteroscedasticity (). All rejection

®The “Gamma” specification draws {W;}?_; from a recentered Gamma distribution with shape parameter 4 and
scale 1/2 as suggested by |Liu (1988]). The “Rademacher” weights put probability % on 1 and —1, while the skew

correcting [Mammen| (1993) weights equal 1*2\/5 with probability ‘2["—\/%1 and @ with probability 1 — ‘ggjgl The

nonparametric bootstrap computes the distribution of y/nc’ (B — Bo)/é under the empirical measure.

11



Table 1: REJECTION RATES FOR 0.05 NOMINAL SIZE - ONE SIDED TESTS

Sample Size n = 100. Alternative Hypothesis Hy : 8 < 1+ b

Homoscedasticity A = 0 Heteroscedasticity A = 1
P Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5  0.100 0.072 0.062 0.067 0.071 0.132 0.084 0.073 0.091 0.085
0.0 0.083 0.087 0.079 0.086 0.077 0.155 0.107 0.094 0.112 0.101
0.5 0.171 0.142 0.127 0.140 0.130 0.180 0.129 0.111 0.131 0.118

Sample Size n = 100. Alternative Hypothesis Hy : > 1 + b

Homoscedasticity A =0 Heteroscedasticity A = 1
Y Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5  0.172 0.142 0.127 0.141 0.134 0.159 0.112 0.095 0.122 0.109
0.0 0.071 0.070 0.063 0.071 0.065 0.131 0.090 0.078 0.101 0.091
0.5 0.091 0.064 0.058 0.061 0.063 0.115 0.073 0.063 0.084 0.079

Sample Size n = 200. Alternative Hypothesis Hy : 5 < 1+ b

Homoscedasticity A = 0 Heteroscedasticity A = 1
P Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—0.5  0.094 0.061 0.051 0.064 0.064 0.122 0.082 0.066 0.091 0.085
0.0 0.082 0.082 0.077 0.082 0.075 0.144 0.100 0.082 0.112 0.101
0.5 0.169 0.142 0.125 0.141 0.130 0.168 0.125 0.104 0.135 0.121

Sample Size n = 200. Alternative Hypothesis Hy : 8 > 1 + b

Homoscedasticity A = 0 Heteroscedasticity A = 1
P Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5 0.153 0.124 0.110 0.126 0.120 0.128 0.093 0.074 0.107 0.099
0.0 0.063 0.060 0.057 0.062 0.060 0.108 0.073 0.059 0.089 0.081
0.5 0.088 0.058 0.047 0.059 0.061 0.099 0.062 0.050 0.078 0.072

rates were computed using 200 bootstrap repetitions and 10,000 Monte Carlo replications.

The results in Table 1 indicate that all of the inference procedures provide comparable perfor-
mance for properly specified homoscedastic models. The introduction of either heteroscedasticity
(A = 1) or misspecification (¢ # 0), however, drastically affects the accuracy of the conventional
normal approximation, which all bootstrap procedures outperform in all specifications. As noted
by White| (1982)), misspecification typically induces heteroscedasticity, so separating their effects is
not straightforward without considering relatively contrived DGPs. We note that the bootstrap
yields important improvements even at sample sizes of two hundred, for which the size distortion
for a normal approximation ranges from 0.038 to 0.119. The relative performance of the wild and
pairs bootstraps under misspecification is roughly comparable; the “Gamma” results, for example,
are very similar to those of “pairs”. The exact rankings, however, seem to depend on both the

direction of misspecification and the presence of heteroscedasticity.

The ranking of the various techniques for two-sided tests in Table 2 is more clear cut, with the
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Table 2: REJECTION RATES FOR 0.05 NOMINAL SIZE - T'WO SIDED TESTS

Sample Size n = 100. Alternative Hypothesis Hy : 8 # 1 + ¢b

Homoscedasticity A = 0 Heteroscedasticity A = 1
P Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5  0.200 0.155 0.139 0.150 0.112 0.218 0.135 0.125 0.136 0.081
0.0 0.097 0.105 0.098 0.102 0.078 0.215 0.137 0.124 0.138 0.082
0.5 0.194 0.152 0.136 0.144 0.111 0.220 0.140 0.130 0.141 0.085

Sample Size n = 200. Alternative Hypothesis Hy : 5 # 1 + b

Homoscedasticity A =0 Heteroscedasticity A = 1
Y Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5  0.172 0.124 0.109 0.122 0.092 0.179 0.113 0.094 0.111 0.069
0.0 0.087 0.095 0.087 0.092 0.075 0.180 0.114 0.098 0.112 0.071
0.5 0.184 0.136 0.120 0.131 0.100 0.191 0.122 0.103 0.122 0.076

Sample Size n = 400. Alternative Hypothesis Hy : 5 # 1+ b

Homoscedasticity A = 0 Heteroscedasticity A = 1
P Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
—-0.5  0.149 0.107 0.087 0.105 0.073 0.138 0.089 0.072 0.085 0.052
0.0 0.073 0.078 0.071 0.077 0.062 0.134 0.088 0.072 0.084 0.054
0.5 0.153 0.112 0.094 0.111 0.081 0.148 0.095 0.075 0.095 0.058

nonparametric bootstrap performing best under misspecification and the normal approximation
worst. Notably, the improvement of the wild bootstrap over the first order analytical approxima-
tion is still substantial, illustrating the practical importance of our theoretical findings regarding
asymptotic risk. It is interesting to note that these conclusions seem to apply to the “Rademacher”
and “Mammen” variants of the wild bootstrap, despite the fact that these weighting schemes fail to
satisfy Cramer’s condition (Assumption[2.2(ii)). Also notable is that the wild bootstraps are, in this
design, bested by the conventional pairs bootstrap even under proper specification. By contrast, the
monte carlo experiments of [Horowitz (1997, 2001)), found the wild bootstrap outperforming pairs
under proper specification, though he considered designs with less severe leverage. Mammen| (1993)
also finds, in accordance with theory, the wild bootstrap outperforming pairs in simulations with a

large number of regressors.

3.1 Mincer Regression

As a second exercise, we conduct a sampling experiment using actual earnings data from the Decen-
nial Census. We work with an extract from the 2000 Integrated Public Use Microsample (Ruggles

et al. | (2010])) of 1.365 million native born black and white men ages 21-55 with unallocated wage
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Table 3: REJECTION RATES FOR 0.05 NOMINAL SIZE

Alternative Hypothesis Hy : 81 < —.128 Alternative Hypothesis Hy : 81 # —.128
N Normal Gamma Rademacher Mammen Pairs Normal Gamma Rademacher Mammen Pairs
Sqf] 0.195 0.112 0.135 0.159 0.110 0.136 0.112 0.097 0.112 0.087
100 0.110 0.075 0.067 0.092 0.048 0.092 0.075 0.063 0.078 0.058
200  0.075 0.065 0.054 0.068 0.048 0.071 0.065 0.058 0.066 0.059
400  0.061 0.060 0.054 0.058 0.050 0.061 0.060 0.057 0.059 0.056

data and at least six years of schooling who are not currently enrolled in school. Our exercise

focuses on estimation of a conventional Mincer| (1974) specification for average hourly wages (Y;):
log(V;) = a + /i BLACK; + 3,SCHOOL; + B;POTEXP; + 84POTEXP; +¢;,,  (14)

where BLACK is an indicator that equals one if the respondent reports their race as black,
SCHOOL is a categorical variable indicating the years of education obtained, and POTEXP
is potential experience measured as the individual’s age minus years of schooling minus sixf] Such
specifications have a long history in labor economics, and are heavily used today by researchers in
a variety of fields. However, as demonstrated by Heckman, Lochner, and Todd | (2006)), the basic
Mincer specification provides a rather crude approximation to the true conditional expectation of
log wages, ignoring (among other factors) important nonseparabilities between race, schooling, and

potential experience.

We examine the performance of the wild bootstrap in this environment by drawing random sub-
samples with replacement from the “population” of census microdata and conducting hypothesis
tests regarding the coefficient 8;. Because blacks constitute only 7.8% of the wage observations in
our census extract, the BLACK dummy exhibits skewness of the form likely to present an obstacle
to conventional inference procedures. We note in passing that this problem is not purely hypothet-
ical, such regressions are often used as evidence in employer lawsuits involving racial discrimination
where sample sizes are typically small (Kaye and Freedman (2000)). In conducting our hypothesis

tests we center our test statistic around the “population” value of 5, which is approximately —.128.[]

6 Average hourly wages were constructed as total wage and salary income divided by usual hours worked per week
times the number of weeks worked. We drop observations with average hourly wages less than four dollars an hour
or greater than one hundred dollars an hour. Degrees were converted to years of schooling according to the following
scheme: Associates Degrees (14 years of schooling), Bachelors (16 years of schooling), Masters (18 years of schooling),
Professional degree (19 years of schooling), Doctorate (20 years of schooling).

"That is, when estimating employing all 1.365 million obsevrations, we find 51 = —.128.

8We ignore subsamples of the population containing no respondents reporting their race as black. When imple-
menting the “pairs” bootstrap, we also ignore such bootstrap samples. These difficulties only arise when N = 50.
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Table 3 reports actual size control for one sided and two sided tests, based on 10,000 Monte
Carlo replications and 200 bootstrap repetitions. In accord with our results from Tables 1 and 2, we
find that the conventional heteroscedasticity robust estimates perform poorly in small to moderate
sample sizes. In both one-sided and two-sided tests, each of the wild bootstrap procedures yield
improvements over the normal approximation, while the nonparametric pairs bootstrap yields the
best performance overall. Notably, these simulations suggest that even in realistic moderately sized

samples it can be important to go beyond the normal approximation when conducting inference.

4 Conclusion

We examined the higher order properties of the wild bootstrap under model misspecification, and
found its Edgeworth expansion disagrees with that of the full sample statistic. However, while the
wild bootstrap may not provide a traditional refinement, we additionally established that it has
a lower maximal local asymptotic risk than a normal approximation in neighborhoods of properly
specified models. Heuristically, these results suggest the wild bootstrap is robust in the sense that it
will outperform a normal approximation provided misspecification is not “too severe.” Our Monte
Carlo studies confirm these results, showing the wild bootstrap provides better size control than a

normal approximation in a variety of misspecified models.
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APPENDIX A - Proofs of Theorems 2.1] and 2.2

The following is a table of the notation and definitions that will be used throughout the appendix.

|- |7 On amatrix A, ||A||r denotes the Frobenius norm.
Il-llo On amatrix A, ||A]|, denotes the usual operator norm.

|A|  For a vector A of positive integers and A(¥) its i*" coordinate |A| = >, A(V.
A
D f Forf:Rd%RandAeR,DAf:%.
€; The OLS residual ¢; = (YV; — X;5).
® The distribution of a standard normal random variable in R% (d may be context specific).

Lemma A.1. Let {Z;}7, be an i.i.d. sample of Z a k x p random matriz such that E[||Z||%] < oo for some § > 2,

and {c,}52, be a sequence of scalars such that ¢! = o(n®) for some o € [0, %), Then, it follows that:

P2 32~ B2 r > e0) = oln™?)

i=1

Proor: Let Z(:9) denote the (I, j) entry of Z. To establish the claim of the Lemma, then note that:

= (1,9) lvj)
P(| Z{Z BlZ }\|F>cn>sp<1<l<“<3<pnZ{Z ~ B8 > e2)

P

k n
< lZ_ZP(’jf’ S A B > e - (05)

Next, apply Markov’s inequality and the Marcinkiewicz and Rosenthal inequalities (Lemma 1.4.13 and Theorem

1.5.9 in |de la Pena and Gine| (1999)) to obtain for some constants C; and C5 that:

’“pz{z Y B2 > ) < Z{Z” B(Z ) )

Lemma A.2. If A, = Hy— H,, 6% =cH, Iy n(Bo)Hy Lot o Hy A, Hy EOHO ¢ and Assumptions|2.1| hold:

(i) P(||ﬁ > Xae|| > M,) = o(n=2) for any M, 1 oo with nz=* = o(M,,) for some o € |0, 1,
(ii) P(|H; " =Sk (Hy 'An)Y Hy Mo > n=) = o(n"%) for any o € [0, =),

(iii) P(||6 Boll >n~%) =o(n™ 2)fo7’ any o € [0,”2—_1/1).

(iv) P(|6* — 6% + % Do ’y(’)Ho_lX,;ei\ >nTY) = o(n*%) for any a € [0, ”771)

Proof: Since E[||Xe||] < oo by Assumption [2.1fii), the first claim follows by Lemma For the second claim,

notice Lemma implies that for any M, 1 oo such that n2 = = o(M,,) for some « € [0, = 1) we must have:

P Al = T2) = ofn~H) (17)
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Moreover, notice that if ||Hy || ||AnllF < 1, then H, ' = Z;OZO(HglAn)jHal. Hence, we obtain that:

k
P([H =S (H A Hy o > n7) < P(| Y. (Hy ' A Hy o > 0™ and |[Hy ' Ayllp < 1) +o(n™%)
3=0 i>k+1
- plets'a, )\’f“ ne
1—|&(Hg A 1 H G o

where £((Hy 'A,)7) is the largest eigenvalue in absolute value of ( glAn)j and we have exploited ||(Hy'A) ||, =

)+o(n~2), (18)

IE((Hy " AR))| = |€(Hy ' AL))P for the second inequality. Moreover, since [£(Hy'Ay)| = [|Hy ' Anllo < [|Hy ' AvllFs

result implies that P(|¢(Hy 'A,)| > 1/2) = o(n™2). Therefore, from we are able to conclude that:

k
P(|H,' = (Hy " Ap) HyMlo > n™®)
=0

15 lo

—x

n
15 lo

PQIE(HG  An)| ! > )+ o(n”%) < PQH A5+ >
To conclude, exploit and set M,, =n? %1 in to obtain P(2[|Hy ' Ayllp > n”77) = o(n"2).

Next, note that Corollary I11.2.6 in [Bhatia (1997) implies |¢(H; ') — (Hy Y| < |H, ' — Hy || #. By part (ii) of

the Lemma, it follows that P(|H,;; |, > 2||Hy o) = o(n_%). Therefore, we obtain that:
P(|3 = Boll > n™*) < P(l—= > Xieil| > ) +o(n”%) . (20)
Vil Z 2HHo 1H
The third claim of the Lemma is then established by (20), part (i) and o < %1,

In order to establish the final claim of the Lemma, note that Assumption ii) and Lemma imply that for

any M,, 1 oo such that nz~® = o(M,,) for some a € [0, 2=1) we have:

P(IS0(fo) — Sollp > %) —o(n¥) . (21)

Let Xi(j) denote the j coordinate of X;, and note v > 4 and Assumption ﬂ(ii ) guarantee E[(Xi(j)Xi(k)Xi(l)Xi(m))Q} <

oo and E[(Xi(j)Xi(k)X(l) i)?] < co. Hence, by Lemma there exists an M > 0 such that:

1 ) . 1 & .
P ST xPxP DX > M) =o(n™F) P ST xPxPxVe| > M) =on?). (22)

i=1 i=1

By direct calculation and part (iii) of the present Lemma, we then obtain that if a € [0, ”T_l), then we can conclude:
P(|[Sn(B) = Sn(Bo)llr >n" %) = II* ZX X{(X/(B = B0))? — 26 X[(B—Bo)Hlr >n" %) =o(n"2)  (23)

Let K > 0 be such that ||Xo]|, < K and note and imply P(|=n(8)]lo > K) = o(n"2). Hence, we conclude

from part (ii) of the present Lemma that for any « € [0, “>1) we have:
P(d(H, ' — Hy ") En(B)(H, ' — Hy Vel > n™)
< P(K|el?|Hy ' = Hy 'l > n7) + P(IZa(B)llo > K) = o(n™%) . (24)
Similarly, exploiting again that P([|S,(8)]lo > K) = o(n~2) and part (ii) of the Lemma we also obtain that:

1

P(|d(H,' — Hy'' — Hy' A Hy M) Sn(B)Hg el > n™®) = o(n"2) (25)
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for any a € [0, “1). Moreover, for any a € [0, “1), exploiting (I7), (2I) and (23) we also conclude:

P(|¢' Hy ' A Hy (80 (8) — o) Hy tel > =) < P(|l¢Hy P11 Hy  Anllol £ (8) — Zollo > n ™)

— — —_a — 5 _a _1
< Pl Hy I Hy ' Anllr > 0™ %) + P(l|¢' Hy |20 (8) = Zollr >n™%) = o(n™%) . (26)

Since v > 4, Assumption ii) implies E[||(¢'Hy ' X;)%€; Xi]|%2] < oo, and hence Lemma implies that for any
a € [0,21) we have P(|| 1 Y (¢ Hy " X:)%6X; — ol >n~%) = o(n~2). Therefore, arguing as in (26),

Pl S el By X)X, = 4413 Bo)ll > n=) = ofn~) (27)

i=1

for any a € [0, %1). Next, exploit parts (i) and (ii) of the present Lemma and argue as in to obtain:

. 1 & _ o _ _ 1 — —a 1
P(10(8 = o) = — > oy ' Xiei] > n™*) < P(lnolllHy "' = Hg ol ~ > Xieil| > n™*) = o(n”%) . (28)
i=1 =1

Hence, by results , , and combining result and part (iii) of the present Lemma we establish that:

P(dHy S, (B)Hy e — ¢ HY Y S0 (Bo) Hy Lo + = Z%H YXe| >n™%)

=1
2 — _ 2 — _ . 1 — B 5 a 1
= P(I= Y 26Hy ' Xiei =~ 3 (¢ Hy ' Xil e X[(5 = Bo) + — Y (¢ Hy ' Xi)* (X[(B — o))’ > n™*) = o(n” %) .
i=1 i=1 i=1
(29)
for any « € [0, "7*1) To conclude, note that by direct manipulations we obtain that:
= ¢ (Hy " — Hy )S(B)(H, = Hy Ve + ¢ Hy ' Sa(B)Hy e+ 2¢ (H, ' = Hy Sa(B)Hy e, (30)

and hence the final claim of the Lemma follows from , , and . [ |

Lemma A.3. Let Assumptions (z)—(m) hold and Ly, be as in Theorem (2.1). Then for any a € [0, 252):

limsup vnP(|T,, — L,| >n"%) =0

n— oo

2

Proof: By a Taylor expansion we obtain for some 52 a convex combination of 62 and o2 that:

7 —1 -1 1 1 ) 1 —1 1 -
To — L, = ¢{H;' — H, AnHy '} \FZXEZ po J{H' — H; }ﬁzXﬁi

1 3
/-1 2 1 A2 242
+ \/ﬁ E cHy Xie{— 5 S0 —O’R+ E YHy  Xie) + 455(0 —o°)*}. (31

=1 i=1

Fix a € [0, ) To study the right hand side of (31)), first observe that Lemma i) and -(11 ) imply that:

1 n
P({H ' —H ' - HI'ALH D —— Y X >n @
(|c'{H, 0 0 O}Uﬁ; €l >n"%)

_ _ _ , 1 1 < 1
P(|lellllH, " — Hy'' — Hy 'AnHy o > W) +P(Hﬁ ;Xm-\\ >n’)=o(n"?), (32)
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5o 3)). Moreover, by identical manipulations

for any & such that a+6 < “=1 and 6 >  — %1 (which exists by a € [0,
but exploiting Lemma i) and M(iv instead, we can similarly conclude:

1 L _ ) . 22 B . N
P(|m ;C’HO 1Xi€i{02 _ 012% + o ;7{)[{0 lXi€¢}| >n"%) =o(n"2), (33)

for any a € [0, 2”2;3). Next, notice that , Lemma i) and the Cauchy-Schwarz inequality imply that:

- - s _1 L=y s 1
P(|H; N (S0 (Bo) — So)Hy 'e| > n~%) = o(n™?) P( S Hy  Xiel| >n7%) =o(n77),  (34)
i=1
for any a € [0,%1). Therefore, we obtain from (30) together with (24) and (29) that for a € [0, “*) we have:

P(l6*—c* >n"%)=o(n 7). (35)

This implies that P(|6 — 0| > n~%) = o(n"2) and since 7 is a convex combination of 62 and 62 that P(5 > ¢) =

o(n~2) for any € < o. Hence, exploiting and manipulations as in we can conclude for o € [0, 25>3):

~9 2 5

005_\; ZchO Xiei| >n"%) < P((62 — 0%)? > #) —&-o(n_%) = 0(71_%) ) (36)

by setting & such that a + 6 < =% and 6 > 2 — %=L, Similarly, by P(6 > €) = o(n~2) and Lemma ( ) we obtain:

p =)

(6—=6) , .. 1 a1 & B [ — ot 1 N
P(] pon d{H," —H, }ﬁizleiGi|>n a)gP(eiﬂH H; ||°>W)+O(” 5)

) € _ _ 1 1 1
< P(lo— 6] > ——=)+P(|H," — Hy ||, > a+a)+0( ?)=o(n"7). (37)
[elln™= n

where the final result follows from Lemma (ii), equation and o+ 9 < ”—;1 The Lemma is then established
due to the decomposition in and results (32)), (33)), and ([37). m

Lemma A.4. Let {A;n}7, be a triangular array of k X p random matrices, and {c,} be a sequence of scalar valued
random variables. Further assume that {Ain}l_; and ¢, are both measurable functions of the data {Y;, X;},, that
Assumptions [2.1)(i) and[2.4(i) hold, and in addition:
hmsup Z |Ainll% < oo eyt = o(n®) a.s. (38)
i=1

for some 6 > 2 and a € [0, %55). Then, for any g : R — R such that E[|g(W)|°] < oo, it follows that:

P> Aun{g(W) ~ Blg(Wallle > ) =o(n™?)  as.
i=1

Proof: Let Al(.fl’j ) denote the (1,7) entry of A;, and proceed as in equation to conclude that:

n kK p
PI% S Aindg(W) = ElgWl}l > ea) < Hag ’“”ZA oW = Bl > ) . (39)

Next, apply Markov’s, Marcinkiewicz and Rosenthal inequalities as in to obtain for some Cy, Cs:

VAP (1130 AL (W) ~ Elg(Wal}| > ) < B[ 3 ALY (g(Wi) ~ BlgWoH)

< VOO B S (AL (gW) — BlaWlH)] < fn O Ly Al Vargw . (a0
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The claim of the Lemma then follows by , , and « € [0, 2 5 1) by hypothesis. m

Lemma A.5. Let (6%)2 = ¢H;'S*(3)H; e and {c,} be measurable scalar-valued functions of {Y;, X;}7_,, and
further suppose Assumptions[2.1(i)-(iii) and[2.9(i) hold. Then it follows that:

(i) If ¢;* = o(n®) a.s. for some a € [0, ¥22=1) then P*(||3* — B|| > ¢n) = o(n"2) a.s.

? 2(wAv) /2

(ii) If ¢t = o(n®) a.s. for some a € [0, %), then P*(|(6%)% — (67)2| > ¢2) = o(n"2) a.s.

(iii) P*(|(6%)% — 02| > €) = o(n"2) a.s. for any e > 0.

Proof: Since § %5 3, and E[||XX'||%] < 0o, E[||X¢€||] < oo by Assumption (ii), we obtain limsup 2 3. || X;(V; —
X!B||¥ < oo a.s.. Therefore, |H; o “3 || Hy o < 00, E[[W|?] < 00, a € [0, £22=1) and Lemmaimply that:

' 2(wAY)

A ~ 1 <& o 1
Pr([|B" = Bl > en) < P*(||H{1||0Hg Y XY= Xi)Wil| > en) =o(n”2)  as. (41)

i=1

For the second claim of the Lemma, proceed by standard manipulations to obtain the inequalities:

PH((6")? = (60 > ¢2) = P*(|¢ H {~ ZXX (X/(B" = B))* - *ZX X X[(B" = B)}H, el > c)
=1
* - 1 ¢ . .
<P (HCHQHHani{HEZXiX 1B =B+ ||*ZX X X6 = B)llo} > ) . (42)
i=1
Let X®) denote the k" coordinate of the vector X. Using || - ||, < || - || 7, we can then conclude that:
P*(llelPlH#13 H*ZXX' X{(B" = B)lo > )
< P(lelP ;24 2 3 xO X XY - Bl > )
- 1<j<dodsk<d, | 7 P "
d, dg 2d2 n
Pl 513 ||fZX DX |l18 - Bl > ) - (43)
]:1 k=1

Note Assumption (ii) implies that for any (j, k), B[[| XYW X® X X’||7] < co and E[|| X X*) Xe||?] < co. Hence,
B 45 3 yields lim sup L5, ||Xi(j)Xi(k)Xi(Yi —X!B)||F < o0 a.s.. Lemma and part (i) of this Lemma, then imlpy:

P (el 1513 ||fZX DX |18 - Bl > )
2d2 = * 21| A* A —1
||fZX DXi; || > en) + Pr(lelPI1H 215" = Bll > en) = o(n™7) , (44)
almost surely. Moreover, since E[|X @) X®) X" X ()] < 0o by Assumption ii), part (i) of the Lemma yields:

1 — . A L
P*(IIc\IQIIH#IIng S OXX[(X[(B = B)llo > k) =o(n"?) (45)

=1

almost surely. The second claim of the Lemma then follows from —.
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Next, note that | H, |, “3 [[Hy ||, < oo by Assumption iii), and 62 “% o together with Lemma imply:

P(|(69)* = o®| > €) < P*(|(67)* = 6% > e — |67 — o?))
€e— |62 —a?

S " W=o(m"2)  as., (46)
el Ha 2

* 1 - A
< P> D OXX((Y; = XuB)P (W = 1)|r >
i=1

which establishes the third and final claim of the Lemma. B

Lemma A.6. Let Assumptions (z)—(m), (z), and for ¢ € R define the following random variables:

* TZC/ Dk A ~ % — * (A —
7, =V ) @ =l (a7)
It then follows that P*(|T; — Ty, | >n~%) = o(n~2) almost surely for any o € [0, (2(‘523/”\;2 - 2(w1/\1/))'

Proof: Let € < 0% and note that parts (ii) and (iii) of Lemma imply P*(6*6% < €) = o(n~2) almost surely. For
any vy € [0, W) part (i) of Lemma then establishes that:

PAT; T2, > n7) < P*(% < el = 3l > n~)
< PG =511 > )+ P - Bl > )+ P60 <
= P*(\/n|6* — 67 77) +o(n"7)  as. . (48)

Since for any « € [0, (2(‘5237\1/2 2(wll\v)) we may pick v € [0, %) so that « —y + 1 € [0, %), the claim of

the Lemma then follows from result and part (ii) of Lemma [ |

Lemma A.7. Let Assumptions (z)—(m), (z) hold, e; = (Y; — X!B) and i = LS (CHYX )€, Then:

K T 2¢ Hy 'S0 Hy Mo

E[W3)k
203\/n - ovn a3y/n

E[L,] = - W .

Er[Ly) = -
Proof: We first derive an expression for E[L,]. Note that F[X X'] = Hy and F[Xe| = 0 imply:
1 n
S rr—1 —1
E[H; A H; o ;Xﬁi]

i 2 0= ~ =Bl X)X H X (49

due to the i.i.d. assumption. Similarly, exploiting E[(¢'Hy ' X)e] = Hy 'E[A,)Hy = 0 yields:

= 203chH X edd Hy Y20 (Bo) — So)Hy e+ 2¢ Hy P A Hy Y80 Hy e}

= zagﬁ{E[(C'H61X>363] — 2B[e(d Hy ' X )2 X Hy VS Hy e} . (50)

The expression for F[L,] can then be obtained from , and by analogous arguments concluding;:

IR T 2~ 1 ¢ Hy *SoHy Mo
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In order to compute E*[L}], observe that W L (Y, X) and E[W?] = 1 by Assumption [2.2(i) imply that:

- 1 cH* E[W3&
E[L}] = — 55 B er chH "X X(H," (Wfl)]2g3\/]ﬁ , (52)
i=1

which establishes the second claim of the Lemma. ®

Lemma A.8. Under Assumptions[2.4|(i)-(iii) and[2.9(i), the second moments of L, and L, satisfy:

E[L2]=1+0(n") E[(L:)* =1+ 04, (n7 1) .

Proof: To calculate E[L?], first note that E[X X'] = Hy, E[X¢e] = 0 and direct calculations yield:

E[(dH A, Hy! IUZXQ

/ n

ZH ad faZXzez = o By (Hy — X XDH (3 Xen)?)
k=1

(n—

E[{dHy (Hy — X; X;)Hy " ZXkek}{c’Hgl(Ho — X;X)Hy 'Y Xper}] =0(n™") . (53)
k=1 k=1

_l’_
Similarly, exploiting the i.i.d. assumption together with E[X¢| = 0 and E[Hy — X X'] = 0 we obtain:
1 - /rr—1 /rr—1 —1 1 -
[(% ; C HO lei)(c HO A’nH() W Z XZEZ)]

- n202 Zc Hy X e)( ZHgl(Ho - XiX)H O Xie)]
=1 1=

= —E[(c Hi'Xe)(dHy ' Xe — dHy ' XX 'Hy ' Xe)] = O(n™1) . (54)

no?
Exploiting identical arguments to on the squares of L, and the Cauchy-Schwarz inequality and arguments
identical to those in to address cross terms, it is then straightforward to establish that:

CE[Hy ' XX'e2H, e . .
> +O0n H=1+0mn""). (55)

g

E[L?’L] = E[(% ZC/HalXi€i>2] + O(n_l) =

For notational simplicity, let a;, = ¢ H; ' X; and set e; = (Y; — X/3). To compute E*[(L*)2], first note that the

i.i.d. assumption together with E*[(€})*] = e} E[W?], E*[(€})?] = €2 and E*[e}] = 0 imply that:

B3 anel P d(6)? - e awzamz W4~ 1) = Ou(n™) (56)

i=1

Next, also note that by direct calculations, {W;}* ; being i.i.d. and E*[(€})?] = e3 E[W3] we may establish:

40,6”3 Z P (€)= e’
:4(}67;3{ZE*[a?n(ef)z(Zain{(ez —e2})? +ZZE Qin€; ) (ajn€; Zakn{ 2 -2}
=1 k=1

i=1 j#i

(S At () — P+ 230 T el B (57)

i=1 k=1 i=1 j#i
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Therefore, expanding the square, noting that + ~>a e? = 62 and exploiting ([56)) and .

zznz

E*[(L:)%] =

Zazne + Oa s. ( _1) =1+ Oa.s‘(n_l) ) (58)

which establishes the second and final claim of the Lemma. R

Lemma A.9. Let Assumptions (z)—(m), (z) hold e; = (Y; — X\3) and & = L 3, (¢ H; ' X:)?e3. Then:
7 3 12¢ Hy 'S0 Hy ! _TEW?
Bl = g B B B 20y oy ) = o 07 (59)

203/n  oyn a3y/n 26%/n

Proof: The calculations are cumbersome and for brevity we provide only the essential steps. Define:

1 < 1 " 2 &
— Jrr—1 —1 /rr—1 ~2 2 / —1
I, =dHy'AH, NG ?:1 Xie; — 35 ;:1 CHy ' Xie{(6% — 0?) — - ;:1: YoH ' Xiei} . (60)

Notice that L,, = ﬁc’ S Hy'Xie; +T,,. Under Assumption ii), it can be shown that E[I3] = O(n~%) and

similarly that E[(ﬁ S, ¢ Hy Xi¢;)%] = O(n~ 7). Therefore, by direct calculation and Holder’s inequality:

E[L3] :E[(J\l/ﬁi:c’Ho_lXiei)S]+3E[(J\l/ﬁi:c’Ho_1Xiei) ]+ 3E[( ZCH ' X;e)T2] + E[T3]
UIZCH 'X56)%] + 3E(( ZCH 'Xi6) o) + O(n™ 1) . (61)

Hence, we can establish the first claim of the Lemma by analyzing the remaining terms in . Note that
1 S s rr—1 31 _ 1 rrr—1 3.3
E[(m;CHo Xi€i) ]_WE[(CHO X)%e, (62)
by the i.i.d. assumption and E[X¢] = 0. Similarly, by direct calculation we can also obtain the expression:

1 1 G HY AL HY Y &
E[( O_IZCHO X;ei) lelXel

— {ZcHolX +ZCHO 'Xie; » CHy'X; EJ}ZCHO (Ho — Xp X})Hy leq
o¥n’ i=1 i k=1 1=1
c’H’lEoH’ ¢ _ _ 2

= _(:'(J-?)—\/HOE[(C/HO 1X)(XIHO 1X)6] — m

By analogous arguments we can compute the remaining terms in E[(ﬁ S ¢ Hy ' X,€;)?T,] and obtain:

B[(¢Hy ' X) (7o Hy ' X)e?] + O(n™ %) . (63)

L 3¢'Hy ' SoH, 'c
205\/n
3¢ Hy'SoH e H
~2C%0 0% €
ody/n
1 & _ 1 — _ 3¢H 'SoH e , _ _3
(e Do " Xie (0 Db Hy  Xiead] = =05 7= Hy B0y 10 +0(n™1) - (66)
=1 =1

[(%ZC/H(;IXiEi)?’CIH(;l{Zn(BO) _ EO}HJIC] _ E[(C/H(;lX)363] +O(n—%) (64)
i=1

S

1 n
(e D H  Xaeo) (¢ Hy A Hy S i e} = oHy e+ O(m™F)  (65)

S

The first claim of the Lemma then follows by combining the results from —.
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Letting a;, = ¢'H,, ' X; and employing Assumption [2.1(ii), it can then be shown that:
1< 1
7 e
3

Zam€ 2 3{ ) &2})3] = Oa-s.(nig) . (68)

3

{(62)* = 6°1)?) = Oqus.(n™?) (67)

Therefore, expanding the cube and exploiting that W L (Y, X) and E*[(e})*] = E[W*]ek, it follows that:

’L )

n é_ﬁfz_a_Q a_ij_OA_QZ 6.*2_6.23
E*[(Lz)?)] — E*[(% Zaznej)g{é _ 3(( 52)5—5 ) + 3(( 5316—7 ) _ (( 5)8&9 ) }]
_ E[W’L3] 1 - 3 * 1 - * A~k 2 ~2 —%
T 53n 0 pot Gin€? 2(55E [(ﬁ;amq)?’{(as) =67} + Oas(n”2) . (69)

Moreover, also note that by analogous arguments and direct calculations we further obtain:

n

(= > i)'l S S - e

i=1
3 1 - * * * * * - *

=9t < n a2, B*[(€))*{(e})? — ef}] + {Z ain(€) Y a3 (€)Y ain{(en)® — e7}]

g nz i=1 i k=1

9 In o o EW3 s

= —— X — a; e; X ——— +Oas( 2). (70)
5 m Zﬂ Z

265n  n P no

The second claim of the Lemma is then established by and ((70). =

Proof of Theorem [2.1]: The first claim of the Theorem is an immediate consequence of Lemma and v > 9. For
the second claim, note that in lieu of Lemma and w A v > 9, it suffices to show that T, . = L}, + o)+ (n=z) a.s..

For notational simplicity, let a;, = ¢'H,; 1 X;(Y; — X! B) and apply Markov’s inequality to conclude that:

* A¥\2 A2 QZ *ina2 2 _ Q
Pr(|(%) |>\/ﬁ) P(In; in(W; 1)\>\/ﬁ)

< @E*

3\H

D0 = D)= Sk EIOVE <17 (7

However, under our moment assumptions, 2 >, a?, E[(W2—1)%] 3 E[(¢'H, " X)*e}]E[(W?—1)?] < 0o, and therefore
from it follows that (6%)% = 62 + O~ (n~2) almost surely. The second claim of the Lemma then follows from a

second order Taylor expansion. B

Proof of Theorem[2.3: Follows immediately from Lemmas [A77] and direct calculation. W

APPENDIX B - Proof of Theorems 2.3 and 2.4]

In what follows, we let ®y and ¢y denote the cdf and pdf of a multivariate normal random variable in R?
with zero mean and covariance matrix V. We also let I; denote the identity matrix in R?, and with some abuse of
notation, when d = 1 we simply denote ®;, = ® and ¢;, = ¢. For a random variable U € R? and k = (ki,...,kq)
a vector of nonnegative integers, we let X} (U) denote the k'"-cummulant of U. That is, for |k| = Zle ki, X (U)
satisfies il*l A (U) = S L — log & (t) o’ where i = /—1 and £ denotes the characteristic function of U. For

ok1 t1...8’“dtd
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j €{0,1}, the Cramer-Edgeworth densities Pj(—¢v : {Xp(U)}) are Po(—o¢v : {Xi(U)})(u) = ¢v(u), and:

[k
Pr=ov (@b = - 3 L) (72)

[k[=3

For j € {0,1}, the Cramer-Edgeworth measure P;(—®y : {Xx(U)}) is the measure with corresponding density

Pj(—¢v : {X(U)}). See also Chapter 2.7 in Bhattacharya and Rao| (1976)) for a more general definition when j > 1.

Lemma B.1. Let Assumption[2.1|(i)-(iv) hold and L., be as in Theorem (2.1)) with ¢ # 0. Then, uniformly in z € R:

P(Ln < 2) = ®(2) + ¢ ~ (224 1) — ‘@(}(C Hy'SoH; o(22 + 1) — y10°) + o(n”2) .

\F

Proof: For Z as in Assumption iv), L,, is a smooth functional of % >; Zi and that Z satisfies Cramer’s condition
by Assumption iv). The claim of the Lemma then follows from Theorem 2.2 in [Hall (1992) and Theorem |

Lemma B.2. Let {a;,}?_; be a triangular array of measurable scalar valued functions of {Y;, X;}1_, and define Vi, =
(asz, a2, (W2=1)), Q, =23, E*[V;,,V}}] and S,, = T > ngvm. Suppose Assumptions (z)—(u) hold and (i)
Q, 3 Q with Q full rank, (i) imsup,_,. 2>, |ain|® < 0o a.s. and (iii) For K, (€) = #{i : min{|a;|,a2,} > €},

there a.s. exists an €y such that K, (eg)/log(n) 1 co. Then, it follows that:
! 1
P*(S, € B) = Z/ dP;j(—®p, : {X(Sn)}) +o(n™%)  as.
j=07B
uniformly over all Borel sets B C R? with f(aB)f d®r,(u) < Ce for some constant C, (0B)¢ the e enlargement of

0B, X} (S,) the kth cumulant of S,, under P* and P; the Cramer-Edgeworth measures.

Proof: We proceed by verifying the conditions of Theorem 3.4 in |Skovgaard| (1986)). For ¢t € R?, define:

m@zgﬁ@@W&n:@ﬁaFw&fn, (73)

since E[W] =0, E[]W?] =1 and W L (Y, X). Hence, by Cauchy-Schwartz and convexity we obtain:

1 192271 -
(1) < E*thvm < RN B[ Viall?
pult) WWWXI \ )< S Bl
4192212
< nn% 2> AE NlawnPIWil’) + E*[af, W7 = 1]} . (74)
i=1
Note that €,, “3 Q with © full rank by hypothesis, implies ||, 5 o “3 1272 ||, < co. Moreover, since {a;,}™, is

not random with respect to P*, we obtain from condition (ii) and result that almost surely:

. ) _1 . 1 &
lim sup{ sup2 Vnp,(t)} < limsup{4]|Q, 2 ||2(E[|W|3} + E[|VV2 - 1|3]); E {|am|3 + a?n}} <00 . (75)
n—oo —

Therefore, we conclude that conditions (I) and (II) of Theorem 3.4 in Skovgaard| (1986) are satisfied for any sequence

{rn} that is measurable with respect to {Y;, X;}7_; and satisfies for some ¢ > 0:

1
Tn a.s. n3te
nz L~

0. (76)

In particular, we note that if r,, =< n1s almost surely, then it satisfies .
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(77)

th
g(&n () x ma
1]
By Corollary 8.2 in [Bhattacharya and Rao| (1976)

E*[exp(it’'Sy,)]. We aim to show that almost surely there exists a § > 0 such that
|— lo 1*g} <00 .

SUP dhi

lim sup{
T g<h<on 18 ,teR2
1
E*lexp(it' Qp 2 Vi /4/0)].

Jensen’s inequality, {a;,}, being nonrandom with respect to P* and direct calculation it then follows that

Towards this end, define & ()
1
* 12120 2 o R o 2
P Bl 2 Vi) < TO{ZE [[Vin[[*2]} 7
i=1

Hlfll2
17112 * [l
39272, < oo, then imply that almost surely there is a § > 0 with:

Next, let £ (¢)
(78)

1O 2
‘45 Ez{|am|4'5+‘am| )7
i=1

(79)

|§z*n(t) - 1| <
<
- ons
1
sup 5 |£zn( ) 1|} < 5

lim sup{
OO lg|<on s
th

Condition (ii), E[|[W|°] < oo and ||, 5 llo “3
I1;&5,(¢) by the ii.d. assumption and W L (Y, X)) we obtain by direct calculation
Ein (DI}
2]l

sup Z \
ﬁ%w»<w

Since & (¢)
th

wp [ log(€3(1) 1) < imsup

11 "0 g<h<onis teR2 i—1

< limsup{ sup Z Z |D M log(&, (1)} < hmsup{16ZE*

i=1

sult (79) i

lim sup{
PO G e snTE teR?
"0 e <onts =1 |x|=4
where the final inequality holds by Lemma 9.4 in Bhattacharya and Rao (1976) and result implying |¢F,(t)—1] < 3
-Dr=0 (8D

Z{ al, EW* + o}, E[(W

for all ||t|| < dnis and all 1 <4 < n for n large enough. Moreover, we also have
10 2|| Q

14} < hmsup{
almost surely, by condition (i), (ii) and E[W?8] < co. It follows from and (8I) that (77) holds almost surely,

nis

Q mn
hrnsup{nl8 ZE* | \fv

=1

n—oo
which verifies condition (IV) of Theorem 3.4 in Skovgaard| (1986) with r,, = n1s

To conclude, we aim to show that almost surely for any 6 > 0 and any a > 0 it follows that
&} < oo
t)| and define:

sup
(83)

lim sup{n® x
o sn T <t
(W, W2 = 1), n(€) = supjy > v (t)

n i B[P ARUP] 1

3 yn

= 1[5 Yoy EX[(t A U)2]

lS n = Sup
(84)

Let £y denote the characteristic function of U

Ain
2
WP+ (W2 —1P] &
(WP + | |]Z{|am|‘°’+a?n,
in (74

A =
0 ag,
where I3, is the Lipaunov coefficient. Letting \,, denote the smallest eigenvalue of €2,,, we obtain
4F
i=1

1
n

VA2
where the first inequality is (8.12) in [Bhattacharya and Rao| (1976)), and the second was derived in For A the

1 *
l3,n S 3 X = ZE |AmUH ] 3
VAR — ;
smallest eigenvalue of Q, condition (i) implies A\, “3 X\ > 0, and hence condition (ii) implies there almost surely
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_1
exists a 7 > 0 such that I3, < (t+/n)~! for n large. Since 2,2, A;, are not random with respect to P*, then:

. A A
sup [0 < sup [ éw( v (FE

)+ sup []]&ul t) - (85)
snTE <||t)| snTE <||t|<rym i=1 SV Tva<|tl =1 vn

-1
o2

By Theorem 8.9 in Bhattacharya and Rao (1976), | ]], Eu (A

t)| < exp{—¢|t]|?} for all [|t] < 13_”, and hence:

m\E

1
= A2 52
sup [ [Jeo (=l < expf=n ) (86)
snTE <||t|<rym i=1

due to I3, < (14/n)t for n large. Moreover, observe that for any € > 0 we also have:

n 1

AWLQ ? 7 i -3 ev/n Tv/N
sup H| t) < {7](6)}#{ dlAinQn 2t Zevn Vit 2TV} (87)
vt ;=1

_1 _1
However, since the smallest eigenvalue of Q, 2 equals ||Q,]|o 2, it additionally follows that:

ev/nl|Qnll5
TN

1 1 1
Thus, as [|Q,]|2 3 ||Q[| < oo, we may almost surely pick €* such that ¢*[|Q,]|2 /7 < ¢ for n sufficiently large. In

i+ | A 2t = e/ Vel = v/} = #40 : min{lain], a2} > b (88)

addition, by Assumption [2.2{ii), n(e*) < 1 (see page 207 in Bhattacharya and Rao| (1976)). Hence, by (87):

sup o (F=—t)| < mer)fnteo) (89)
rva<tl 1;[1 vn

for n sufficiently large. Therefore, combining , and together with condition (iii) establishes , thus

verifying Condition (III”) of Theorem 3.4 in |Skovgaard| (1986). The claim of the Lemma therefore follows by direct

application of Theorem 3.4 in |Skovgaard| (1986)). m

Lemma B.3. Suppose Assumptions (z)-(w) and (z)-(u) hold and let ¢ # 0, Ty, = vnd (6% — B)/6* where
(65)2 = H IS5 (B)H e, It then follows that almost surely, uniformly in z € R.:

S(2)RE[W?]

655 (222 4+ 1) +o(n"2) . (90)

PHTS, < 2) = 0(2) +

Proof: We proceed by verifying the conditions of Theorem 3.2 in [Skovgaard| (1981)). First, define:

ain = ¢ H XY, — XiB) a; = Hy ' X (Y; — Xifo) - (91)

Since E[||XX'||%] < oo, E[||XX'€2||%] < oo, the law of large numbers and 3“3 o and ||H; ' — Hy |, “5 0 yield:

lim sup — Z lain|® “S B[l Hy ' Xel] < oo . (92)
n—oo
Let Vi, = (ainWi, a2, (W2 — 1)) and V; = (a;W;, a?(W? — 1))’. The same arguments as in (92) then imply:
1« as.
0= V] 2 BV, (93)
n

Assumption ii) rules out Rademacher weights, which are the only ones satisfying E[W] =0 and P(W? =1) = 1.
By Assumption iii), W L (Y, X), ¢ # 0 and W not being Rademacher, it is then possible to show E[VV’] is full
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a.s.

rank. Next, observe that for any 0 < M < oo, 8“3 8 and ||H; ! — Hy || “3 0 imply that:
sup ICHIX(Y — X'B) — CHG X (Y — X'Bo)| 2570 (94)
[ Xell <M, XX || p<M

Moreover, since E[(¢'H; ')%¢?] > 0 by Assumption (iii) and c # 0, there exist a §p > 0 and an M < oo such that:
P(min{|(¢ Hy ' X)e|, (¢ Hy ' X)?e?} > §p and max{|| Xe|, | XX'||r} < M) >0 . (95)

As a consequence of result , it then follows that almost surely we must have:

n

1 4
lim inf — Z H{min{|a;,|,a?,,} > 50 and max{|| X;e |, || X:X[||r} < M}

)
n—oo N 4 w
i=1

1 n
> lim inf — E Hmin{|a;|,a?} > §o and max{|| X, | X; X/||r} < M} >0. (96)
n—oo M
i=1

_1
Defining S,, = ﬁ > 0 Vi, (92), and verify conditions(i)-(iii) of Lemmarespectively. Therefore, we

can conclude that uniformly over all Borel sets B C R? with | (oB)- 421 (u) < Ce for some constant C, we have:

1
P*(S, € B) = Z/ APy (B, : (X7 (S0)}) +o(nb) . (97)
j=0"B

Result verifies condition (3.1) of Theorem 3.2 in |Skovgaard| (1981)).

Next, let t) denote the i** coordinate of t € R? and define the functions g,, f, : R? = R by:
) = 9u(040) (=10 x (2 24 (09
Note that by construction, f,,(Sn) =T5,, fn(0) =0 and ||Df,(0)|| = 1. Further, define the set:

I, ={teR?:|t]| <log(n)} . (99)

The functions g, are differentiable everywhere except at t € R? with ¢(2) = —62/n. However, since 62 % 02 and
1 ,
921, “3 [1922]], we obtain that almost surely for n sufficiently large, f,, is differentiable on T',,. Moreover, since a.s.

_1
for n large enough [|Q,, ?||, log(n)/v/n < 62 /2 we obtain by direct calculation:

. A . 1 3 25 15]Q4],log(n)
limsup{v/n sup sup |D*f,(t)|} < limsup{4y/n||Q7 % x max{-— x =, ———%5——
n—o00 tel', |A\|=3 n—o00 4n On 8nz2

2%
x a} =0  (100)

almost surely; which verifies condition (3.11) of Theorem 3.2 in |[Skovgaard| (1981)). Similarly,

1 1 1 1
lim sup /| V2 £, (0) % = lim sup v/7[|22 V29, (0)Q3 |2 < limsup{y/nl|Q2 % x ==} =0 (101)
n— 00 n—oo

s 2ns8

almost surely, verifying condition (3.12) of Theorem 3.2 in [Skovgaard (1981). Therefore, we conclude from (97),
(100), (101)), Theorem 3.2 and Remark 3.4 in [Skovgaard| (1981) that an Edgeworth expansion for P*(T;, € B)

s,n

holds almost surely for all sets B such that [ ( d®(u) = O(e) (which includes all sets of the form (—o0,2])). In

aB)e

particular, holds by Theorem 3.2 in |Skovgaard| (1981) and Theorem ]

Proof of Theorem [2.3: The first claim of the Theorem follows from Lemma Lemma and Lemma 5(a) in
(2002) while the second claim follows by Lemma [B.3] Lemma and Lemma 5(a) in (2002). m
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Proof of Theorem [2.7): The proof relies on Lemmas and in the Supplemental Appendix, which establish

uniform versions (in P € P) of the Edgeworth expansions in Theorem First define:

A, (z,P) = jzgj))?) (' Ho(P) 'S0 (P)Ho(P) 'vo(P)(2* + 1) — 71 (P)o?(P))
Enl(z, P) = ®(2) + m@z? +1) — O(ﬁ()z)\/ﬁ(c’Ho(P)_lEO(P)HO(P)_WO(P)(,ZQ +1) =71 (P)o?(P))
z 3 R
ENz)=(z) + 7¢( ()jf?/%W }(222 +1) x (|&3‘ A Cy) x sign{k} ,

where (suppep |£(P)])/(inf pep 0(P)?) < Cy. Note that sup,cg |¢(2)2%| < oo, while by Assumptions ii)—(iii) and
c#0,0(P)7L, ||Ho(P)~ o, 0%(P) and ||So(P)||, are bounded in P € P. Therefore, there exist My, M; such that:
limsup sup  sup|A,(z,P)| <limsup sup {Mo|v(P)||+ Mi|n(P)|} =0 (102)
n—o00 PeP(Py,h,) 2€ER n—oo  PeP(Py,hy)
where the final equality follows from P — 7 (P) and P + 1 (P) being continuous under || - ||p by Assumption ii),
and yo(Pp) = 0, v1(Po) = 0 due to Ep,[Y|X] = X'Bo(Fp). Similarly, by continuity of P+ o(P) and P +— x(P):

. d(2)k(P) P(2)k(Py) . o ) k(P)  k(Po)
limsup sup sup|——=~ ————=(22°41)| < limsup sup M- —
n— oo PGP(Po,hn)ZGR| GU(P)?’ 60(P0)3 ( )| n—oo PEP(Py,hy) 2|U(P)3 0(P0)3

for some Mj < co. Therefore, combining (102), (103]), Lemma[C.1]and the continuity and monotonicity of a — L(a):

(22241)— | =0 (103)

liminf  sup  L(sup vn|P(T, < z) — ®(2)
n=% peP(Py,h,) z€ER

)

>timinf  sup  L(max{sup{| 20N (922 1 1)) 2 A, (2, P - VAIP(T < 2) — £l P)I},0))
N0 pep(Py hy) ser 60(P)
= L(sup |M(222 +1))) . (104)

zer 60(1)?
Moreover, by Lemma there exist sets A, such that suppep P({Y;, X;}io; € A5) = O(n™15), and:

sup |[P*(Tr < z)—&:(2)| < 0n (105)
z€ER
for some deterministic 6, = o(n~2), whenever {Y;, X;}"_, € A,. Furthermore, since limsup, .., L(a)a™” < oo by
hypothesis, it follows that there exists a C' > 0 such that L(a) < Ca? for a sufficiently large. Therefore,
limsup sup  Ep[L(sup vn|P(T, < z) — P*(T} < 2))1{{V;, X;}_, € A%}]

n—oo  PeP(Py,hn) z€R

< limsup sup L(v/n)P({Y;, X;} 1 AS) < limsup Cn? x O(n_%) =0, (106)

n—oo PeP n—o0

where the final equality holds by 99 < . Hence, by Lemma (105)) and (106)), for some deterministic 7,, = o(1):

limsup sup  Ep[L(sup vn|P(T, < z) — P*(T,, < 2)|)]

n—oo PeP(Py,h,) z€ER
<tmsup  sup  Ep(Lisup{vil@(z) + 2P o2 1) er )]+ 1Au( P 4 )] + o)
n—oo PEP(Py,hn) z€R 60 (P)3y/n
f(P) A

<limsup sup FEp[L(Ms]

— PEP(P h ) O'(P)3 - (6-3 A CO) x Slgn{"%}‘ + ’?n)] + 0(1) 9 (107)
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where the final inequality holds for some deterministic 4,, = o(1) due to (103) and E[W?3] = 1. By Lemma

I{(P) R o 7%

for any € > 0. Therefore, since sup pep |£(P)|/o(P)? < C, results (107), (108), ¥, = o(1) and continuity of L imply:

: s(P) Al TRV 4 A
limsup sup  Ep[L(M- — (= AN Cy) xsign{R}| + 7
mawp s BplL(Ma] S5 — (55 A Co) xsigniH + )]
. - _ Kk(P) R
< limsup sup {L(Mae + 7,,) + L(2M2Co + 7,) x P(] 5 — 23| > €} = L(Me) . (109)
n—oco PEP o(P) G

Hence, since € in (109) was arbitrary, the first claim of the Theorem follows from (104)), (107) and (109). Finally,
note that if kK(FPy) # 0, then sup,cg |%(222 + 1)| > 0, and hence holds strictly by L : [0, 4+00) — [0, +00)

being strictly increasing and setting e sufficiently small in (109).
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Supplemental Appendix - Auxiliary Lemmas for the proof of Theorem

Throughout Appendix C, we employ the notation of Section 2.4, which emphasizes the dependence on P € P.

Lemma C.1. Let Assumptz’ons hold, and denote the Edgeworth expansion for P(T, < z) by:

¢(2)K(P) z
6o (P)3v/n a(P)*v/n

If ¢ # 0, then it follows that limsup,,_, . suppep sup,cr V1| P(T, < z) — E,(2, P)| = 0.

En(z, P) = ®(2) + (222 +1) - (¢’ Ho(P) ™' So(P)Ho(P) ™ 70(P) (2% + 1) = m(P)o*(P)) . (110)

Proof: For fixed P € P, the validity of the Edgeworth expansion has already been established in Theorem [2.3] We
establish the Lemma by showing Assumption [2.3| controls all approximation errors uniformly. Specifically, in lieu of
and note that with 7 in place of v: Lemma i) holds uniformly in P € P due to suppep Ep[[| Xel|”] < 0o
by Assumption ii); Lemma [A-2[(ii) holds uniformly in P € P due to Assumptions [2.3|ii)-(iii) implying:

0 < inf [|Ho(P)" o < sup [ Ho(P)""[lr < oo . (111)
PeP PeP

and suppep Ep[||XX'||%] < oo by Assumption ii); Lemma iii) holds uniformly in P € P by (I11)); and
Lemma (iv) holds uniformly in P € P by Ep[|XX'||7], Ep[|XX'€|%], Ep[l|(¢ Ho(P) 2 X)2eX| %], ||no(P)]|
and ||2o(P)||r being uniformly bounded in P € P by Assumptions ii)-(iii) and result (I1I]). Similarly, since
infpep o(P) > 0 by Assumption iii), we get by result and suppep [[70(P)|| < co by Assumptions ii)-

(iii), that the arguments in Lemma hold uniformly in P € P. Therefore we obtain for any a € [0, 25=2):

limsup sup vnP(|T,, — L,(P)| >n"%) =0 . (112)

n—oo PecP

Let Z € R be as in Assumption iv), set S, (P) = ﬁ >i(Z; — Ep[Z]), V(P) = Ep[ZZ'] and @y (p) to be
a mean zero Gaussian measure on R% with covariance V(P). For X}(S,(P)) the k*" cumulant of S, (P) under P,

and P; the Cramer-Edgeworth measures we next aim to show that for any Borel set B and all P € P:
! —d
|P(Sn(P) € B) - Z/dej(—@wp) XS (PN < 80+ @yp) ((0B)* ) (113)
7=0

where §,, = o(n_%) and d > 0 are independent of B and P. The validity of the Edgeworth expansion in
pointwise in P € P is immediate from Assumption and Theorem 20.1 in Bhattacharya and Rao (1976). Most
of their error bounds can be controlled uniformly by suppep Ep[[|Z]|*] < co. The only necessary modifications to
their arguments is in their equation (20.22) which can be controlled uniformly due to infpep AN(Ep[ZZ']) > 0 by

Assumption iv), and in their equations (20.29)-(20.34), which can be controlled uniformly in P € P since:

sup |€2.p(t/v/n)| < sup €2 p(t)] < sup Fit)<1, (114)

\|t||zﬁ% t1=(16 suppep Er[|1Z]°]) 1 t1=(16 suppep Er [ Z]°]) 1
P

due to Assumption iv). The remaining arguments in establishing (113]) are identical to their proof and therefore

omitted; see also Lemma 2 in [Singh and Babul (1990)) for the univariate case.
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Next, let Gp : R* — R be such that L,(P) = /nGp(L >, Z;), and note Gp(Ep[Z]) = 0. Further define
gn.p(2) = V/nGp(Ep[Z] + z/+/n) and note L, (P) = g, p(Sn(P)). Exploiting result (113]), we aim to establish that:

limsup sup sup v/n|P(Ln(P) < z) — Eu(2, P)| = limsup sup sup v/n|P(gn,p(Sn(P)) < 2) = Eu(z, P)| =0 (115)
n—oo PeP zeR n—oo PeP zeR

The validity of (115 pointwise in P follows from Assumption and Theorem 2 in Bhattacharya and Ghosh|

(1978). The arguments leading to a uniform result are similar, and we describe only the necessary modifications.
To this end, let K > 0 satisfy suppcp ||Ep[ZZ']||r < K < 0o, which is feasible by Assumption ii), and define
M, ={z € R% : ||z|| < Klog(n)}. By Assumption (ii), {X,(Sn(P))}3_, are bounded in P € P, and hence:

limsup sup 3 v/l /( o PBCRre)  S(PYDI =0 (116)

n—oo PcP =0

Since in addition Vg, p(Z) is uniformly bounded on (%, P) € M,, x P and n by Assumption ii)-(iii), Lemma 2.1

in Bhattacharya and Ghosh| (1978)) holds uniformly in P € P. For each z € R, then define the set A, p(z) = {Z €

R% : g, p(2) < z} and note that by continuity dA, p(z) C {Z € R% : g, p(2) = z}. Moreover, Vg, p(Z) being
uniformly bounded on M,, x P further implies that if Z € dA, p(z) N M,, 2’ € M,, and ||Z — Z|| < ¢, then by the
mean value theorem g, p(Z') € z £ Me for some M not depending on P, Z or n. Hence, (04, p(z)) N M, C{Z €
R : g, p(Z') € 2+ Me}, and since suppcp Jae APy (2) = o(n~2) by (116), we conclude:

/ v ()= [ C dBye(3) olnh
(0An, p(2))2e” " (0An,p(2))2” " M,

1
: 212—:0 /{Z:Qn,P(E)Ez:I:MG} dP;(=Pv(p) : {Xk(Sn(P))}) + o(n"%) < O(e™™) +o(n"%), (117)

where the first inequality holds for n large enough uniformly in P by arguing as in (20.37) in Bhattacharya and)|

(1976), while the second inequality holds by Lemma 2.1 in [Bhattacharya and Ghosh| (1978)), Corollary 3.2 in
Bhattacharya and Rao| (1976) and Assumptions [2.3[(ii)-(iv). Therefore, by (113) and (117):

supsup [P(L,(P) < 2) =30 [ dPy (=B (S, (PD] = o) (115)

where we have used that L,(P) < z if and only if S,(P) € A, p(z). Replacing equation (2.20) in
[and Ghosh| (1978)) with result (118]), claim (115) then follows using the same arguments in the proof of Theorem 2

in [Bhattacharya and Ghosh| (1978) and noting that due to Assumption ii)-(iii) the arguments in Lemmas
and hold uniformly in P € P. The claim of the Lemma then follows from (112]), (118]), Assumptions ii)—(iii)
implying the coefficients in &, (-, P) are bounded in P € P and Lemma 5 in (2002). m

Lemma C.2. Let Assumptions (z)-(zz), (z)-(m) hold and T, be as in (7). It then follows that for any

9<(¢ <20, anda €0, (Q(ELA)/C\EQ - 2(;/\0) there exists a deterministic sequence 0, = o(n™2) and sets A, C R™(d=+1)

such that P*(|T5,, —T;| >n=%) <4, whenever {Y;, X;}i; € A, and suppep P({Yi, Xi}i, ¢ An) = O(n_%),

Proof: Let K satisfy suppep{||Ho(P) " |SEp[|| X€|°]} < Ko < oo which is possible by Assumption (ii)—(iii), and:

n 1 S — 1A
Aps = (Y XYy £ =37 SV = XIB)€ < Ko} (119)

i=1
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For any ag € [0, %), we then obtain from together with and that whenever {Y;, X;}? | € Ag,,

CoKo

x(11R% _ A - <
P (”ﬂ B” > n ) — n liao)(w/\g) (120)
for some constant Cp > 0. Similarly, let Suppep{(2di)%Hc||C||H0(P)_1||ng[||XH%|e|%]} < K; < 00, and:
(22) % || ¢
A = {{Vi, Xity TZ LIS 1Y — XIB)[ < K} (121)

=1

For Xi(l) the I coordinate of X;, we obtain by and that for any 1 < j <k <d, and a; € [0, %)

Ch K,

A —anD@A(C/2) (122)

242 .
P*(|lel1H o)== ZX“ DXie | > ) <

for some Cy > 0 whenever {Y;, X;}" | € A1,. Set suppep{llc)|?||Ho(P)2Ep[| X X' || || X||?]} < K2 < oo, and:

12

Ao = LY XY+ el 2 S ST I 12 < K} (123)

=1

We then obtain from , , 7 together with (120)) and (121) that for any ay € [0, %@;ﬁ) there exists a
constant Co > 0 (depending on Ky, K1, K2, w and ¢) such that whenever {Y;, X;}? | € Ao, N A1, N Az

P62 = @1 > ) € S (124)
Let suppep{llc||*||Ho(P) H|2Ep[|| X X €?||%]} < K3 < co which is possible by Assumption [2.3(ii), and define:
A = (VXY = el N S 1A, = XAl < Ko} (125)
i=1
The inequalities and then imply that whenever {Y;, X;}? | € As,, for any € > 0 we obtain that:
PG -8 > < 5t (126)

e2n
Therefore, setting inf pep 0?(P) > €y > 0, which is feasible by Assumption (iii) and letting Ay, = {{Vi, X}, ¢
62 > g}, we obtain from (126]) that whenever {Y;, X;}7, € A3, N Ay, we must have:

PH((67)? < eof2) < 255

12
on (127)

Letting A, = ﬂ?:o Ajn, we then obtain from together with (120), (126) and (127) and Assumptions ii)7

i) that the desired deterministic sequence 6, = o(n~2) exists.
To conclude the proof, we next show that suppcp P({Y;, X;}7o, € AS) =O0(n”~ L4) To this end, note that:
sup P(|Hy = Ho(P)|lr > 1) = O(n~%) (128)
€

for any n > 0 due to (15), and Assumption ii). Moreover, since suppcp ||H0(P)_1||O > 0 by Assumption
iii), (128)) implies suppep P(|Ho(P) " (H,, — Ho(P))||r > 1) = O(n~%), and therefore (I8) and (19) yield:

sup P(|H; ' — Ho(P)™|p > 1) = O(n" %) . (129)
PeP
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Therefore, by (129)) and Assumption iii) there exists an My > 0 such that suppep P(||H, || F > M) = O(n~%).
It then follows by Assumption ii) and and (16)), that for any n > 0 we have:

R 1 & € _z _z
sup P([|8 = Bol > ) < sup P(|= > Xie;| > =) +O(n" %) =O(n"*) . (130)
PeP pep N i Mo

7

Since ((129)), the mean value theorem and Assumption(iii) yvield sup pep P(|[|H, M |IS— 1 Ho(P) 7S] > n) = O(n™2),
and suppep P11 Y, X, X% — Ep[IX XS]] > 1) = O(n~ %) by Assumption [2.3{if) and (T5)-(T6):

L~y e N _ _z
sup P S S = XIS [P [SERIXel<] > ) = O™ %) (131)
i=1
due to ([130). Since (|131)) holds for any 7 > 0, the definition of Ay, and the constant Ky in turn imply that:

n c IR — A —
sup P({Y;, Xi}oy € Af,) < sup P(|= > || H, M [SI1X: (Y = XIB)IIC = | Ho(P) SBR[ Xe]|]]
pPepP pPepP n--

> Ko — sup [Ho(P) [SERlXe|) = O %) . (132)
S

Analogously, suppep P(|12 3, | X:[[* — Ep[||X[*]] > n) = O(n™ %) due to (15), and Assumption ii) im-
: _ - < <
plying sup pep Ep[([|X[*)°] < oo for any § < #/¢. Similarly, suppep P(|5; 2, |1 Xi[l | Xieil| 2 — Ep[|| X[ Xel[2]] >

n) = O(nf%), and therefore from (129)), (130) and arguing as in (131)) and (132):

sup P({Yi, X;}1; € AS,) = O(n™%) . (133)
PeP

The same arguments, but bounding suppep Ep[(| XX ||| X]?)°]? < suppep{Ep[|XX'|X]|Ep[|X|*]} < oo for
§ < 7/2, and suppep Ep[(| X X' X[12)0)? < suppep{Ep[| X X'|*]Ep[|| X ||*°]} < oo for § < #7/4, yields:
sup P({Y;, Xi}iey € 45,) = O(n™%)  sup max{P({Yi, X;}-y € A5,), PV, X;}oy € A5,)} = O(n™%) (134)
PeP PeP

The lemma then follows from P({Y;, X;}, € AS) < Z?Zl P{Y:, Xi}i, € AS,), (132), (133) and (134). m

Lemma C.3. Let Assumptions (z)-(m) hold, and (suppep |K(P)|)/(inf pep o(P)3) < Co. In addition, denote
¢(2) E[W?]

R L
(222 +1) x (|&—3| A Cy) x sign{k} , (135)
then there exist a deterministic 8, = o(n~2) and sets A, C R"F9) such that sup,er |[P*(Tn < 2) — &E5(2)] < n

whenever {Y;, X;}7_, € A, and in addition suppcp P({Y;, Xi}lq ¢ Ayn) = O(n~1%). Additionally, for any € > 0:

sup P(| =)

sup P(| o553 —%| >¢€) =O0(n"¥) (136)

Proof: We first proceed as in Lemmas[B.2|and [B.3|by verifying the conditions of Theorems 3.4 in[Skovgaard| (1986 and

3.2'in |Skovgaard| (11981|) respectively. Throughout, let a;, = ¢/ H,; 1 X;(Y; — XiB), Vin = (ainWi, a2, (W2 = 1)), Q, =

m

1
LN E*[Vip Vi, ] and S, = ﬁ > i 2 Vi, We first aim to show there exist sets By, such that suppcp P({Y;, Xi}1; ¢

B,) = O(n~1%), and that there exists a deterministic sequence b, = o(n™2) satisfying:

P(S, € B) =3 [ ap(-ou, {2 (S.0)) + b (137)
7=0
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uniformly over all Borel sets B with f(aB)ﬁ d®r,(u) < Ce whenever {Y;, X;} , € B,. To this end, let a; =
dHo(P) ' X;e;, V; = (a;Wy,aZ(W? — 1)) and Q(P) = Ep[VV’']. By Assumption ii)-(iii) and Exercise 3.8 in
(1996), there exists a 1 > § > 0 such that inf pep P(|a;|? > &) > 0, and hence by Assumption iii):

nf P(la;]* > 6o and max{| Xe||, | XX'||r} < M) > € (138)
€
for some M < oo and some €5 > 0. We can now define the sequence of sets B,,, by B, = ﬂ?:o By, where:

Bon = {{Yi, Xi}i : suprere gy | B [(#50)%)] < n= 35}

Brn = {{Y0 XV, : 1907 o2 S flaim|*® + aiml”}) 75 < 2suppep {IQ(P) "} o(Bpllail ™) + Epfla; ) ¥ }}
Bon = {{¥i XYy 207V Q0 2 430 ad, BV + a3, B[(W?2 — 1))} < n?}

Bsn = {0 X}y < 1951 1301 X {Jainl? + lainl®} < 25uppep {IR(P) 713 Epllaif® + |a;|°}}

Bin = {{Yo X}, : 0™t Y, Hminlag,a2,} > 60/2} > e0/2 and [ Q][ < 2suppep [2(P)]I}

Then note that whenever {Y;, X;}" ; € By,: (i) {V¥;, X}, € By, implies Conditions (I) and (II) in Theorem 3.4

in |Skovgaard| (]1986[) are satisfied with r, =< nTSS; (i) {Yi, Xi}; € Bin N By, implies together with results —

that Condition (IV) in Theorem 3.4 in [Skovgaard| (1986)) is satisfied; (iii) {Yi, X;}?; € Bs, N Ba, implies by
3 1

(84)-(36), together with setting € < (8o suppep{||Q2(P) 2 Eplla:|* +]a:|]})/(2suppep [|QP)]|E) in equation (88),

Assumption ii) and that Condition III” of Theorem 3.4 in [Skovgaard| (1986]) also holds. Therefore, the

existence of the desired deterministic sequence b,, = o(n_%) follows from Theorem 3.4 in |Sk0vgaard| (]1986[).

We now verify suppcp P({Y;, Xi}7; ¢ By) = O(n~1). To this end, let § satisfy 1 < § < 9. By result (129)
and Assumption (iii)7 there exists a 0 < M; < oo such that suppcp P(||H,  ||p > My) = O(n=%). Moreover,

suppep P12 3, 1 XiXi||% — Ep[|XiXi||%]| > n) = O(n~25) for any n > 0 due to # > 18, and results and ((16).
Hence, by Assumption ii) there exists a 0 < My < oo such that suppep P(2 3, [| X, X][|% > Ms) = O(n~=).

Combining these results, we then obtain that:

n

1 _ A o _» _
sup P(L 37 [ H X XHB = 60)° > n) < sup PO 1B = ol > n) + O™ %) = O(n
S c

Bl

), (139)

i=1
where the final equality follows from (130]) and 6 > 1. Next, note that by , and Assumption ii) we have
suppep P12 Y, | Xieill’ — Ep[|| Xel|°]] > n) = O(n~%) for any n > 0. Therefore, by Assumption [2.3(ii), there exists

a 0 < Mz < oo such that suppep P(L Y, | Xie||° > M3) = O(n=%), and thus we have:

SN

1 — v
sup P(E Z | (H, ' — Hy ") Xie° > 1) =O0(n"2) +O(n™7) (140)
1=1

PeP

due to result (129). Moreover, suppep P(|2 37 | |a;l® — Ep[la;|’]| > n) = O(n=%) for any n > 0 by the same
arguments and Assumption ii). Therefore, combining (139) and (|140|) we can conclude that:

1 — s
sup P(|= Y " laim|® = Epllai|’]] > n) = O(n™%) . (141)
PeP n P

Hence, result (141)), the definition of 2,, and Q(P) and a;,, a; being nonstochastic with respect to L*, imply:
sup P([Q2 — (P)||r > n) = O(n™ %) (142)
P

Pe
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for any 7 > 0. In addition, Assumptions [2.3{iii)-(iv) and E[(W? — 1)?] > 0 by Assumption [2.2|i)-(ii) imply that
infpep A(Q(P)) > 0, where A\(Q(P)) denotes the smallest eigenvalue of Q(P). Hence, arguing as in (I8)-(19):

sup P([Q, — QP) Y, >n) = O(n" %), (143)
PeP

for any n > 0. Therefore, employing — for By, and results (141)) and (143)) allow us to obtain the bounds:

suppep P({Ye, Xi}ioy & Bon) = O(n™12) suppep P({Yi, Xi}iLy & Bin) = O(n™ 1) (144)
suppep P({Yi, Xi}iLy & B2) = O(n16) suppep P({Yi, Xi}iLy & Bs,) =O(n 12
Moreover, we also note by direct calculation that results (129) and (130]) imply that (for My as in (138])):
sup P( sup | Ho(P) ' Xe — (H'X(Y — XB)| >n) =0(n"7) . (145)
PeP  max{||XX'||p,|| Xe[}<Mo
Hence, since 0 < dg < 1, we obtain that on a set with probability 1 — O(n_g) (uniformly in P € P) we have:
1 z”: 1{min{|a;,|,a?,} > 6—0} > 1 En: 1{a? > 8§ and max{|| X;e;||, | X; X[||r} < Mo} . (146)
n — wm — 2 — n — T — K2 —

Thus, by (146), Bernstein’s inequality and (138), together with (142) we conclude that suppcp P({Y;, Xi}1y ¢
Bin) = O(n~%). Result (I37) then follows by (T24) and P({Y;, X;}7; ¢ B,) < 3j_o P{Yi, Xi}1oy ¢ Bjn).

Next, we aim to exploit result (137)) to establish the existence of sets C), such that P({Y;, X;}; ¢ Cp) = O(n=1)

and a deterministic sequence ¢, = o(n~2) such that whenever {Y;, X;}™_, € C,,, then uniformly in z € R:

¢(2) EW?]
6y/n

To this end, define C,, = B, N (ﬂ?:o Cjn) where the sets Cj,, are given by:

I3
&3

PHTF, < z)=®(2) +

i < (222 +1) X — +cp . (147)

Con ={{Y;, X;}_, :6% > {infpep 0*(P) and ||Q]|r < suppep 2[|QP)||r}
Cro = {{Ys, Xi}imy : |E (L)) — 1 < m 73
Con = [V Xedis + B3]+ (TEVOIR)/(26% )| < n?)

Then note that whenever {Y;, X;} , € Cy: (i) {Yi, X}, € B, and (137) implies condition (3.1) of Theorem 3.2

in [Skovgaard, (1981) is satisfied; (ii) {Yz, X;}?", € Co, and result (100]) verifies condition (3.11) of Theorem 3.2 in

[Skovgaard| (1981)), while {Y;, X;}7"_; € Cy, and result verifies condition (3.12). The Edgeworth expansion in
then holds due to Theorem 3.2 and Remark 3.4 in [Skovgaard| (1981), Lemma[A.7 and {Y;, X;}7, € C1,NCay.
Moreover, by and (I34), suppep P({Y;, Xi}7_, ¢ Con) = O(n~%), while from (56)), and (141)), together
with we obtain suppep P({Y;, X;}1y ¢ Ci,) = O(n™%) (note in Lemma ain = ¢H;'X;, and not
ain = CHH(Y; — X;3) as used in (T41)). Finally, by direct calculation, we also obtain from (67)-(70) and (141)),
together with that suppcp P({Vi, X;}1; ¢ Cap) = O(n~ %), and hence follows.

Finally, note s =n"* Y, a?,, , (139) and ([140) verify (136), which implies sup p.p P(lg%| > Cp) = O(n"%).
The Lemma then follows from (147)), Lemma[C.2] and Lemma 5 in (2002). m
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