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1 MA(c0) representation of AR(p) processes

Definition {y:} is an M A(oo) process (infinite-order moving average) if

o
Yy =p+ ijo Viet—j, (1)
where {e;} is white noise and p, g, ¥y, ... are arbitrary constants.

A sufficient condition for stationarity of an M A(co) process is square summability of
{%‘}:
* 2
ijo 1/}) < 00.

Definition {y} is an AR(p) process (p'"-order autoregressive) if

Yy = ctory—1+ Qo2+ . + OpYi—p + €t (2)

= c+t Z:.J:l Giyi—i + €t
where {e;} is white noise and c, ¢y, ..., ¢, are arbitrary constants.
Represent (2) using the lag operator:
(1= ¢ L — ¢pL? — ... — ¢, L)y = c + 4.
To obtain an M A(co) representation, consider the equation
NP — g NPT — o NPT — g = 0. (3)

According to the fundamental theorem of algebra, there are p roots A, Az,..., A, in the

complex plane such that, for any A:

AN — g N — A2 — L — g = (A= A)(A = Ag) - (A= Ap).



Note that complex roots come in conjugate pairs \; = a + bi, A; = a — bi. Divide through

by A and let z = 1/\:
L= ¢z — ¢pz® — . — g2 = (1= A2)(1 = Ag2) -+ (1 = Ap2).
By setting z = L we may write

(1= 1L~ oL? — ... = 6, LP)y

= (1-ML)A—=XL)-- (1= XNL)y = c+ &

Assume |);| < 1 for all ¢, i.e., all roots lie inside the unit circle on the complex plane

(recall |a + bi| = a® + b2, which is the length of the vector (a,b)). Solve for y;:

o 1 1
T MLT -l 1T-ML

(c+et). (4)

The M A(c0) representation is derived from (4) in two steps.

Step 1 - Constant term. Note that, for any constant a:

1 o0 . 0o «
1-— )\ZLa Zj:()()\ ) “ Zj:O )\Za 1-— )\Z

Thus:

1 1 1 _ c _ &
T-ML1-L 1ML A=) -A)—(1-XN) 1—¢— . —0

p

Step 2 - MA coefficients. Suppose the roots of (3) are distinct, i.e., \; # A\ for all 7, k.

Then the product term in (4) can be expanded with partial fractions:

1 1 1 _ZP Wi
1—-ML1—XL 1-XL 4=i=11-)\L’

where



Furthermore, we can write:

Zle 7 —wi\iL = Z];:l w; Z;:O(ML)j - Z;O:O Zle wi)\ng = Z;io T,ZJij»

where

Thus:

1 1 1 o0
I—MLL— XL 1AL T ijo Vj€t—i-

Finally, combine terms:
o
ISR UT (8)
The restriction |A;] < 1 for all 4 implies that {1;} satisfies square summability, and so {y;}

is stationary.

The following proposition summarizes this analysis.

Proposition. Suppose (3) has distinct roots A1, ..., \p satisfying |N;| <1 for all i. Then the
AR(p) process (2) is stationary and has an M A(oo) representation (8), where u is given by
(5) and ; is given by (6) and (7).

Often AR(p) processes are analyzed using the equation
1— 2 — oz — ... — ¢,2" = 0.

In this case, the stationarity condition is that the roots lie outside of the unit circle, since

the roots of this equation are the inverses of the earlier roots.

2 VAR(p) processes

a Stationarity

Definition. {Y;} is a VAR(p) process (p'"-order vector autoregressive) if
p
Y, =Ct) OYiite, 9)
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where

i 1 [ T [ i i ] [ 1
Y1t 1 n P2 o 9 €1t
Yot C2 ¢21 ¢22 T ¢2n €2t
}/;f - . ’ C = . ) (pl = . . . , &t = )
L Ynt | | En | L %1 312 Zzn_ _5nt_

and €+ 18 vector white noise:
E(et) = Onx1, E(eer) = Q,
where ) is a positive definite and symmitric n X n matriz, and
E(ese}) = Opxp for all s # t.

(2 is the variance-covariance matrix of the white noise vector. Positive definiteness means

that 2'Qx > 0 for all nonzero n-vectors z.

Stationarity. To evaluate stationarity of a VAR(p), consider the equation

[P — DN — o2 — L~ By =0, (10)
where | - | denotes the determinant and I,, is the n x n identity matrix:
(10 0|
0 1 0
I, =
[0 0 1|

The VAR is stationary if all solutions A = \; to (10) satisfy |A;] < 1. (Note that there are np
roots of (10), possibly repeated, and complex roots come in conjugate pairs.) Equivalently,

the VAR is stationary if all values of z satisfying
I, — @12 — Pgz? — .. — D,2P| = 0

lie outside of the unit circle.



The solutions to (10) can be computed using the following np x np matrix:

o Dy D3 - D, D,
| 0, 0, 0 -+ I, 0,

where 0,, is an n x n matrix of zeros. It can be shown that the eigenvalues A1, ..., Ay of F

are precisely the solutions to
[P — DN~ — oo NP2 — L — D, = 0.
To calculate the mean of a stationary V AR, take expectation:
P
EY;=C+)  ®EY
Stationarity implies £Y; = p for all ¢t. Thus:

p=L—-Y . ®)'C.

=1

The autocovariances are given by

0= BY; - ) (Vi — ).
Each I'; is an n x n matrix, with ’YZk- giving the covariance between y;; and yg ;.

b MA(x) representation

To obtain an M A(co) representation, express (9) as
p .
(In—) ®L)Y;=C+er
Stationarity allows us to invert the lag polynomial:

p iN— 0 ;
(o=  ®L)'= ZFO WL, (11)



Thus:
[o¢]
Yi=p+ ijo Wjerj. (12)

The values of ¥;, 5 = 0,1,2,... may be obtained using the method of undetermined

coefficients. Write (11) as:
p . 00 .
I, = (I, — Zi:l ®;LY) Ejzo ;L7 (13)
The constant terms on each side of (13) must agree. Thus:
I, = Wy (14)

Further, since there are no powers of L on the LHS, the coefficient of L7 on the RHS must

equal zero for each j > O:
0= \I/j — \I/j_l‘I)l — \I/j_gq)g — e — \I/j_pq)p, ] =1,2,.... (15)

Given the coefficients ®; and ¥y = I,,, (15) may be iterated to compute M A coefficients
Wy, Uy, U, ... .

Nonuniqueness. Importantly, the M A(co) representation of a VAR is nonunique. Let H

be any nonsingular n x n matrix and define
ur = Hey.
Note that u; is vector white noise:
E(u;) = HE(gt) = Opx1,
E(uwy) = HE(g4e,)H' = HQH',
E(usuy) = HE(gsep)H' = 0,

and HQH' is positive definite since H'x is nonzero whenever x is. The M A(co) representa-

tion can be expressed as
o) 1 9]
Y, = ,u+zj:0 V,H "Hey j = ,u+zj:0 @jut,j,
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where ©; = \Ilefl.
Note that in this case u; is not the fundamental innovation. To obtain the M A(oco)
representation in terms of the fundamental innovation we must impose the normalization

Oy = I, i.e., H = I,.

3 Identification of shocks

a Triangular factorization

We wish to assess how fluctuations in "more exogenous" variables affect "less exogenous"
ones. One way to do this is to rearrange the vector of innovations €; into components that
derive from "exogenous shocks" to the n variables. This can be accomplished using a

triangular factorization of ).

For any positive definite symmetric matrix €2, there exists a unique representation of the

form

Q= ADA,

where A is a lower triangular matrix with 1’s along the principal diagonal:

1 0 o --- 0
a1 1 0 e 0
A= a3 az 1 - 0],
L @nl Qn2 GQp3 - - 1 ]
and D is a diagonal matrix:
[(dn 0 0 0 ]
0 dyp 0O --- O
D= 0 0 dsg -~ O ,
| 0 0 0 dnn |

with d;; >0 fori=1,...,n.



Use the factorization to define a vector of exogenous shocks:

u = A ey

Substitute into the M A(co) representation to obtain an alternative "structural" represen-

tation:
(o @] o0 (o @]
Yi=p+e + Zj:l \Iljgt—j =pu+ Aup + Zj:l \Ileut_j =+ ijo @jut_]‘,

where

©=A4, ©0,=V;A, j=12...
Note that the shocks uiy, ..., Uy are mutually uncorrelated:
E(uuy) = A7 E(ge}) (A7) = A71Q(A) = A ADA'(A') ™! = D.
Thus:
Var(uit) = dii, Cov(uit,ugy) = 0.

To implement this approach, we order the variables from "most exogenous" to "least
exogenous.”" This means that innovations to y;; are affected by the shocks wuyy, ..., us, but

not by wit1,t, .., Unt-
Bivariate case. Let n = 2. (12) may be expressed as

U1t €1t N Zoo @Z)Ju 1/){2 €1t—j
A j=1 J J .
Yot €t 21 Yoo €2,t—j

where ;s = yit — p;. Here y14 is taken to be "most exogenous." €2 is factorized using the

matrices _ -
A 1 0 D= dir O
az1 1 0 da
Thus, i )
ei | 1 0 ug | (3T
€2t | a21 1| | ux aiui + ugt



Innovations to y1; are driven by the exogenous shocks u1¢. Innovations to ys; are driven by
both innovations to yi1; and uncorrelated shocks uoy.
Furthermore, for j > 0:
O — TiA— Vi Y 10| | Y1y tandiy ¥,
J= Fia= , , = , , ,
V1 Uy ag; 1 Vg + a1y, Yy

Alternative M A(co) representation:

U1t 10 Ut N Zoo Pl +antly Py Uit
U2t az 1 (o 7=t b+ anl, Ul U2 t—j
We can use this to assess the effects of an exogenous shock to y1¢. Suppose the system begins

in the nonstochastic steady state:

Ul t—iq O A1_' O
R L =12, = YLt=i | _

Ug,t—j 0 Y2,t—j 0

At time ¢ there is a positive shock to y1;, and there are no shocks following this:

Ul 1 UL t4j 0 .
- : - L j=1,2,....
Uzt 0 U2 t+; 0
Then from the above representation we have
1t 1 0 1 1
p— p— 5
U2t asn 1 0 as
Jiedg || Y taadiy ¥l L[| Yy + ey
2,1+ Vo1 +anthly Py, 0 V1 + a1,

Subsequent movements in each variable are driven by the direct effect of y;; and an indirect

effect coming through the response of yo;. These are the orthogonalized impulse-response

functions.
We can also assess the effects of a positive shock to w9, as captured by ug;. In this case

the change in yo; is conditioned on wy,, i.e., ug; indicates the movement in yo; that cannot



be predicted after uis is known.

ul 0 ul i 0
Y= , = ,j=12..,
Ut 1 U2 ¢+ 0
e 1 0|lo 0
U2t azn 1 1 1
Dt | | Yl tanviy ¥y 0] | ¥
U2,t+5 ¢%1 + a21¢%2 @Z)%z 1 %2

Note that uy; affects yo; in period t (as long as ag; # 0), but ug; does not affect yi;. This is

the sense in which yq; is "more exogenous."

Fmpirical implementation. For a given observed sample of size T, we can obtain OLS

estimates C' and @, t =1, ...,p by regressing Y; on a constant terms and p lags Y;_1, ..., Y;_p.

Estimated innovations are obtained from the OLS residuals:
. A P
=Y, -C-) Vi
The variance-covariance matrix is estimated as

LT

Q = ? Zt:]_ EtEt.
Estimates of the M A coefficients \ilj, j =1,2,... can be obtained using the formulas derived
above:

\iIO = Ina

A A A N A A

Uy — Ty 1Dy — U 90y — U, 0, =0, s=1,2,...

Orthogonalized impulse response functions are computed as

~

Go=A4, ©,=VA, j=1,2,...

The coefficient 9Zk, the ik-element of @j, gives the response of §j; 11, to a one-unit positive

shock to ug;.
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Cholesky factorization. For any positive definite symmetric matrix €2, there exists a unique

representation of the form

Q= PP,
where
(1 0 o0 - 0ol[van o o 0
asn 1 0 0 0 Vdoo 0 0
P=AD"?=1 a3, az 1 --- 0 0 0 Vs - 0
| nl Qn2 Gp3 - 1_ L 0 0 0 dnn_

This is called the Cholesky factorization.

Using the Cholesky factorization, the vector of exogenous shocks may be defined as:
v = P e

In the structural representation, A is simply replaced by P. Moreover, E(vw)) = I, i.e.,

Var(vi) =1 for all i.

b Identification via long-run restrictions

Consider the following bivariate VAR process:
Yit Yi,t—1 €1t 00 €1,t—j
Jj=1
Yot 0 €2t €2,t—j
with variance-covariance matrix €2, where
o | Vi vho
Tl i
Vg1 Y

Note that forecasted values of yi1; are permanently affected by innovations, while the effects
on yg; die out when the W;’s satisfy suitable stationary restrictions. This distinction can be

used to identify "permanent” versus "transitory" shocks.
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Write (16) as
Ay €1t 0o Elt—j
R (1)
Yot €2t €2 t—j
where Ay, =y — y1—1, and assume that (17) is stationary. We wish to obtain a structural

representation

Al Ul t—1q
oy e M a9
Yot = U, t—j

where u1; and uo; indicate permanent and transitory shocks, respectively, and
J J

Q. — 01, 01,

Tl ey, e
21 Y22

Assume Cov(uyg, uge) = 0 and Var(uit) = Var(ug) = 1, i.e., the variances of the shocks are

normalized to unity. Furthermore, since Ogu; = &y
@()Et(utué)@g = Et(aft&g) = @[)@/ = Q.

Recall that the Cholesky factorization gives a unique lower triangular matrix satisfying
PP = Q. It follows that ©y = PT" for some orthogonal matrix I, i.e., I satisfies I'T" = I5.
Orthogonality implies three restrictions on I', so we need one more restriction to identify
Oo.

For the fourth restriction, assume that us; has no long-run effect on the level of y¢, so
that wugs is transitory. For this to be true, all effects on Ay must cancel out in the long

run:

Moreover, since ©; = ¥,;0q:
. - -
01y = V110712 + Y1909
Substitute and rearrange:
0 R 0 g
072 ijo P11 + 0 ijo iy = 0.
This supplies one more restriction, and thus ©g is identified.
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4 Granger causality

Consider two stationary processes {y1:} and {y2:}. Recall that the linear projection
of Y14 on y1,4—1,¥Y1,4—2, -.., denoted by yﬁoo, minimizes MSE among all linear forecast rules
Z;‘il g;oyl,tfj- We are interested in whether the variable y9; can be used to obtain bet-
ter predictions of yi;. That is, does the linear projection of yi; on yi:—1,y1,4—2,... and
Y2,t—1,Y2,t—2, .. give a lower MSE than yﬁo"? If not, then we say that the variable yo; does
not Granger-cause y1¢.

Suppose y1¢ and yo; are given by a bivariate V AR:

i i
Y1t C1 P 11 ¢12 Yit—i €1t
+ g +

i=1 | i
Yot c2 51 Do Y2,t—i €21

Then y9; does not Granger-cause y1; if the coefficient matrices are lower triangular:

STRRAP $u 0 .
. . = . . Y Z = 17 ”'7p‘
$o1 Do $o1 Pro
To test for Granger causality, estimate the first equation in the VAR with and without the

parameter restriction

p .
Yit =c1+ Zi:l P11Y1t—i + Mg
p . .
Yir =c1+ Zizl(ﬁilyl,tﬁ + PloY2,—i) + E1t-

Let 7y, and £1; be the fitted residuals and let the sample size be T". Define

T T
RSSy = thl W2, RSS) = thl &2,

Then for large T the following statistic has a x? distribution:

¢ _ T(RSS) — RSS))
- RSS;

If S exceeds a designated critical value for a x?(p) variable (e.g., 5%), then we reject the

null hypothesis that yo; does not Granger-cause yi¢, i.e., y2; does help in forecasting y14.

Sources
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