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Exercise I: Asset Prices and Accuracy of Log-Linearizations

Consider a pure endowment economy, where the representative agent makes his choices regarding consumption

(C) and savings (B) solving the following problem:
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where Q; is the price of a risk-free discount bond delivering one unit of consumption in period ¢ + 1. The

endowment Y; is assumed to follow the exogenous process

Y:
= €,
Yia

where log e; ~ N (0, s2).

1. Derive the first order conditions of the agent’s problem and the market clearing condition, showing that

in equilibrium the following condition holds:

Qr = PE (Ygl) (1)

Solution:

The Euler equation is derived by differentiating the Lagrangean with respect to C; and B; and combine

the resulting expressions. Moreover, market clearing condition yields C; = Y; for all t. Thus we get eq.

(1).
2. What is the value of @ in a perfect foresight (deterministic) steady state?

Solution:

In the deterministic steady state, Y; = Y;11. Let @ be the steady state price level. Then the equation (1)

becomes

Q=5 (2)

Intuition: Higher 8 means that Households give more weights on the future consumptions, thus willingness
to save increases. As a result, demand for the bond increases which makes the price of the bond to increase

in order to clear the market.



3. Solve equation (1) to find an exact expression for the bond price @; as a function of constants and/or
variables that are observable at time ¢ or earlier. [HINT: You may need to use the following relationship:

if X follows a log-normal distribution, then E(X) = Ee® = ¢E@)+zVar(x)],
(a) What is the average value of Q7 Is it the same as the steady state value computed in 2)? Why?

Solution:

From the Euler equation,

Qi = BE[exp(—0log(Yi+1/Y?)) = BEi[exp(—o logeei1)]
N———— N——
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Using the property of the log-normal distribution, one can show the following:

2
o
Q: = fexp[—o Eiloget iy —|—7 vars(logery1)]
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As a result,
Qi = Bexplo®s® /2] (3)

Since the bond price is constant, its average value is

Q = Qi = Bexplo?s?/2]

(b) How does the variance of the endowment process (s?) affect the bond price?

Solution:

One can easily observe this from the equilibrium price equation (3). As the uncertainty(s?) increases,

the bond price increases.

The intuition is simple : Precautionary savings motive. As the economy becomes more volatile,
households are more willing to buy bonds in order to prepare for the uncertain future. ! Thus in

order to clear the market, the price of the bond should become higher.

(c) Find the equilibrium condition for the interest rate i = — log Q.

Solution:
Take log to the both sides of the equation (3) and multiply by -1 yields:
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iy = —logQy = —log f —

4. Suppose that neither you nor your computer could find the exact solution obtained in point 3 above.
Log-linearize (1) around the steady-state, and obtain an approximate solution for the interest rate as a
function of constants and/or variables which are observable at time ¢ or earlier. How does the interest

rate depend on the variance of the endowment process according to this approximate relation?

INote that u”(c) > 0 is required to have precautionary savings motive and the given utility function satisfies this requirement.



Solution:

Rearranging the Euler equation we get

Y —0
EtﬁQtl( ;Tt1> —1=0,

which can be rewritten as
Et[ﬁQ—le—ljt—U(QtJrl—ﬁt)] —-1=0,

where for a generic variable z; we have used the definition #; = log X; — log X. Taking a first-order

(Taylor) approximation to the above expression around the steady state, we have

—Gt — 0 E¢[ft41 — 9t = 0,
——_— —

:Et log Et41 =0

Since ¢; = log Q; — log Q = —i; — log B we get
it = —log 8 (5)

Notice that (4) and (5) are different. This comes from the fact that log-linearization loses the information

related to the second moments(or above).

. Assume that the standard deviation of the endowment process (s) could take values in the interval
[0.01,0.1]. Comparing the expressions obtained in points 3¢ and 4, calculate the approximation error
(in percentage points), first assuming that the agent is risk-neutral (¢ = 0) and then assuming that the

agent has a degree of risk-aversion o = 5.
Solution:
Given s € [.01,.1], it is easy to calculate that s? € [.0001,.01].
(1) 0 = 0 : linear utility or risk-neutral
Then (4) and (5) become identical so that in both of the cases,
iy = —log 8
This is the case because risk-neutral households only consider mean(first moment) for their decision. Thus,
if households are risk-neutral, there is no approximation error.
(2) o0 =5 : risk-averse

Using the given values and the equation (4), one can see that if we do not log-linearize, the equilibrium
interest rate should be:

iy € [~ logB — .00125, —log B8 — .125]

While i; = —log 8 when we consider the linearized model. As a result, the approximation error is from

125% to 12.5%. Thus as increase of uncertainty(s?), the approximation error also increases.

In summary, log-linearization overestimates the interest rate (equivalently, underestimate the price of the
bond) because it ignores the presence of uncertainty, and the associated precautionary savings motive,

which is a driving force to drive down the interest rate (or increase the price of the bond).



Exercise II: An RBC models with a trend

Consider an economy where a representative agents, given an initial stock of capital (Kp) chooses consumption

(Ct), hours worked (N;) and the capital stock(K}) solving the following problem:

max = F ‘tUC,, L
{Ct,Kt4+1,Nt, Lt }32 O;B ( ! t)

s.t. Ot + KtJrl S WtNt + Rth + (1 — 5)Kt
Lt =1- Nt7

where Ly, is leisure and W; and R; indicate the real wage and the real interest rate, respectively. Output is

produced by firms operating in a competitive market, according to the production function
Y= AtF(KtﬁtNt)

where 7 is the growth rate of labor-augmenting technology, and
Ay = Ar_rexp(e).

Answer the following questions:

1. Derive the optimality conditions of households and firms, and provide a complete definition of competitive

equilibrium, indicating all the equations that should be satisfied in that equilibrium.

Solution:

The definition of the competitive equilibrium is omitted from the solution because it is exactly same except

that we have one more variable for the exogenous variables 3(v*).

Assume explicitly that the production function is HD1. Then the optimality conditions for households

are described by the following equations:

(HH.1) % " (6)

(HH.2) Ui(Cy, Ly) = BE(UL(Cry1, Li1)(Reqr +1 = 6)] (7)
(HH.BC) C; + Kyi1 = WoN; + R Ky + (1 — 8)K, (8)
No=1-L, )

(TVC) Jim BTU(Cr, L) K111 =0
where U, is the partial derivative with respect to the nth argument in the utility function.

Firm optimality conditions are as follows.
(FE1) Wy =~ Ay Fo (K, 7' Ny) (10)
(FF.2) Ry = AyFy (K, v'Ny) (11)
In addition, we need the feasibility condition:
(FO) Ct + Kiy1 =Y + (1 = 0) Ky (12)

One can easily show that if (F'C) is met in the equilibrium, so is (HH.BC).



2. Rewrite the equilibrium equations derived in point 1 in terms of variables that are constant in steady state
(e.g. replace Y; with y; = %)

Solution:

We know from Q2 that we need a functional form that makes UlC.L) — o UellL) mpyg

Uc(C,L) = Y Uc(L,L)
Us(1,L) Us(1, L)
HH1) C,——= =W, L =
iy g ~ M e e e T

where z; = X;/7".
(HH.2)" Uy(v'er, Le) = BE(UL (v erpa, L) [Rea +1 = 6]

(HH.BC) is now ignored here because it is redundant once we consider (F'C).
(FF.1Y w; = AyFo(ky, Ny)
(FF.2) Ry = AiFy(ke, Ny)
(FC) ¢t +vkiy1 = At F(ke, Ni) + (1 — 0) ke
(FCY is derived by dividing (FC) by ~*.

3. Now, consider the following functional forms:

L7 -1
U(Cr, L) = Log(Co) +6~— =
F(Kp,y'Ny) = K (' N) e

(a) Using the optimality conditions obtained above, show that if n = 1 and 6 = 1 it must be that Cy/Y;

and L; are constant Vt. Provide an economic intuition for this result.

Solution: Then equilibrium conditions are:

0C,
01 - gt
- t
=Yi/N,
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(BQ2) = = BE; | =—a A1 KP5 (v T Nega)!

t+1
Cy Ci+1
=Yi41/Kia

Ny=1-1L,

(FC) Cy + K1 = A K (7' Ny)' ™

(EQ1) is obtained by combining (HH.1) and (FF.1) while (EQ2) comes from combining (HH.2)
and (F'F.2). One of the main advantage of the assumption that n = 1(log utility) and 6 = 1 (full

depreciation) is that we can obtain a closed form solution. Guess the solution form as follows.

Co = =9¢Y%

Kiyn = (1-9)Y;



[Notice that this economy should use output (Y;) for either consumption (C;) or investment (K1)
as can be seen from (F'C)]. Then in order to verify our guess, we should check that ¢ is really a

constant. To do so, substitute the above guesses into (EQ2)

1 o Yt+1] 1 af 1
EQ2) — = BE s =
(EQ2) oY; BE: [¢Yt+1 Ky oY; ¢ K
——
—1/(0_ ),

where the expectation operator is ignored because K11 is determined at t. Rearranging, we get

1 — ¢ = af, equivalently, ¢ =1 — af
Therefore, our guess is now verified. ¢ is constant so that consumption and investment (I = K;11)
are a fixed fraction of output for all ¢£. Thus, under the given parametric assumptions (n = 1 and
d = 1), it is optimal for households to fix the ratio of consumption to income for any period.
Finally using (EQ1)

(EQ1) Y

R = (- a) & 00N, =

(1 —a)(1 =Ny
Rearranging, we get
l-a
0o+ (1 — )
Thus L; would also be a constant provided that ¢ is verifed as a constant. The intuition is that

Nt:N:

as have seen from 210A, subsitution effect and income effect of wage changes are always same with
log utility on leisure (the two opposite effects are canceled out). Therefore, hours worked should be
constant even if the marginal product of labor, and thus the wage rate, are fluctuating over time.

In summary,

Ct = (1 — aﬁ)Atha(’}/tN)lia
Kiyn = aBAKP(y'N)'—e
N, = N l—«

:9(1—aﬁ)—|—(1—a)

Notice that the above equations are the ‘policy functions’ characterizing the optimal allocations as a

function of the state variables.

Log-linearize the equilibrium conditions and write them in the compact form

—A iftjrl
EtCt+1

—I—Bat,

o
B

where the variables with hats indicates log deviations from steady state, and Ag, A and B are matrices

to be determined (feel free to conveniently redefine group of coefficients).

Solution:

Equilibrium conditions are as follows(Note that we consider a general case where  # 1 and 0 # 1).

e .
(BQD) 7 = (1-a)A -,
t
1 1 o —a
(EQ2) o ﬁEt[OtH (A1 K3 (7 T Ny ) = + 1= 0))
L, = 1-N;

(FC) Ct + Kt+1

A KP(Y N T 4+ (1 - 6K,



Let’s transform the variables in order for them to have steady state. As before, x; = X;/~%. Then

00 an —«
1 6 1 a—1
(EQ2) P —Ei[— (A1 ki N+1 +1-19)]
t v Ct+1
(FC) ¢; +vkiy1 = AkONEY 4 (1= 6)ky

Log linearize the above equilibrium conditions around the steady state:

Oc
(1 — N)ntt

(EQ1) e+ Niy = (1 — a)k“N~%as + aky — cvig]

Oc
(1—N)n

Using the steady state equation that f¢/(1 — N)7 = (1 — a)k*N <,

o 1 A
ﬁt:at+o¢kt—aﬁt<:>ﬁt: [at—l—akt—ét]

EQ1) & + —
(Q)t 771_N 7’]%4—0&

In addition,

1, I6)
FE — =G =
( QQ) CCt ~ p

Again, use the steady state relationship(l = %(ako‘*lNl’o‘ +1—4)) so that obtain
(BQ2)" — & = Ey[—éera + (1 — =(1 = ) (a1 + (@ = Dkrgr + (1 — @)iuga)]

Substituting (FQ1)’ into (FQ2),

. . . 1 . A
(BQ2) ¢ = Epéya—(1— é(l = 0))Et[agta + (o = D1 + (1 — o) —g———as+1 + akey1 — ]
Y Ni—y + o
R I) 1—« l—-a 11—«
= By —(1--(A-0)E[(1l+—F—)an+(a-l+oa—Fx— )k — —F——
g Ny o Ny ta Ny T a

= OB+ Dok + Qsa

where Q; =1 — (1 — —(1 —0)); “+ Q= —(1-2(1-0)1-a)(-1+ ), and Qg
—(1-2(1-o)( + 5

Finally, let’s hnearlze the feasibility condition.

+0¢)

(FC) ¢ty + ki1 = k“N'Y"%(ay 4 aky 4+ (1 — a)iy) + (1 — 0)kiky

N 1 N N
= kaleo‘(at + akt —+ (1 — a)m[at + Oékt — ét]) + (1 - 6)kkt
I-N

Rearranging, we get

(FC)/ Q6 + ’}/kffﬂ_l = Osa; + QGIAQ

WhereQ4*C—l—La(ia) Q kaNl a(l ; 1N — ) andQG*akO‘Nl a(1_|_ a+ )—|—(1—5)k
N T-N
aQls + (1 — 0)k.

In summary, the log-linearized system is:

(EQ2)I ét = QlEtétJrl —|— QQI;tJrl —|— ant
(FC) Q4ét - legft = Q5at — "ykiCtJrl

1 - —« N X a— —a 7 A
—Et[——(ako‘ 1N1 +1—5)Ct+1+zk 1N1 (at+1+(a—1)kt+1+(1—a)nt+1)]

Ct+1]



()

Then one can express the above system in a matrix form equation.

0 1 k, Q 0 ki Q3
- + Ay,

- Ct -k 0 Eiéiq Qs

Indicate the conditions that A and Aj should satisfy for existence and uniqueness of the solution.

Solution:

First of all, the determinant of Ay is Qg.i.e. det(Ap) = Q¢ > 0. Thus it is invertible so that we can
define @ = Aj 1A. As ® is a 2 by 2 matrix, it has two eigenvalues. Then in order for the existence
and the uniqueness of the solution, it is required that the number of the eigenvalues which are inside
the unit circle is equal to the number of control variables appearing in the system. Here, we have

only one control variable (¢é;), so we must have ONE eigenvalue within the unit circle.

Using the method of undetermined coefficients find the solution of the model. In particular, guess

that the solution takes the form

k . a
1| _ Vi - P o

ét 1/)ck 1/}ca
and solve for the coefficients ¥gk, VYek, Yra and Yeq

Solution:

Following the steps shown during the lecture. Substitute the guess into the system of the equations,

and find the values of the guess by matching the coefficients.



