


1. Introduction

Financial assets are generally traded on a continuous time basis, so their prices are commonly

represented in tenns of continuous time stochastic processes. In particular, asset prices are often

represented in terms of Ito diffusions: the strong Markov property and the non-differentiability of the

paths capture the idea of the absence of arbitrage opportunities. In one useful class of diffilsion models

(the "level dependent volatility" models), the variance of the diffusion is taken to be a function of price,

e.g. Cox and Ross (1976). In order to correctly price derivative assets in the context of such models, we

need to correctly specify the functional foffi1 of the variance. A classical example is the pricing of Euro-

pean call options (Black and Scholes, 1973), where the price crucially depends on the functional form of

the variance. Similarly, the pricing of other types of options, such as Asian options (Kemna and Vorst

1990, Yor 1992 ch.6), American options (e.g. Karatzas 1988) and the more recent Russian options con-

sidered by Duffle and Harrison ( 1993 ), also requires the correct speci fication of the variance tenn.

Economic theory typically does not give much information about the functional form of the vari-

ance; thus it is appropriate to estimate it nonparametrically. Alternatively, we may have some functional

fonD whose correctness we wish to test. Typically, we may have in mind either a constant variance

speeification or a low dimensional parronetric spccifica.tion. Accordingly, wc fu-st pl0po~C t~tl)' fur 111~

null of constant, but unknown, variance against alternatives of general unconditional or conditional

heteroskedasticity .By unconditional heteroskedasticity we mean the case of a variance that is time

dependent but non-stochastic, while by conditional heteroskedasticity we mean the case of a variance

that depends on the state variable. A second contribution of the paper is to propose a test for the null of a

parametric model against the alternative of a more general form of heteroskedasticity, either uncondi-

tional or conditional. The joint use of parametric and nonparametric procedures to test a specific null

against a general alternative is the central theme of this paper. As we show, this results in tests with

power against arbitrary mispecifications,
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We focus on the case of a diffusion discretely observed on a fixed time span, say [0,1], with discrete

interval l/n, where n is the sample size. Thus as the sample size increases, the discrete interval

approaches zero, while the time span remains fixed. We view this as a proper framework for analyzing,

for example, the pricing of European, American or Asian options; in these cases investor choices depend

on the behavior of asset prices over a fixed time span. The case of Russian options is not covered by our

analysis, as a Russian option may be exercised at any time between zero and infinity .

Tll~ IlUllparaIIlelrlC estlIIlatlon Of me variance Of a <1iffUslon tor the case of a time span approaching

infinity and a fixed discrete interval has been considered by Ait-Sahalia (1996a); in particular, Ait-

Sahalia estimates the drift component parametrically and the variance component via delta methods.

Hansen and Scheinkman (1995) exploit the properties of the infinitesimal generator of a diffusion in order

to derive sets of moment conditions that can be used to construct generalized method of moments estima-

tors. Although their focus is on parametric estimation of the drift and of the diffilsion coefficient, Hansen

and Scheinkman also consider nonparametric identification via these conditions; as for Ait-Sahalia, the

sampling interval is kept fixed. Nelson (1992) and Nelson and Foster (1994) consider an intermediate

:ase in which as the sample size increases, the discrete interval goes to zero at a rate slower than l/n, and

the time span approaches infinity .They suggest constructing a nonparametric estimator of the variance

using the residuals from possibly misspecified ARCH models.

In the conditional heteroskedasticity case, nonparametric estimation of the variance over a fixed

time span has been recently considered by Florens-Zmirou (1993) in the one dimensional case and by

Brugiere (1993) in the multidimensional case, assuming known the initial value of the diffilsion. For a

kernel estimator constructed by using discretized observations on an underlying diffilsion process, both

authors show consistency and asymptotic mixed normality without requiring the knowledge of the drift

tenD.

We shall use the estimator of Florens-Zmirou (1993) to construct our tests. Our test for the null of

constant variance, consistent against both the alternatives of unconditional and conditional heteroskedas-
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ticity, has a nonnallimiting distribution under the null hypothesis. Our tests for the null of a correct

parametric specification against general alternatives handle the unconditional and the conditional

heteroskedasticity cases separately. The underlying idea is simple: under the null both parametric and

nonparametric estimators are consistent for the true variance, so the difference of the two, when properly

scaled, has a well defined limiting distribution, normal in the unconditional and mixed normal in the con-

ditional heteroskedasticity case. Under the alternative, the nonparametric estimator is consistent for the

'u-ue" variance, while the parametric is not; thuS the scaled ditlerence between the two diverges, ensuring

the consistency of the test.

In a recent paper, Ait-Sahalia (1996b) also addresses the problem of testing the null of a joint

parametric specification for the drift and the variance of a diffusion. While we directly compare the null

of a parametric specification for the variance against the alternative of more general unconditional or

conditional heteroskedasticity, Ait-Sahalia compares the density implied by a joint parametric

specification of the drift and of the variance against a nonparametric estimator of the density. The two

approaches are thus complementary .We require the time span to be fixed and the discrete sampling inter-

val to approach zero as the sample size increases; thus our approach is appropriate for the case of high

frequency observations over a short time span. Ait-Sahalia requires a time span approaching infinity as

the sample size increases; thus his approach is appropriate for the case of "relatively low frequency data"

(weekly, daily) over a longer time span. As we shall see in more detail in Section 4 below, the two

approaches have different advantages and disadvantages, strictly connected with the assumptions of a

fixed time span or a time span approaching infinity. In particular, we require neither the correct

specification of the drift nor the strict stationarity of the process, while correct specification of the drift

and strict stationarity are maintained hypotheses in Ait-Sahalia's framework. Although the asymptotic

size and power of our test do not depend on the evaluation point(s), the finite sample size and power in

fact do; on the other hand, Ait-Sahalia's test does not suffer this problem.

This paper is organized as follows. Section 2 trea~ testing the constancy of the variance against the
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alternatives of unconditional or conditional heteroskedasticity. Section 3 reviews recent asymptotic

results on parametric and nonparametric estimation of the variance of a diffusion. Section 4 treats testing

the null of a correct parametric specification against the alternatives of general unconditional or condi-

tional heteroskedasticity .Section 5 concludes. All mathematical proofs are collected in the Appendix.

2. Testing for the Constancy of the Variance

We consider data generating processes (DGPs) in which for notational simplicity we assume the drift is

always the same. Nevertheless, all the results hold even if the drift terms differ across nGPs, because the

contribution of the drift component is asymptotically negligible. Further, the drift may depend on some

unknown parameter eo E e c RP, where e is compact.

Let w =(Wt;~ , t E [0, I]) be a (scalar) standard Brownian motion, and suppose b : R ~ R

satisfies

ASSUMPTION A

For all x and y in R satisfying Ix I, Iy I ~ M, there is a constant KM > 0, such that

Ib(x) -b(y)1 ~KMlx -y

Also, b satisfies the growth condition

xb(x)~K(l + Ix 12)

for XE R and O < K < 00,

DGP 2.1:

The diffilsion X =(Xt; tE [0, I]) is the solution to the stochastic differential equation (SDE)

dXt = b (Xt)dt + O"odWt, (2.1)
with O < 0"5 < 00,

DGP 2.2:
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with the nonparametric estimator ofFlorens-Zmirou (1989)

where 't E [0,1] and ~n is a non-stochastic sequence converging to zero at an appropriate rate as n ~ 00.

We note that a similar estimator has been proposed by Nelson (1992, eq. 1.4). However, Nelson considers

a one-sided backward filter around 't, while s:('t) is a two-sided filter around 't; thus s:('t) should have

improved efficiency properties.

It is known (e.g. Chung and Williams, 1990, chs.4 and 10) that for the DGPs (2.1)-(2.3)

where &~ is as defined in (2.4) and [X]s denotes the quadratic variation process of the diffusion X. If the

DGP is as in (2.1), then d[X]s = 0"5 ds and it follows that &~ is consistent for the true variance. When

instead the DGP is as in (2.2) or (2.3), a~ is no longer consistent for the "true" variance; instead d[X]s is,

respectively, 0"2(.\,) ds and 0"2(Xs) d.\', and &~ converges accordingly.

The estimator s:('t) is a simple kernel e~timator. where the kem~l i~ the indicator function

1 I t-i In I <c.. .Intuitively, if we let ~n approach zero at an appropriate rate as n -7 00, then pointwise in 't

,..2 2
.\"n('t) -0'0 = op(l)

when the DGP is as in (2.1),

A2 2
Sn('t) -0" ('t) = op(l)

when the DGP is as in (2.2), and

,,2 2
Sn('t) -0" (X't) = op(l)

when the DGP is as in (2.3).

Our aim is to study the asymptotic behavior of

-~,,2 ,,2

-Vn~n (Sn('t) -On).
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We show that under constant variance (i.e. DGP 2.1), the expression in (2.6) converges to a nonnal ran-

dom variable; under alternatives of unconditional or conditional heteroskedasticity, i.e. DGPs (2.2) or

(2.3) respectively, the statistic (2.6) diverges at rate ~.

Before stating the main result of this section, we need the following,

THEOREM 2.

Let Assumption A hold. Suppose that as n ~ 00, n~n ~ 00 and n E~n ~ 0, with E > 0 arbitrarily small.

Then

(i) if the DGP as in (2.1)

.m ,,2 2 -.

\,n~n (On -00) -op(l),

(ii) if the DGP is as in (2.2)

~(&~- (J2(S) ds) = op(l);r
o

(iii) if the DGP is as (2.3)

~(a~- (j2(Xs) ds) = op(l). DJ
o

THEOREM 2.2 ( from theorem 3.3 in Florens-Zmirou, 1989).

Let the DGP be as in 2.2 and let Assumption A hold If as n -7 <X>, n~n -7 <X> and n~~ -7 0, then for dis-

tinct 'ti E [0,1], i = 1,2,...,m, satisfying cr2('ti) > 0,

(2.7)

where S~('tj) is defined in (2.5), Im is the mxm identity matrix and diag(cr2('tj)) is a diagonal matrix with

[ii] entry (j2('tJ. 0

We can now state the main result of this section, establishing the distribution of our first statistic

under the null (DGP 2.1) and its behavior under the alternative DGPs 2.2 and 2.3.
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THEOREM 2.3

Suppose that as n ~ 00, n~n ~ 00, and n~~ ~ 0.

(i)

Let the DGP be as in (2.1) and let Assumption A hold. Then

for distinct 'ti E [0,1], i = 1,2,...,m, for .~~('ti) and &~ defined as in (2.5) and (2.4) respectively. Let

Mn =An'An.We then have

M -2
n -> Xm'

(ii)

1
Let the DGP be as in (2.2) and let Assumption A hold. If for some i = 1,2,...,m, cr2('tj) * fcr2(,\,) ds, then

o

P[Mn > Cn] ~ I

where Cn/(n~n)l-a ~ 00, as n~oo, for all <X.E (0, I).

a.\, n ~ <X> ,

(iii)

1
Let the DGP be as in (2.3) and let Assumption A hold. If for some i = 1,2,...,m, cr2(X'ti) * fcr2(Xs) ds

o

almost surely, then

P[Mn > Cn] ~ 1 as n ~oo

where Cn/(n~n)l-a -700, as n-700, for all ae (0, 1). D

3. Parametric and Nonparametric Estimation of the Variance of a DiJfusion

In this section wc dcsoribo tho ostima.tora tha.t wc :shtl1i u:sc to l;;on:stlul;;t till;; tl;;:)t fur tIlt; Jluii uf a

parametric specification against general nonparametric alternatives. Although the parametric and the

nonparametric estimators we shall use have been already studied in the probability literature, see

Florens-Zmirou (1993, FZ hereafter) and Genon-Catalot and Jacod (1993, GCJ hereafter) respectively,
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we cannot straightforwardly invoke their results. In fact we need that under the null of correct parametric

specification, both the parametric and the nonparametric estimators converge to the "true" variance. For

this reason we shall use a more general DGP than in FZ and a somewhat more restrictive DGP than in

GCJ. In this sense Theorems 3.1 and 3.2 below are an adaptation of the FZ and GCJ results.

A IlUIlp"drdIIle[flC kernel esl1maror proposea by t'z IS

n-l

r.llxil10-xl<~n(X(i+l)/n -Xiln)2
i=l~2

Sn(X) =
n

L 1 I Xiln-XI <~n
i=l

where ", is a non-stochastic sequence converging to '7em ~t ~n ~ppropriate rate. We have

THEOREM 3.1

Let the DGP be as in (2.3) and let Assumption A hold. Suppose as n -7 00, n~n -7 00 and n~~ -7 O and

(n ~~)-1 In n ~ 0. Let T x be the first hitting time of x, that is the first time point x is visited. Then for all x

satisfying Tx < 1 and 0 < 0 ~ cr2(X) ~ 0-1 < 00,0 > 0,

where s:(x) is defined in (3.1). Z i~ a ~tanilaril nnnn~l, gnd I-l(r) is the local time of the diffilBion (e.s.

Yor 1978), evaluated at x; i.e. Ll (x) is a random variable indicating how much time, from O to 1, has

been spent in a neighborhood of x, and for any given x, Ll (x) is independent of Z. We have

"2

Sn(X)

02(X)

1/2

->~z,1
[ n-l E lIX;m-X I <e..

i=l

because

in Prob 0.

This theorem delivers an asymptotic mixed normality result; thus standard asymptotic theory applies.

Now consider the parametric case. We distinguish between unconditional and conditional


