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1 Introduction

In many situations in econometrics, data possibly contaminated by recording errors are the only sources
available. Even in situations in which the data are themselves clean, observations may occasionally be
present that arise from a process quite different from that which generates the bulk of the data. Financial
market price series are an example of this: the data are typically quite reliable, but market crashes and
rallies occasionally generate large movements well outside the range of typical behavior. We shall speak of
such data also as “contaminated,” but it should be understood that the contamination does not necessarily
result from miscoding.

One way to examine the appropriateness of an estimator in the contaminated data situation is to
determine how much dirty data the estimator can tolerate and still extract useful information. Ham-
pel (1968, 1971) proposed a measure for this purpose called the breakdown point. Donoho and Huber
(1983) proposed a related measure known as the finite sample breakdown point. Both measures tell us that
the familiar ordinary least squares (OLS) estimator for linear regression models with cross section data can
go badly astray even when the proportion of the number of the contaminated data points in the sample
is very small. Though the least absolute deviations (LAD) estimator can overcome this difficulty if the
regressors are not contaminated (see He (1991)), Maronna, Bustos, and Yohai (1979) found that none of
the nondescendent M-estimators, including the LAD estimator, are resistant to even a small number of
outlying regressors. Motivated by these facts, some alternative estimators that have high Donoho-Huber
breakdown points have been proposed. Among them, Rousseeuw’s (1984) least median of squares (LMS)
estimator, Rousseeuw’s (1983) least trimmed sum of squares (LTS) estimator, Rousseeuw and Yohai’s (1984)
S-estimators, and Yohai and Zamar's (1988) T-estimators satisfy the scale, regression and affine equivalences’
that are the basic requirements for linear regression model estimators. The stochastic convergence rate of
the latter two estimators are Op(n~1/2) for independently and identically distributed (i.i.d.) processes, while
Kim and Pollard (1990) show that the convergence rate of the LMS is Op(n~1/3).

The breakdown properties of the nonlinear regression model estimators for cross section data were recently
considered by Stromberg and Ruppert (1992). An alternative to Stromberg and Ruppert’s approach and

further breakdown results for certain nonlinear regression estimators in cross section analyses have been given

1See Rousseeuw and Leroy (1987, p. 116) for these equivalences.



by Sakata and White (1995). These results establish that the familiar quasi-maximum likelihood (QML)
regression estimators including the LAD and Cauchy QML estimators are vulnerable to data contamination
and that LMS, LTS, S- and - estimators are resistant to outliers.

In time series regression, the regressors often include lagged variables. Consequently, a single contami-
nated value may appear multiple times in the regressor vector. Estimators having low breakdown points in
cross section regression are thus even more vulnerable to contamination in the presence of lagged variables.
This paper shows that estimators that have high breakdown points in cross section regression still can pro-
vide good protection against contamination in time series regression, as long as the maximum number of
lags is not too large.

Breakdown properties are of course not the only important aspect of an estimator. The distributional
aspects of estimators are also of concern. For this reason, each paper that proposes a high breakdown point
estimator also studies large sample properties of the proposed estimator. In particular, Rousseeuw and Yohai
(1984) investigate the large sample properties of S-estimators of linear regression models in the i.i.d. setup.
We extend their results to cover nonlinear regression for the cases of heterogeneous cross section data and
time series data, cases which have not been analyzed previously. We clearly distinguish the data generating
process given by the “nature” and the regression model specified by a researcher. This distinction naturally
allows for possibilities of misspecification.

S-estimators are extremum estimators with the special feature that their estimation objective functions
are only defined as implicit functions of the data and the regression parameters. This feature makes our
asymptotic analysis a little more complicated than the analysis for many familiar QML estimators. Never-
theless, it turns out that we can still apply standard results in the extremum estimation literature in our
analysis. Consistency is established by showing that the S-estimation objective function is convergent to its
population counterpart uniformly in the regregsion parameters and that the population objective function is
identifiable. We find that the generalized score in S-estimation is continuously differentiable under suitable
conditions, and we apply the ordinary linearization technique for deriving the asymptotic distribution.

Our analysis of the large sample behavior of S-estimators is complementary to that by Davies (1990),
who deals with both the LMS estimator and the S-estimators for linear regression models and allows the
number of regressors to grow as the sample size increases, assuming that the regressors are fixed rather

than random. For Davies, the randomness of the dependent variable comes from the .d. error term in the



assumed linear regression equation. In contrast, we deal with estimation of dynamic nonlinear regression
models with dependent, heterogeneous processes, assuming that the regressors are random variables — the
fixed regressor framework is not suitable for situations in which lagged dependent variables may appear as
regressors. Also, the DGP and the regression model are distinguished in our analysis, as mentioned above.
We thus cover a wider class of regression models and a wider class of DGPs than Davies (1990) does. Unlike
Davies, however, we fix the complexity of the regression model throughout our asymptotic analysis and
exclude the LMS estimator, whose asymptotics are quite different from S-estimators.

The plan of this paper is as follows. Section 2 establishes some basic properties common to “minimum
scale” estimators such as the OLS, LAD and S-estimators. Section 3 defines S-estimators as a special class

of the minimum scale estimators and shows that there exist measurable S-estimators. Section 4 describes

the breakdown property: of S-estimators in the time series context. We then proceed to a study of the
large sample properties of S-estimators under conditions that are sufficiently general to cover situations
with dependent, heterogeneous processes. Section 5 establishes consistency of S-estimators, and Section 6
derives the asymptotic distribution of S-estimators. Some of the assumptions made in Sections 5 and 6
are not primitive. Section 7 considers a stochastic process near epoch dependent on a mixing process as
an example to show how the non-primitive conditions can be satisfied. Section 8 proposes an effective
algorithm for S-estimation. In Section 9, we use the proposed algorithm to conduct Monte Carlo simulations
to compare the finite sample performances of S-estimators and the OLS estimator and to assess how well the
asymptotic distribution derived in Section 6 approximates the finite sample distributions of S-estimators.
Next, Section 10 offers a gimple empirical example in which the S-estimation technique is applied for studying
the dynamics of daily returns of the S&P 500 Cash Index. Section 11 concludes the paper with some remarks.
The proofs of the theorems and lemmas are collected in the Appendix.

2 Minimum Scale Estimators

We begin by specifying the data generating process (DGP) and the regression model.

AssuMPTION 2.1:  (a) {Z; = (Y;, X])' : @ — R'}ien s a RY-valued stochastic process (v € N) on a

complete probability space (Q,F, P), where for eacht €N, Y; is1x 1 and X; is (v—1) x 1.



(b) © s a non-empty, compact subset of a Euclidean space RP (p € N), and the regression model is given by
{pt : ¥x© = R}ien, a sequence of functions measurable-(F®HBP)/RB, where for each t € N, ps(w,-) is
continuous P-almost all w € Q, and for each 8 € O, {F~! = 0(Z* ") }sen is adapted to {u;(-,0) }sen,
where Zt-! = (Z{,}--,Z{ 1, X)), tEN.

This latter assumption means that for each § € ©, the regression function p(-,8) is a function of Z*-1 or
its subvector. This setupi! covers a wide range of time series models and also includes cross section models as

special cases. We let p:(8) denote (-, 8) for convenience.

When {Z;} is an i.i.dL process, it is natural to employ a regression specification independent of ¢, so that

u(0) = f(X,0), teN )

for some Borel-measurable function f : R°~! x © - R. We typically assume that E[Y;?] + E[f(X;,6)?] < 00

for any 8 € ©. Let H be the collection of all distribution functions on R, and define a function g3 : H —
R, =[0,00] on H by I , s

o2 (H) = ( / lule(du)) HeH,
where the integral is Lebesgue-Stieltjes. Let G(-,8) : R — [0,1] be the distribution function of the random
variable Y1 — 1 (6) = Y1 ~ f(X1,0). Then 02(G(:,8)) is the root mean square error (RMSE) of u;(8). Seeking

to minimize this with respect to 8, application of the analogy principle (Manski 1988) leads to the estimator

that minimizes o3 (C:‘,.(-,O)), where én(-,O) is the empirical error distribution given by
|

n
Gn(a,0) = n! Z 1Y¢—u¢(9)5a’ a€R,
_ t=1
and 1g is the indicator function of a specified event E. The resulting estimator is the OLS estimator, which is

consistent for the minimiger of 02(G(-,8)) and is asymptotically normally distributed under mild conditions,
as shown in White (1980).

When {Z;} is not i.i.d., one may consider the minimization of

n 51 1a
(n“‘ > E[(Y: - me(6))%]
t=1 ¢
with respect to 6. Let G;(-,O) be the distribution function of the random variable Y; — u:(6). Then we can

rewrite this objective function as

<n‘T tz:;/u2at(du,9))1/2 = (/uzG_n(du,f’))l/2 = 02(Gn(-9)), 3)



where Gy, : R x © = [0,1] is defined by Gy (-,-) = n~! Y t=1 Gt(,-). The distribution G,(-,6) is interpreted
as the average of the distributions of the fitted errors when the regression function {:()}:en is chosen. The
natural estimator arising from the analogy principle is again the QLS estimator.

Instead of using the RMSE, one may use a goodness-of-fit measure based on the gth absolute moment

(g > 1). For each g € [1,00), define oy : H — Ry by

Y,
o (H) = ( / WiHdy) | Hew.

Then 04(Gyr(:,8)) can again be interpreted as measuring the goodness of fit of {u:(6)}sen. Choosing 6 to
minimize gq(Gn(-,6)) leads by the analogy principle to an estimator that minimizes g,(Gy(-,6)), the sample
analogue of 0,(Gn(-,9)). If ¢ = 1, for example, the resulting estimator is the LAD estimator.

The properties of g, are instructive in motivating the approach we take here. Specifically, let U; and U,
be random variables with distribution functions H; and Hj, respectively. Then it is straightforward to verify
that If |[Uy| stochastically dominates |Us|, then o, (H)) 2 o4(Hz). We can also show that if Uz = cU; for
some ¢ € R, then g,(Hz)/= co,(H1). These features indicate that o4 can be viewed as measuring the degree
of concentration of the distribution about the origin. The function o, also has two other properties, which
are natural requirements for a measure of concentration of a distribution about the origin. First, if H3 is a
mixture distribution fun(*tion of H: and Ha,, i.e., for some o € [0, 1], Hs(1) = aH:i(n) + (1 — a) Ha (1) for any
u € R, then g4(H3) > min(oq(H1),04(H2)). In other words, o, is quasi-concave on H. Second, if you shift
U to minimize the value of g, of the shifted distribution, then adding any random variable independent of
Ui (a noise) to the shifted U; never decreases the value of .

When a function o : H — R, satisfies all the conditions mentioned above, we call it a regular scale about
the origin. Given o, a regular scale about the origin, we can form an estimator that minimizes o'(G.(-,8)).

Formally, we have

DEFINITION 2.1: A function ¢ H — R, is a regular scale about the origin (or simply a scale) if the

following conditions hold:

(a) Let Hy; and H; be )tarbitra.ry in #. If H, stochastically dominates H; in absolute value, i.e., for any

a€ Ry
Hi(a) — Hi(—a—) < Ha(a) — Hy(—a—



then o(H;) > o(Hz), where Hi(—a—) = lim, o Hi(-a —v), i =1,2;

(b) For any H € H and any real a # 0

o(H,) = I—;—la(H),

where H, is a distribution function in H defined by

H,(u)=H(au), ueR

(¢) o is quasi-concave on H;
(d) For any Hy, H; € H, if c— o(Hy,c) : R — R, wher
Hyc(uy=Hi(u+c), uceck,

is minimized at c*, we have o(H,c+ * H) > o(H (+), where H . * H; is the convolution of H; .. and
Hz, i.e.,

(Hyor % Ha)(u) = / Hyo(u-v)Hy(dv), veER

Although this definition is inspired by the definition of the scale given in Bickel and Lehmann (1976),
our definition and theirs have some important differences. First, Bickel and Lehmann consider the scale
about the center, by focusing on the collection of symmetric distributions to avoid ambiguity about the
center of the distribution. We are instead measuring scale about the origin and not restricting ourselves to
symmetric distributions. Second, the location-invariance found in Bickel and Lehmann’s definition does not
apply in ours, because the “center” of a distribution is always set to the origin in our definition. Third,
requirements (c) and (d) in Definition 2.1 are not required in Bickel and Lehmann’s definition. We are calling
our version of scales regular because of these additional mild requirements.

In addition to Bickel and Lehmann’s scale, the spread proposed by Bickel and Lehmann (1979) is another
concept related to our regular scale. An advantage of the spread is that the center of the distribution is
irrelevant to it, unlike Bickel and Lehmann’s scale. Due to this feature, however, the spread is not suitable
for us, because we want to measure the degree of concentration of a distribution about the origin. In fact,
spread measures do not satisfy conditions (a) and (b) of Definition 2.1 in general, as demonstrated in Bickel

and Lehmann (1979, Example 11, p.38).



Given g, a regular scale about the origin, we call the estimator that minimizes o(G, (-,6)) the minimum
scale estimator. Let n be the sample size, and let (u7,...,u:) be the solution to the following optimization

problem:

i é "y ) ) [
(m,..ﬂlﬁem..”( n(p1,  pin))

where n is the sample size,
My = {(p1,..-1n) e : @ = R is a Borel-measurable function to which F*~! is adapted, t = 1,2, ... »n},

and we now define

i Gn(':/‘l:---a”n) 5"_1ZGt(‘,Ht),
t=1

whore &, (-, ;) is the distribution function of ¥, — u;. Becouoc (pf,...,p}) attoins the best fit in terms
of 0, we can call it the “population o-regression function”. We call this the “o-regression” to emphasize
that this population regression function depends on o. If 0 = 03, pf is E[Y;|Z*~"]. If instead o = oy, p}
is the conditional median of ¥; given Z*~1. As Portnoy and Welsh (1992) demonstrate, these two kinds of
regression functions can differ substantially from each other. We view specifying a parametric regression
model {{x:(8)}:en : 0 € O} as an attempt to approximate (4}, . ..,u%). The population optimum parameter
value 0;, € © specifies the o-regression function y(6};) that exhibits the best possible fit among all model
elements. If our model is a good one, u;(6;,) explains Y; nearly as well as u} does in terms of the scale o
used in the analysis.

For certain combinations of DGPs and models, we observe a clear relationship among the optimum
parameter values determined by various scales. Suppose that a model specifies a subvector W; of Z¢—! as
regressors, and that the conditional distribution of Y; given the regressors W; is symmetric and unimodal.

Then the scale is minimized by the function that gives the center of the conditional distribution of Yj,

regardless of which scale measure is employed.

THEOREM 2.1: Suppose that Assumption 2.1 holds, and that for each t € N, there erists a subvector
Wi of Zt~! such that for each 8 € O, pe(-,0) is measurable-o(W;) /B, where B is the Borel o-field of R.
Also, suppose that there exists 0y € © such that for each t € N (a version of ) the conditional distribution of

Y: — pe(-,60) given Wy has a density symmetric about the origin and non-increasing on Ry  Then for any



regular scale about the origin o,
U(G_n('a 00)) < (T(G'n(-,o)), 6e ®a neN

Because any regression function u;(6) is measurable-o(Z*), this theorem applies to the case with a correctly
specified o-regression model and symmetrically distributed errors. Nevertheless, this is not the only case
Theorem 2.1 covers. A regression function u(6) that only depends on a proper subset W; of Z* may admit
the errors ¥; — u;(6o) for some 8 € ©, even if y; is misspecified for the population o-regression function.
Theorem 2.1 applies to this case as well.

Another interesting combination of DGPs and models is that often found in the traditional regression

literature. Again suppose that a model specifies a subvector W; of Z*~1 as regressors. Also suppose that for

some fy € ©
Ye = pe(6o)+ U, teN

where U; and W; are independent. Further, assume that the distribution of U; is the same for any ¢t € N.
(It is not assumed that {U;}:en is independent.) Under this assumption, the scale minimizing regression

functions based on different regular scales are parallel to each other in the following sense:

THEOREM 2.2: Suppose that Assumption 2.1 holds, and that for each t € N, there exists a subvector W,
of Zt~" such that for each 8 € ©, py(-,8) is measurable-o(W,)/%B, where B is the Borel o-field of R. Also,
suppose that there exists 6y € © such that for eacht € N, Uy = Y; — (-, 60) and W; are independent and
that {Ui}sen is identically distributed. If the scale of Uy — ¢ about the origin in terms of o is minimized at
c=c* on R, and if for some 6* € ©

pe (- 0%) = ¢* + e (-, 6o),
then
0(Gun(-,6%) < 0(Gn(-6)), 0€0,neN.

In linear regression, this theorem means that the scale minimizing slope coefficients are the same for any
regular scale if the error term is independent from regressors and is identically distributed. The effects of

any asymmetry in the error distribution are absorbed by the constant c*.



3 S-Estimators

The scale measures employed by the L, estimators are quite sensitive to outliers, so that the L, estimators
tend to be easily affected by a small number of outliers. If ¢ > 1 is employed, large errors are heavily penalized,
so that the estimated regression function is easily attracted toward outlying observations. Even the LAD
estimator (¢ = 1) can be considerably affected by a small number of outliers in the regressors (the leverage
effect). Precise results can be found in Rousseeuw (1984), Stromberg and Ruppert (1992) and Sakata and
White (1995), among others.

Many other familiar regression estimators are also vulnerable to outliers. Sakata and White (1995)
show that the QML regression estimators are vulnerable to outliers in general. In the linear regression
context, Maronna, Bustos, and Yohai (1979) repnrt. that. the generalized M.estimators, which are supposed
to downweight the effect of outliers, can only overcome a small number of outliers.

A strategy to attain resistance to outliers in regression estimation is minimum scale estimation using a
scale measure that is resistant to outliers in fitted errors. A leading example of this strategy is the least
median of squares (LMS) estimator of Rousseeuw (1984). Recall that # is the set of all distribution functions
on R Let a function o ms : H — R, be such that for each H € H.

orms(H) =inf{v e Ry H(v) - H(-v-) > 0.5}.

Then the function gpmg returns the median of the absolute value of the random variable. It essentially
ignores the tails of the distribution of the absolute values and is thus insensitive to outliers. When we use this
scale to measure that of the empirical error distribution Gy (-, 6), it forces the estimated regression function
to be close to the majority of observations and keeps it from being attracted toward outlying observations,

because reduction of thei distance between the regression function and outliers does not decrease the error

scale.

Despite this attractive feature of the LMS estimator, other smoother ways of downweighting outliers
in fitted errors can better reflect the nature of the non-outliers. The S-estimator of Rousseeuw and Yohai
(1984), where “S” stands for scale, accomplishes this by employing a more elaborate scale measure. To define

such a scale, we use a function p, described next.

ASSUMPTION 3.1: The function p R — Ry is even, bounded, continuous, non-constant, and strictly

10



increasing at every strictly positive point where it has not achieved its supremum p. Further, K is a real

constant belonging to (0, p).

An example of such a function is

w? w? |

S5 +% for|w <1,
pwy= > 26 i < (4)
for lw| > 1,

(-1

which is derived by integrating Tukey’s biweight function. (See Rousseeuw and Yohai, 1984 and Beaton and
Tukey, 1974.) Figure 1 graphs this function. Clearly p = 1/6.

DEFINITION 3.1: Let p: R — R} and K € R satisfy Assumption 3.1. Define 0,k t0 be the function on
H such that for each H c X

ook (H) = inf{s eR, . : /p(u/s)H(du) < K}
where Ry 4 = (0, 00)?

The next lemma provides noteworthy properties of p and Oy, K

LEMMA 3.1: Suppose that Assumption 3.1 holds, and let H be a distribution function on R. Then:

(@) s [p(u/s)H(du): Ry — R, is nonincreasing and continuous,

(b) l

lim [ p (g) H(du) =0,

§—r00

and

lim [ o (g) H(du) — p(1 — (H(0) — H(0-))),

where H(0-) = limyp0 H(u);

2By using Lemma 3.1 given below, we can easily show that

| ot =mp{seryy: [ouon@ =k},

if 05,k (H) > 0. One may find this equation easier to understand than our definition of 0p,K, and it is sometimes used as the
definition of g, k. Nevertheless, this equation alone is incomplete as the definition, because it does not cover the distributions

H for which GP'K(H) =0.

11



(c) Ifopx(H) >0, then [ p(u/o, k(H))H(du) = K; and
(d) If H(0) — H(0-) < 1 - (K/p), then g,k (H) > 0.

The first equation of Lemma 3.1(b) implies that [ p(u/s)H(du) < K for all s sufficiently large. oo,k (H)
is thus finite for any distribution function. Lemma 3.1(d) means that if a random variable U with distribution
H tends to be large in magnitude, we need to set a large value for s to equate [ p(u/s)H (du) = E[p(U/s)]
to K. From these observations, it is natural to expect that o, x might be a scale on R. This conjecture is

indeed correct.

THEOREM 3.2: Suppose that Assumption 3.1 holds. Then 0,k 18 a regular scale about the origin.

The scale vp x has an impuiiaut feature useful ln scale minimizasion estimation. Pick a fixed positive

real number ¢ strictly smaller than K/p. Also choose an arbitrary distribution H € . Then it holds that
sup {a,,,K(G) : Ge€MH,sup|G(v) — H(v)| < e} < 00, (5)
vER

as shown below. Note that each G € H that satisfies that sup,cg |G(v) — H(v)| < € can be considered as
being created by moving a probability mass no greater than € in the distribution H. This result means
that moving a probability mass no greater than ¢ < K/p in a distribution does not cause the scale Op,K tO
explode, regardless of the resulting distribution. In particular, this means that 0,k is robust to outliers; the
higher K/ is, the more outliers it can tolerate. In scale minimization estimation, this robustness feature
keeps the estimator from being much affected by the extreme observations, because the effects of extreme
observations only come in through the scale of the empirical error distribution at each parameter value.

To verify (5), let G € H be an arbitrary distribution such that sup,er |G(v) — H(v)| < €. Then we have
that

[pursca) < / plu/s)H (du) + / p(u/s)(|G — H(du))

< / p(u/s)H(du) + psup|G(v) — H(v)|
veR

IA

/ p(u/s)H (du) + pe. (6)

Suppose that [ p(u/s)H(du) < K — pe for any s € R,, (note that K — pe > 0). Then we have that
J p(u/s)G(du) < K by (6). It follows that o, x(G) = 0. Suppose instead that J p(u/3)H(du) = K — pe for

12



some 3 € R, . Then we have that [ p(u/5)G(du) < K. It follows that o, x (G) < 5. Noting that 3 is solely
determined by H and ¢, we see that property (5) follows.

The boundedness of p is important for the insensitivity of o, x to outliers. Consider a function p that
satisfies Assumption 3.1 but not the boundedness requirement. Pick an arbitrary H € H such that o, k(H) <
00, and let € be an arbitrary real number in the interval (0, 1). For each u € R, let 8, denote the distribution
function in H that assigns probability one to point u, and define Gew €EMHby G,y = (1—€)H +€b,. Then it
holds that sup,eg |Ge,u(u) — H(u)| < €. Because K — (1 — ¢) [ p(u/s)H (du) > 0 for each real s > oo,k (H),
it holds that for each real 8 > o, x (H), there exists u* € R such that

/o) = > ( K - (1-9) [ ot/ (e

It follows that with this u*,

/ P(u/8)Geus(du) = (1-—c¢) / p(u/8)H (du) + € / p(u/8)dy+(du)
—¢) / p(u/s)H(du) + e / o(u*/s) = K.

Thus, for each s > 0,k (H), there exists G € H such that sup,cg |G(v) — H(v)| < € and 0,,k(G) = s. This
implies that for any real € > 0,

sup {a,,’K(G) :GEeHN, igg |G(v) — H()| < e} = 00, (M

contrary to (5). A leading example of an unbounded p function is p(v) = |v|9, v € R (¢ > 1). For this p, the
0,,x (H) would be equal to o,(H)/K'/9, which is proportional to o,(H). The scale o, is thus “sensitive to
outliers” in the sense that moving an arbitrarily small probability mass in the distribution to the tails can
cause an arbitrarily large change in this scale measure.

Becausc oy, k is o regular scalc about the origiu, Theurew 2.1 applies L0 it. Further, in the case of a

symmetric and unimodal error we have:

THEOREM 3.3: Suppose that the conditions of Theorem 2.1 hold and that Assumption 9.1 holds. Also
suppose that for each t € N the conditional density of Y; given W, is strictly decreasing on R, and that for
each 61,0, € ©, and eacht € N ps(-,01) = ps(-,02) a.s.-P implies that 6, = 0a. If 0, 1 (Gr(-,60)) > 0, then

0p,k(Gn(60)) < 0pk(Gn(-8)), 8€O\{6o},n€N.

13



In linear regression, this result is similar to Davies (1990, Theorem 2), except that we do not assume
conditional homogeneity of Y; — (-, 80) given W;.

With identically distributed regression errors independent of the regressors as in Theorem 2.2, we have

THEOREM 3.4: Suppose that the conditions of Theorem 2.2 hold and that Assumption 8.1 holds. Also
suppose that the scale of Uy — c about the origin in terms of 0, k, ¢ € R, is uniquely minimized when ¢ = c* R

and that for each 61,0, € ©, us(-,61) = pe(-,602) a.5.-P implies that 6; = 0,. If 05,k (Gn(-,6%)) > 0, then
0,k (Gr(-6%)) < 0, k(Gn(-,0)), @€ O\{¢*}, n €N,
where 8* is as in Theorem 2.2.

For S-estimation, the population problem is minimization of g, k(G (,6)) with respect to §. The S-

estimator itself is defined by replacing Gn(-,8) with its sample analogue G,(-,6).

DEFINITION 3.2: Let p: R = Ry and K € R satisfy Assumption 3.1. When Assumption 2.1 is satisfied,
a function 8, : @ - © measurable-§/B? for which o, x(Gn(,6s)) < 00,k(Gn(-,0)) as.-P, if it exists, is

called the S-estimator associated with (p, K).

Because

IAGLTCES >p(H=p)

the S-estimation objective function can be rewritten as
N = Y — (6
05,k (Gn(-,8)) = inf {s €Ryy :n7? Zp (—t—%(—l> <K (8)
t=1
If K/p is greater than the number of ¢s such that Y; = p(6), as typically is true, o,k (Gn(-,0)) is nonzero

and solves the equation }1
n
_ Y; — us(6)
1 —_— =
w3 p ( : K (9)
t=1
for s.

We now examine existence of the S-estimators. Define correspondences ¢, and ¢¢ from R to subsets of

Ry by

n

YU, ..., up) = {s€R++ :n‘IZp(%) <K} (u1y-..,us) €ER"

t=1 .
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and

a1,  Hun) = Ri\ga(ur,. ,up)
= {O}U{sGRH:n_IZp(%)ZK} (u1,...,up) € R®
t=1
Using ¢, we can write
05,k (Gn(6)) = inf ou(Yi = m(8), ,Yn ~ pin(6)).

¢n and ¢ have the following properties.

LEMMA 3.5: Suppose that Assumption 3.1 holds, and let n be an arbitrary natural number. Then

(a) For cach (u1, yun) € R”, wp(u1, .,un) und @5 (U1, ,Un) are monempry, and satisfy that
inf o (u1, .,un)=sup¢s(ui,...,un). (10)

(b) ¢ 1s a nonempty compact-valued continuous correspondence.
(€) (w1, ,un)>sup¢t(ur,...,us): R* = Ry is continuous.

We can thus write
0,k (Gn(-,0)) =sup&(Y1 — p1(8),. ,Yn ~ pn(6))

and this S-estimation objective function is a continuous function of the fitted residuals. Assumptions 2.1
and this result imply that the objective function is continuous in 4 a.s.-P and measurable-F /9 as a mapping
from Q2 to Ry for each § € ©. Standard results (e.g., Gallant and White 1988, Lemma 2.1, p.14) now deliver

the existence of a measurable estimator:

THEOREM 3.6: Suppose that Assumptions 2.1-3.1 hold. Then the (measurable) S-estimator 0,, associated

with (p, K) exists for each n € N. Further, 4, is measurable-F/BP+! for each n € N, where

~

6n
9,k (Gn(-,6n))

>

n €N,

[t
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