


Introduction1

In many situations in econometrics, data possibly contaminated by recording errors are the only sources

available. Even in situations in which the data are themselves clean, observations may occasionally be

present that arise from a process quite different from that which generates the bulk of the data. Financial

market price series are an example of this: the data are typically quite reliable, but market crashes and

rallies occasionally generate large movements well outside the range of typical behavior. We shall speak of

such data also as "contaminated," but it should be understood that the contamination does not necessarily

result from miscoding.

One way to examine the appropriateness of an estimator in the contaminated data situation is to

determine how much dirty data the estimator can tolerate and still extract useful information. Ham-

pel (1968, 1971) proposed a measure for this purpose called the breakdown point. Donoho and Huber

(1983) proposed a related measure known as the finite sample breakdown point. Both measures tell us that

the familiar ordinary least squares (OLS) estimator for linear regression models with cross section data can

go badly a.gtray even when the proportion of the number of the contaminated data points in the sample

is very small. Though the least absolute deviations (LAD) estimator can overcome this difficulty if the

regressors are not contaminated (see He (1991)), Maronna, Bustos, and Yohai (1979) found that none of

the nondescendent M-estimators, including the LAD estimator, are resistant to even a small number of

outlying regressors. Motivated by these facts, some alternative estimators that have high Donoho-Huber

breakdown points have been proposed. Among them, Rousseeuw's (1984) least median of squares (LMS)

estimator, Rousseeuw's (1983) least trimmed sum of squares (LTS) estimator, Rousseeuw and Yohai's (1984)

S-estimators, and Yohai and Zamar's (1988) T-estimators satisfy the scale, regression and affine equivalencesl

that are the basic requirements for linear regression model estimators. The stochastic convergence rate of

the latter two estimators are Op(n-l/2) for independently and identically distributed (i.i.d.) processes, while

Kim and Pollard (1990) show that the convergence rate of the LMS is Op(n-l/3).

The breakdown properties of the nonlinear regression model estimators for cross section data were recently

considered by Stromberg and Ruppert (1992). An alternative to Stromberg and Ruppert's approach and

further breakdown results for certain nonlinear regression estimators in cross section analyses have been gi ven

ISee Rousseeuw and Leroy (1987, p. 116) for these equivalences.



by Sakata and White (1995). These results establish that the familiar quasi-maximum likelihood (QML)

regression estimators including the LAD and Cauchy QML estimators are vulnerable to data contamination

and that LMS, LTS, S- and T- estimators are resistant to outliers.

In time series regression, the regressors often include lagged variables. Consequently, a single contami-

nated value may appear multiple times in the regressor vector. Estimators having low breakdown points in

cross section regression are thus even more vulnerable to contamination in the presence of lagged variables.

This paper shows that estimators that have high breakdown points in cross section regression still can pro-

vide good protection against contamination in time series regression, as long as the maximum number of

lags is not too large.

Breakdown properties are of course not the only important aspect of an estimator. The distributional

aspects of estImators are also of concern. For thIs reason, each paper that proposes a high breakdown point

estimator also studies large sample properties of the proposed estimator. In particular , Rousseeuw and Yohai

(1984) investigate the large sample properties of S-estimators of linear regression models in the i.i.d. setup.

We extend their results to cover nonlinear regression for the cases of heterogeneous cross section data and

time series data, cases which have not been analyzed previously. We clearly distinguish the data generating

process given by the "nature" and the regression model specified by a researcher. This distinction naturally

allows for possibilities of misspecification.

S-estimators are extremum estimators with the special feature that their estimation objective functions

are only defined as implicit functions of the data and the regression parameters. This feature makes our

asymptotic analysis a little more complicated than the analysis for many familiar QML estimators. Never-

theless, it turns out that we can still apply standard results in the extremum estimation literature in our

analysis. Consistency is established by showing that the S-estimation objective function is convergent to its

population counterpart uniformly in the regression parameters and that the population objective function is

identifiable. We find that the generalized score in S-estimation is continuously differentiable under suitable

conditions, and we apply the ordinary linearization technique for deriving the asymptotic distribution.

Our analysis of the large sample behavior of S-estimators is complementary to that by Davies (1990),

who deals with both the LMS estimator and the S-estimators for linear regression models and allows the

number of regressors to grow as the sample size increases, assuming that the regressors are fixed rather

than random. For Davies, the randomness of the dependent variable comes from the .d. error term in the

3



assumed linear regression equation. In contrast, we deal with estimation of dynamic nonlinear regression

models with dependent, heterogeneous processes, assuming that the regressors are random variables -the

fixed regressor framework is not suitable for situations in which lagged dependent variables may appear as

regressors. Also, the DGP and the regression model are distinguished in our analysis, as mentioned above.

We thus cover a wider class of regression models and a wider class of DGPs than Davies (1990) does. Unlike

Davies, however, we fix the complexity of the regression model throughout our asymptotic analysis and

exclude the LMS estimator, whose asymptotics are quite different from S-estimators.

The plan of this paper is as follows. Section 2 establishes some basic properties common to "minimum

scale" estimators such as the OLS, LAD and S-estimators. Section 3 defines S-estimators as a special class

of the minimum scale estimators and shows that there exist measurable S-estimators. Section 4 describes

the breakdown property of S-estimators in the time series context. We then proceed to a study of the

large sample properties of S-estimators under conditions that are sufficiently general to cover situations

with dependent, heterogeneous processes. Section 5 establishes consistency of S-estimators, and Section 6

derives the asymptotic distribution of S-estimators. Some of the assumptions made in Sections 5 and 6

are not primitive. SectiQn 7 considers a stochastic process near epoch dependent on a mixing process as

an example to show how the non-primitive conditions can be satisfied. Section 8 proposes an effective

algorithm for S-estimatiOO. In Section 9, we use the proposed algorithm to conduct Monte Carlo simulations

to compare the finite sample performances of S-estimators and the OLS estimator and to assess how well the

asymptotic distribution derived in Section 6 approximates the finite sample distributions of S-estimators.

Next, Section 10 offers a ~imple empirical example in which the S-estimation technique is applied for studying

the dynamics of daily returns of the S&P 500 Cash Index. Section 11 concludes the paper with some remarks.

The proofs of the theorems and lemmas are collected in the Appendix

2 Minimum Scale Estimators

We begin by specifying the data generating process (DGP) and the regression model.

ASSUMPTION 2.1: ~a) { Zt = (Yt, X~)' : O -t JRv }teN is a JRv -valued stochastic process (v E N) on a

complete probability space (0, j,P), where for each t E N, Yt is 1 x 1 and Xt is (v -1) x 1.

4



(b) e is a non-empty, compact subset of a Euclidean space JRP (p E N), and the regression model is given by

{#l.t : 11 x e-t JR}tEIN, a sequence of functions measurable-('J~.93P)/.93 , where for each t E N, #l.t((U, .) is

continuous P-almo8t all (U E 11, and for each () E e, {it-l = a(!tt-l)}tEN is adapted to {#l.t(.,())}tEN,

where !tt-l = (Zf, ~ .., Z:-l, X:)', t E N.I

This latter assumption I1leans that for each 9 E e, the regression function IJ.t ( ., 9) is a function of Zt-l or

its subvector. This setup!! covers a wide range of time series models and also includes cross section models as

special cases. We let JLt(B) denote JLt( .,9) for convenience

When { Zt } is an i.i.dt proCess, it is natural to employ a regression specification independent of t, 80 that

J1.t(8) = f(Xt, 8), tEN (1)

for some Borel-measurable function f : IRv-l X e -+ JR. We typically assume that E[Y121 +E[f(X1,6)21 < 00

~or any 6 E e. Let 1i bT the collection of all distribution functions on IR, and define a function 0"2 : 1i -+

1[4 = [0, 00] on 1i by ~
fJ '\ 1/2

lur H(du) I

where the integral is Lebesgue-Stieltjes. Let G( ',8) : JR -+ [0,1] be the distribution function of the random

variable Y1-Jl,1(8) = Y1 j(X1,8). Then u2(G(.,8)) is the root mean square error (RMSE) of Jl,t(8). Seeking

to minimize this with respect to 8, application of the analogy principle (Manski 1988) leads to the estimator

that minimizes U2(Gn(.,~)), where Gn(.,8) is the empirical error distribution given by
I n1 A 1~

Gn(a,8) = n- LlIYt-jJ.(8)~a, a E JR,

and lE is the indicator f ction of a specified even~~. The resulting estimator is the OLS estimator, which is

0"2(H) = HE1l,

consistent for the minimizer of 0"2(G( ',8)) and is asymptotically normally distributed under mild conditions,

as shown in White (1980D.

When {Zt} is not i.i.d., one may consider the minimization of

) 1/2

(2)

n

n-l L E[(Yt -p't(0))2]

.t=l I

with respect to 0. Let G~(.,O) be the distribution function of the random variable Yt -P't(O). Then we can

rewrite this objective function as

) 1/2 ) 1/2
= 0"2(Gn(.,9)),

n- ji tjU2Gt(dU,(J)

t=l

f! u2(;n(du, 8), (3)=



where Gn : JR x e -+ [0, !] is defined by Gn{ " ' ) = n-l L~=l Gt{ " ' ), The distribution Gn{ ',9) is interpreted

as the average of the distributions of the fitted errors when the regression function {#1.t {9) }teN is chosen, The

natural estimator arisin~ from the analogy principle is again the OLS estimator .

Instead of using the RMSE, one may use a goodness-of-fit measure based on the qth absolute moment

(q ?: I). For each q E [I, 00), define O"q : 1{ -t ~ by

l/q

J lulqH(dU):
O'q(H) = H E1l.

Then O'q(Gn(.,£J» can again be interpreted as measuring the goodness of fit of {Jl.t(£J)}tEN. Choosing £J to

minimize O'q(an( ., £J» leads by the analogy principle to an estimator that minimizes O'q(Gn( ., £J», the sample

analogue of O'q (an( " £J». If q = I, for example, the resulting estimator is the LAD estimator .

The properties of O'q are instructive in motivating the approach we take here. Specifically, let Ul and U2

be random variables with distribution functions Hl and H2, respectively. Then it is straightforward to verify

that If lUll stochastIcall:y domInateS IU21, then O'q(Hl) ~ O'q(H2)' We can also show that 1f U2 = CUl for

some c E IR, then O'q(H2)1= CO'q(Hl). These features indicate that O'q can be viewed as measuring the degree

of concentration of the distribution about the origin. The function O'q also has two other properties, which

are natural requirements for a measure of concentration of a distribution about the origin. First, if H3 is a

mixture distribution funqtion of HI and H!). i.e.. for some a F [0.1]. Hg(,L) = ~Hl('L) + (1-~)H!)(1L) for Rny

U E IR, then O'q(H3) ?: min(O'q(Hl),O'q(H2)). In other words, O'q is quasi-concave on 1l, Second, if you shift

Ul to minimize the value of O'q of the shifted distribution, then adding any random variable independent of

U1 (a noise) to the shifted U1 never decreases the value of aq.

When a function a: 'H ~ ~ satisfies all the conditions mentioned above, we call it a regular scale about

the oriQin. Given a. a re~ular scale about the origin. we can form an estimator that minimizes a(G..(..B)).

Formally, we have

DEFINITION 2.1: A function a 1l -t ~ is a regular scale about the origin (or simply a scale) if the

following conditions hold:

(a) Let HI and H2 be liarbitrary in 1i. If HI stoch~tically dominates H2 in absolute value, i.e., for any

aE1Ro+

Hl(a) -H1(-a-) :$ H2(a) -H2(-a-
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Given a, a regular scale about the origin, we call the estimator that minimizes a(Gn(.,9)) the minimum

scale estimator. Let n be the sample size, and let (f.J,i, ..., f.J,~) be the solution to the following optimization

problem:

U(Gn("P.l, ,#1.n)),min
(/Jl,...,/Jn)EMn

where n is the sample size,

J't : O -t JR is a Borel-measurable function to which "it-lMn = {(J'l,...,J'n) is adapted, t = 1,2, ...,n},

and we now define

J f"t Gn(',P.1"",p.n)=n-1~Gt(',P.t),

whgrg G~ ( " fl~) iQ thg distribution function 0£ ~ -p" Bcco.uoc (pi, ' , , , Pia) o.tto.ins thc best ut in ter~

of 0" , we can call it the "population O"-regression function" , We call this the "0"-regression" to emphasize

that this population regression function depends on 0", If 0" = 0"2, P.t is E[¥tlzt-1], If instead 0" = 0"1, P.t

is the conditional median of Yt given Zt-1, As Portnoyand Welsh (1992) demonstrate, these two kinds of

regression functions can differ substantially from each other . We view specifying a parametric regression

model { {l1.t(8) }teN: 8 E e} as an attempt to approximate (11.~ , ..., II.~). The population optimum parameter

value 8~ E e specifies the u-regression function ll.t(8~) that exhibits the best possible fit among all model

elements. If our model is a good one, ll.t(8~) explains Yt nearly as well as II.; does in terms of the scale u

used in the analysis.

For certain combinations of DGPs and models, we observe a clear relationship among the optimum

parameter values determined by various scales. Suppose that a model specifies a subvector Wt of Zt-l as

regressors, and that the conditional distribution of Yt given the regressors Wt is symmetric and unimodal.

Then the scale is minimized by the function that gives the center of the conditional distribution of Yt:

regardless of which scale measure is employed.

THEOREM 2.1: Suppose that Assumption 2.1 holds, and that for each t E N, there exists a subvector

Wt of Zt-l such that for each 8 E e, f.J.t( .,8) is measurable-a(Wt)/.13 , where.13 is the Borel a-field of IR.

Also, suppose that there exists 80 E e such that for each t E N ( a version of) the conditional distribution of

Yt -Jl,t( ., (}a) given Wt has a den,9ity symmetric about the origin and non-increasing on Rot Then for any
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regular scale about the origin a ,

a(Gn(.,9o)) ~ a(Gn(.,9)), 8 E e, n E N.

Because any regression function p.t(e) is measurable-u(Zt), this theorem applies to the case with a correctly

specified u-regression model and symmetrically distributed errors. Nevertheless, this is not the only case

Theorem 2.1 covers. A regression function p.t(e) that only depends on a proper subset Wt of zt mayadmit

the errors Yt -p.t(eo) for some eo E e, even if P.t is misspecified for the population u-regression function.

Theorem 2.1 applies to this case as well.

Another interesting combination of DGPs and models is that often found in the traditional regression

literature. Again suppose that a model specifies a subvector Wt of Zt-l as regressors. Also suppose that for

some 80 E e

Yt = f.J-t(()o) + ut, tEN

where Ut and wt are independent. Further, assume that the distribution of Ut is the same for any t E N.

(It is not assumed that {Ut}tEN is independent.) Under this assumption, the scale minimizing regression

functions based on different regular scales are parallel to each other in the following sense:

THEOREM 2.2: Suppose that Assumption 2.1 holds, and that for each t E N, there exists a subvector Wt

of Zt-l such that for each (J E e, I1.t(.,(J) is measurable-a(Wt)/.93 , where .93 is the Borel a-field of IR. Also,

suppose that there exists (Jo E e such that for each t E N, Ut = Yt -I1.t( ., (Jo) and Wt are independent and

that {Ut}tEN is identically distributed. If the scale of ut -c about the origin in terms of a is minimized at

c = c* on R, and if for some (}* E e

P't( " (J*) = c* + P't( " (Jo),

then

U((;n( ., 9*)) ~ u((;n( .,9)), () E e,n E N.

In linear regression, this theorem means that the scale minimizing slope coefficients are the same for any

regular scale if the error term is independent from regressors and is identically distributed. The effects of

any asymmetry in the error distribution are absorbed by the constant c*.
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3 S-Estimators

The scale measures employed by the Lq estimators are quite sensitive to outliers, so that the Lq estimators

tend to be easily affected by a small number of outliers. If q > 1 is employed, large errors are heavily penalized,

so that the estimated regression function is easily attracted toward outlying observations. Even the LAD

estimator (q = 1) can be considerably affected by a small number of outliers in the regressors (the leverage

effect). Precise results CAll be found in Rousseeuw (1984), Stromberg and Ruppert (1992) and Sakata and

White (1995), among others.

Many other familiar regression estimators are also vulnerable to outliers. Sakata and White (1995)

show that the QML regression estimators are vulnerable to outliers in general. In the linear regression

context. Maronna. Bustos. ann YohH.i (1 Q7Q) rppnrt. t.h~t. thp gpnprali'7pd M-ggtimatorg, which arQ guppogQd

to downweight the effect of outliers, can only overcome a small number of outliers.

A strategy to attain resistance to outliers in regreB8ion estimation is minimum scale estimation using a

scale measure that is resistant to outliers in fitted errors. A leading example of this strategy is the least

median of squares (LMS) estimator of Rousseeuw (1984). Recall that 1£ is the set of all distribution functions

on IR. Let a function aLMS : 1/: -+ i-t be such that for each H E 1/:,

ULMS(H) = inf{v E IR-t H(v) -H( -v- ) ?: 0.5},

Then the function O'LMS returns the median of the absolute value of the random variable. It essentially

ignores the tails of the distribution of the absolute values and is thus insensitive to outliers. When we use this

scale to measure that of the empirical error distribution On( .,0), it forces the estimated regression function

to be close to the major~y of observations and keeps it from being attracted toward outlying observations,

because reduction of thef distance between the regression function and outliers does not decrease the error

scale.

Despite this attractive feature of the LMS estimator, other smoother ways of downweighting outliers

in fitted errors can better reflect the nature of the non-outliers. The S-estimator of Rousseeuw and Yohai

(1984), where "S" stands for scale, accomplishes this by employing a more elaborate scale measure. To define

such a scale, we use a function p, described next.

ASSUMPTION 3.1: The function p R. -1- R.-t is even, bounded, continuous, non-constant, and strictly
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(c) Ifup,K(H) > 0, then !p(u/up,K(H))H(du) = K; and

{d} IfH{O} -H{O- < 1- (KIp), then up,K(H) > 0.

The first equation of Lemma 3.1(b) implies that Jp(u/s)H(du) < K for all s sufficiently large. O'pIK(H)

is thus finite for any distItibution function. Lemma 3.1(d) means that if a random variable U with distribution

H tends to be large in magnitude, we need to set a large value for s to equate Jp(u/s)H(du) = E[p(U/s)]

to K. From these observations, it is natural to expect that a p,K might be a scale on R This conjecture is

indeed correct.

THEOREM 3.2: Suppose that Assumption 9.1 holds. Then Up,K is a regular scale about the origin.

The o,;;G1e ITp,K l~= ~l lUlpVl (,~l(, rt:~(,Ult: u~t:ful ill Hcale minimization estimat1On. PiCk a fixed positive

real number c strictly smaller than Kip. Also choose an arbitrary distribution H E 1i. Then it holds that

(5)

as shown below. Note that each G E 1i that satisfies that suPvER IG(v) -H(v)1 ~ f can be considered as

being created by moving a probability mass no greater than f in the distribution H. This result means

that moving a probability mass no greater than f < Klii in a distribution does not cause the scale O'p.K to

explode, regardless of th. resulting distribution. In particular , this means that 0' p.K is robust to outliers; the

higher K I ii is, the moreli outliers it can tolerate. In scale minimization estimation, this robustness feature

keeps the estimator from being much affected by the extreme observations, because the effects of extreme

observations only come in through the scale of the empirical error distribution at each parameter value.

To verify (5), let G EI!1l be an arbitrary distribution such that SUPtlER IG(v) -H(v)1 $ t:. Then we have

that

.-:;:

!P(U/S)H(dU) + !p(u/s)(IG -HI(du))

! p(u/s)H(du) + psup IG(v) -H(v)1
tIER

~ (6)

Suppose that J p(u/s)H(du) < K- jjf for any s E ~+ (note that K -jjf > 0). Then we have that

Jp(u/s)G(du) < K by (6). It follows that O'p.K(G) = 0. Suppose instead that Jp(u/8)H(du) = K- jjf for
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some 8" E ~+. Then we have that Jp(u/8")G(du) .$: K. It follows that ap.K(G) .$: 8. Noting that 8 is solely

determined by H and f, we see that property (5) follows.

The boundedness of p is important for the insensitivity of a p,K to outliers. Consider a function p that

satisfies Assumption 3.1 but not the boundedness requirement. Pick an arbitrary H E 1{ such that a p,K (H) <

00, and let f be an arbitrary real number in the interval (0,1). For each u E IR, let 8u denote the distribution

function in 11: that assigns probability one to point u, and define Gf,u E 11: by Gf,u = (1- f)H + f8u. Then it

holds that SUPvER IGf.u(u) -H(u)1 ~ f. Because K- (1- f) Jp(u/s)H(du) > 0 for each real s ~ O'p,K(H),

it holds that for each real s ~ O'p,K(H), there exists u* E IR such that

K- (1- t) jP(U/S)H(dU)

It follows that with this u. ,

!p(U/S)GfIU. (du)

Thus, for each 8 ~ O'p,K(H), there exists G E 1l such that SUPvER IG(v) -H(v)1 ~ e and O'p,K(G) = 8. This

implies that for any real e > 0,

(7)sup { O'PtK(G) : G E 1£, sup IG(v) -H(v)1 $ f } = 00,
tiER

contrary to (5). A leading example of an unbounded p function is p(v) = Ivlq, v E JR (q ~ 1). For this p, the

up.K(H) would be equal to uq(H)/K1/q, which is proportional to uq(H). The scale Uq is thus "sensitive to

outliers" in the sense that moving an arbitrarily small probability mass in the distribution to the tails can

cause an arbitrarily large change in this scale measure.

Bccnusc O"p,l\ is 0, re,ulo.r o(;Nc GbQut tl~c QLl~I!!, Tht:u!t:!!! 2.1 Cl.jJjJllt::1 I,u 11,. Further, In the case of a

symmetric and unimodal error we have:

THEOREM 3.3: Suppose that the conditions of Theorem 2.1 hold and that Assumption 3.1 holds. Also

suppose that for each t E N the conditional density of Yt given Wt is strictly decreasing on IR-t and that for

each 81,82 E e, and each t E N Jl.t(.,81) = Jl.t(.,82) a.s.-P implies that 81 = 82. If ap,K(Gn(.,80)) > 0, then

up,K(Gn(.,8o» < up,K(Gn(.,8», (} E e\{(}o}, n E N.
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In linear regression, this result is similar to Davies (1990, Theorem 2), except that we do not assume

conditional homogeneity of yt -Jl,t ( " ()a) given Wt'

With identically distributed regression errors independent of the regressors as in Theorem 2.2, we have

THEOREM 3.4: Suppose that the conditions of Theorem 2.2 hold and that Assumption 3.1 holds. Also

suppose that the scale of Ul -c about the origin in terms of a p,K, c E IR, is uniquely minimized when c = c* ,

and that for each (Jl, (J2 E e, J1.t( ., (Jl) = J1.t( ", (J2) a.s.-P implies that (Jl = (J2. If a p,K ((;n ( ., (J*)) > 0, then

O"pIK(Gn(.,{}*)) < O"pIK(Gn(.,{})), () E e\{()*}, n E N,

where ()* is as in Theorem 2.2.

For S-estimation, the population problem is minimization of ap,K(Gn(.,8)) with respect to 8. The S-

estimator itself is defined by replacing an( .,0) with its sample analogue (;n( 0,0).

DEFINITION 3.2: Let p : IR -+ IR-t- and K E JR satisfy Assumption 3.1. When Assumption 2.1 is satisfied,

a function On: .0. -+ e measurable-'J/$p for which Up,K(Gn(.,On)) ~ Up,K(Gn(.,())) a.s.-P, if it exists, is

called the S-estimator associated with (p, K).

up,K(Gn(.,9)) = inf <K (8)

If K/ p is greater than the number of ts such that Yt = f.l-t((), as typically is true, O'p.K (Gn( 0, ()) is nonzero

and solves the equation I!

=K (9)

for 8.

We now examine existence of the S-estimators. Define correspondences Ipn and Ip~ from Rn to subsets of

JI4 by

<Pn(Ul,...,Un} = ('Ul,. ..,'Un) E JRn

14
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and

<P;(Ul, ,un) = 1R-t\<Pn('Ul'.,Un}

= {0} U
(Ul'"""'Un)ElRn

Using <Pn, we can write

(jp,K(Gn(.,8)) =inf<pn(YI-J1,1(8), ,Yn-.Un(()))

<Pn and <p~ have the following properties.

LEMMA 3.5: Suppose that Assumption 3.1 holds, and let n be an arbitrary natural number. Then

(G) Fu. t:U(;/. (U1I .,Un) and <p~(Ul,, Un) e IR" , 'fIn(Ul, , Un) are nonempty, ana sattsfY that

inf<Pn(UlI .,Un} =SUP<P~(Ul,...,Un}' (10)

(b) I{)~ is a nonempty compact-valued continuous correspondence.

(c) (Ul, , Un} I-t sup <p~ ( Ul , ..., Un} : JRn -1- Rt is continuous.

We can thus write

O'p,K(Gn(.,6)) =SUPtP~(YI-J1,1(6),. ,Yn-l1.n(8}}

and this S-estimation objective function is a continuous function of the fitted residuals. Assumptions 2.1

and this result imply that the objective function is continuous in (J a.s.-P and measurable-j/~ as a mapping

from .{1 to ~ for each (J E e. Standard results (e.g., Gallant and White 1988, Lemma 2.1, p.14) now deliver

the existence of a measurable estimator:

THEOREM 3.6: Suppose that Assumptions 2.1-9.1 hold. Then the (measurable) S-estimator On associated

with (p,K) exists for each n E N. Further,7n is measurable-'J/;}3P+l for each n E N, where

in = n E N.

en

Up,K(Gn(.,en»
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