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BREAKDOWN POINT

In many statistical estimation situations, the
only data available are possibly contaminated
by recording errors. miscoding, or some other
factors. The breakdown point of an estimator
is. roughly speaking. the minimum proportion
of the data for which contamination can lead
to a completely noninformative estimation re-
sult. It is a measure of the resistance* of the
estimator to data contamination; the higher the
breakdown point is. the more resistant the esti-
mator is o data contamination.

HODGES’ TOLERANCE

If a location estimate is attracted to a small
number of extreme values, the estimate fails
to convey location information about the other
observations. A natural way of dcfining the
breakdown point in location estimation is thus
to consider what happens to the cstimate if

some of the observations are replaced with pos-
itively or negatively extreme values. The roler-
ance proposed by Hodges [4] formally imple-
ments this idea.

Let 6 be a location estimate of interest.
and (y(.¥>.....v,) the data set ol arbitrary
real numbers sorted in ascending order. Sup-
pose that there exist integers my; = Oom, = 0
such that: (1) v, -1 < 6 <v, m for any

[ T T V)i (2) when (V-2 Vo, 2l v,)
are fixed, for any scquence of the replacements
of (v v ... Vuy-1) along which v, | —

—=¢ with the order of (¥.¥Va..... ¥V «¢)
being preserved. 6§ — —=: uand (3) when
(. yao. .o V- -1) are fixed. for any sequence
of the replacements of (v, -, ¥y i o 1eveo o Vy)
along which y,_, — % with the order of
(¥a i« Vr-m, =12+ .. V) being preserved. § —
%, Then it is said that § can tolerate m; ex-
treme values on the left and m, extreme values
on the nght.

Example 1. Both the sample average and the
sumple median are location estimators. Let n
be the sample size. Then the sample average
can tolerate no extreme values either on the left
or on the right, while the samplc median can
tolerate [n/2] — | extreme valucs both on the
left and on the right. where [«] is the minimum
integer greater than or equal to « for each real
number a.

HAMPEL'S BREAKDOWN POINT

Unlike Hodges. Hampel [3] considers the ef-
fect of data contamination strictly in the proba-
bilistic framework. Suppose that the “true”
distribution is F in a class () of probability
distributions. The data of interest would be
generated by random draws from probability
distribution F, if there were no data contami-
nation. Actual draws are from the probability
distribution G € (% in some neighborhood of
F (in terms of Prokhorov distance), due to data
contamination. Let B;(F) be the set of all prob-
ability distributions in (¥ within distance § of
F. Also let 4, be the estimator of interest with
samplc size n.

Supposc that G can be any member of Bs(F).
If the probability limit of A, as n — = can be



any point in the parameter space ® depending
on (G in Bs(F). the estimator fails to convey any
information about F. On the other hand. if there
is a proper subhsct K of @ such that G € B4(F)
implics that the probability of the estimator
6, belonging to K converges (0 one as the
sample size grows to >, then 4, is considered
o convey some information about £ when the
observations are drawn from any G in Bs(F).
The supremum of & for which the estimator 8,
is informative about F when the observations
are drawn trom any probability distribution in
Bs(F) is the Humpel breakdown point.

Example 2. Let O be the set of all prob-
ability distributions on the cntire real line
with hinite first absolute moment.  Suppose
that F £ . Pich an arbivary 6 € (0. 1).
Consider a probability distribution G cre-
ated by reducing by 1006 percent the proba-
bility of each event specified by F. and putting
probability & on some positive point on the real
line. By moving the point to which probability
5 is added. we can set the expectation of the
probability distribution G to any value we like,
Becuuse the sample average converges to the
expectation of G by the Kolmogorov law of
lurge numbers, this implies that the Hampel
breakdown point is no higher thun 8. Because
8 is an arbitrary positive number, this implies
that the Hampel breakdown point is zero for
the sample average. In the same situation. the
Hampel breakdown point of the sample median
is 50%.

DONOHO-HUBER FINITE-SAMPLE
BREAKDOWN POINT

Although Hampel's breakdown point can be
applied to general parametric estimation prob-
lcms, it only gives us insight into the large-
sample behavior of the estimators. On the other
hand. Hodges" tolerance, which is defined with-
out recourse (o a probability model, is o sensible
measure for the resistance of the estimator with
each fixed sample size, though it is only ap-
plicable to location cstimators. While preserv-
ing its useful properties for finite sample sizes,
Donoho and Huber [1] extend Hodges' toler-
ance to cover a wider range of problems. This
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notion is called the finite-sample breakdown
point. Among the three versions of the finite-
sample breakdown point proposed in ref. |1].
we first cxplain the one with “e-replacement.”

Let @ CR" be a sample space. where v
is a natural number. Let n denote the sample
size. For given m € {0, . ... n} and a given data
set " € Q" = X!.{Q. consider choosing m
arbitrary observations in ¥ and replacing each
of them with an arbitrary point in Q. Let D! (3")
denote the sct of all data sets with m replaced
observations and n — m original observations.

let a given parameter space @ be a subset of
a metric spacc with metric  (e.g.. a Euclidean
space. as assumed in Donoho and Huber [ 1)),
The finite-sample breakdown point of an esti-
mator 6, : Q" — O at a data set = € Q" is
defined as the minimum element of the follow-
ing set of fractions:

m

- b(m.n:=". 6, x,.m € n} {1}

where h(m.m:3".8,) = Sup gy end(8,(2").
6,(=")). We call this finite-sample breakdown
point the Donoho—Huber breakdown point with
€-replacement (or simply the Donoho-Huber
breakdown point) for convenience and clarity
in what [ollows.

The value b(m.n:3".6,) can be considered
to be the maximum bias (morc accurately. the
supremum bias) caused by m observation re-
placements. By checking this maximum bias
for 2 — t, #r — 2, und 50 on, onc may find
that the maximum bias becomes * for some
m. Then m/n is the Donoho-Huber breakdown
point with this m. When there is no m < » for
which the maximum bias is =, the breakdown
point is one. An example of an estimator whose
Donoho-Huber breakdown point is one is the
single-parameter estimator whose value is al-
ways a fixed value. say zero, regardless of the
observations.

The Donoho-Huber breakdown point of an
estimator is dependent on the noncontaminated
data set 7" in general. Nevertheless. it takes
the same value at all or at most possible data
scts in many interesting applications. For this
reason, the Donoho-Iluber breakdown point
of an estimator is often referred to without
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specifying what the noncontaminated data set

=n

s,

Example 3. Iy (he locution estimation prob-
lem. the Donoho ~Huber breakdown point s

essentially the same as Hodges™ tolerance it

the metric of the location parameter space s
Euclidean distance. Thus. the Donoho-Huber
breakdown points of the sample average und
the sample median are Unand [n/2]/n. respec-
tively, where # is the sample size.

The other two versions of the breakdown
points proposed by Donoho and Huber |1]
are derived from the €-replacement version by
changing (he wiy that the data are corrupted.
In some sitwations. data corruption is caused by
brerroneous observations adjoined 1o the origi-
nat data set. Donoho and Huber call this type
ol data COTrUpLON €-contamination, The break-
down point with €-contamination is the minj-
mum fraction of (he contaminated observations,
mitn + m)., for which the distance between the
estimate based on the contaminated data set can
be wrbitrarily far from that bascd on the orig-
inal data ser.

The third version of the  Donoho-~Huber
breakdown point, unlike the previous two ver-
sions. does not limit the way in which the
data are cortupted. Al possible dat corrup-
tion, inclu(ling replacement and condamination,
is considered. The degree of data corruption is
measured by the distance between the cmpiri-
cal distribution of the modified data and that of
the original data. The breakdown point is de-
tined as the minimum data corruption level for
which the estimate based on the modified data
set cun be arbitrarily far from that based on the
original data ser. Donoho and Huber call this
breakdown point the finite-sample breakdown
point with e-modification.

As Donoho and Huber 1) mention, it js
necessary to modity the definition of the three
Donoho-Huber breakdown points to cover
certain  problems. Scale estimators*  are an
example of this. Suppose that a smal num-
ber of contaminated observations can cause i
scale estimate to be arbitrarily close to zero,
We can call thie behavior ur the estimator
implosion. The implosion of g scale estima-
or is as problematic as its explosion. The

Donoho - Huber breakdown point ignores im-
plosion, because the maximum hias in scale
estimation caused in this way is never inlinity,
To take accouny of the possibility of implosion.
the breakdown point with e-replacememt, for
instance. needs to he redefined as m/y. Where
m is the minimum number of replaced obser-
ations for which the maximum bias is % o
for which the estimate can he arbitrarily close
to zero.

EXTENSION OF THE DONOHO-HUBER
BREAKDOWN POINT

Although the location estimation problem can
be considered us 4 special case of the regres-
sion estimation problem, the Donoho-Huber
breakdown point of g regression  estimator
may be very different from that of the corre-
sponding location estimator. The L-estimator
(the lc:nst-ubsnlu(c-dcviu(i()n estimator) is g
good example. In the simple location sctting
L\ -estimation delivers the sumple median, Nev.-
certheless, as Elljs and Morgenthaler 12] pre-
cisely describe. (he Ly-estimator  for linear
regression can be areatly alfected by an ob-
servation which s fur from the majority of
observations in the regressor space. (Such an
observation s g leverage™ poing)y 1y thus has the
Donoho -Huber breakdown point 1/n, Many
other M-estimators* share the same property.
On the other hand, the Donoho  Huber hreqk-
down points of certain other estimators are
known to have positive lower bound indepen-
dent of n. For an excellent treatment of the
Properties of estimators in the linear regres-
sion scuing. See ROBUST REGRESSION, POSITIVE
BREAKDOWN,

A natural question tha arises from studying
the breakdown properties of lincar regression
estimators is what breakdown properties hold
for estimators for other types of models. The
Donoho-Huber breakdown point is inconve
nicnt for answering this question. in that it js
not invariam with respect to reparametrizations
(possibly involving change of the metric of the
paramcier space). To sce this point, consider
the regression model

V“Xa-#—e.




where the set of all real numbers is denoted
R. ¥ € R is the dependent variable, X € R
is the explanatory variable. « is the model
paramcter belonging to R, and ¢ is an error
term. The Donoho-Huber breakdown point of
the leuast squares (LS) cstimator for this maodel
is known to be 1/n, where 11 is the sample size.
Nevcrtheless. we can rewrite this model with
an alternative parametrization as

Y — X wn 0+ €, 2)

where # € (=7/2.7/2). If we employ Lu-
clidean distance in this new parameter space
(~7/2.7/2). the Donoho-Huber breakdown
point for the LS estimator is one with the
new parametrization. Note that the LS cstima-
tor picks exactly the same regression function
in the two estimation problems. This means that
essentially the same estimator may have very
different breakdown points depending on the
parameterization,

The dependence of the breakdown point on
the parametrization is not such a serious prob-
lem in this simple lincar regression example.
As long as we restrict the model 1o be a simple
linear regression model. we would always use
(1. because (2) is not lincar in the parameter.
Nevertheless. there are models for which pa-
rameterization may be arbitrary. Nonlincar re-
gression models are an example of this. The
dependence of the breakdown point on the
parametrization makes the analysis unncces-
sarily complicated.

Note also that the bias considered by the
Donoho-Huber breakdown point may be an in-
appropriate measure for the effects of data con-
tamination in certain situations. Stromberg and
Ruppert |6] give the following example. Con-
sider the nonlincar regression® model known as
the Michaclis—Menten model.

VX

K+ X
where Y > () is the dependent variable, X > ()
is the explanatory variable. g is the error term.
and V and K are parameters of this model. both
of which can be any positive real numbers. Sup-
pose that replacing m data points can drive both
an estimate V for V and an estimate K for K o
%, keeping their ratio @ = V/K constant. This
behavior of the parameter estimates does not

+ €. 3
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completely invalidate the estimated regression
function. which still retains information on the
conditional location ol ¥ given X. This point
is made clear by comparing this case with that
in which the ratio of the estimated parameters.
ar, can be arbitrarily close to zero or arbitrarily
large. We thus need to modify the detinition of
the breakdown point in such estimation prob-
lems as (3).

Tuking into uccount this limitation of the
Donoho-Huber breakdown point. Stromberg
and  Ruppert 16] propose an alternative
finite-sample  breakdown point  for nonlin-
car regression  estimators.  In - Stromberg
and Ruppert’s version of the finite-sample
breakdown point. the behavior of the cs-
timated regression  function is of concern
instead  of the estimated purameters. At
each  point in  the explanatory-variable
space. consider the possible range of the
regression function obtained by letting the pa-
rameter range over the parameter space. I’ the
estimated regression function can be arbitrarily
close to the upper or lower boundary of its
range at a certain contamination level, the esti-
mator is considered to break down at the point
in the explunutory variable spuce at the given
contamination level. The breakdown point
that point in the explanatory-variable space
is thus dcefined. The minimum value of the
breakdown point over the points in the explana-
tory variable space is the Stromberg—Ruppert
hreakdown point.

This idea resolves the problems related to
the dependence of the finite-sumple break-
down point on the model parameterization, be-
cause the definition of the Stromberg~Ruppert
breakdown point does not depend on the pa-
rameter space. Nevertheless, there are some
cases in which it is inappropriate to judge the
breakdown of the estimators in the way pro-
posed by Stromberg and Ruppert, as the next
example shows.

Example 4. A regression eslimator is said to
have (e eaact fir properiy i the estimate ol
the regression coetficient vector is § when-
ever more than the half of the observations are
perfectly fitted by the regression function with
. Some estimators (e.g.. the least-median-of-
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squares estimator) are known to have the exact
fit property.

Let ® =[0.%), and consider the linear
model regressing ¥ € Ron X € R:

Y =6X + €

where # € O, and & is an crror term. Sup-
pose that we have a data set that consists
of the following pairs of observations on ¥
and X: (0.0, —4.0). (0.0. =3.0), (0.0. -2.0),

(0.0, —1.0). (0.001.0.1), (0.01. 1.0). (0.02.2.0).
(0.03.3.0), (0.04.4.0). Then any estimator that

has the exact fit property gives 0.01 as the esti-
mate for # with the given data set. The estimate,
however. becomes 0 if we replace the fifth ob-
servation with (0.0, =0.1). i.e.. the estimated
regression function attains its lower bound at
cach v € (0,%) and its upper bound at each
v € ({—=.0). Thus thc Stromberg-Ruppert
breakdown point of the estimator at the above
dataset is ,'—, For the dependent variable whosc
sample space is R, would everyone agree that
# = 0 is a crucially bad choice?

Although Stromberg and Ruppert mention
the possibility that their breakdown point is in-
appropriate and one may instead need to usc
cither the upper or the lower breakdown point
similarly defined. both uppcr and lower break-
down points agrec with the Stromherg~Ruppert
breakdown point in the above example. This

suggests that we may want to reconsider the cri-
terion for crucially bad behavior of estimators.
Also. the Stromberg—Ruppert breakdown point
is not casily extended to parametric estimation
problems other than nonlinear regression.

To overcome these limitations. Sakata and
White 15] propose another version of the finite-
sample breakdown point based on the funda-
mental insights of Donoho and Huber |1] and
Stromberg and Ruppert [6]. This version of
the breakdown point is like the Stromberg and
Ruppert’s in that it is based on the behav-
ior of the estimated object of interest. e.g., a
regression function. instcad of the estimated
paramcters. For the Sakata- White breukdown
point the model user specifies the criterion
against which breakdown is to be judged. This
criterion (e.g.. the negative of goodness of tin)
is the badness measure: the breakdown point
is the badness-measure-based breakdown paoint,
It constitutes the minimum proportion of ob-
servations for which date contamination leads
to the worst value of the badness measure.
Because of its flexibility. the Sakata-White
breakdown point is generic. It can gencrate
the Donoho—Huber breakdown point and the
Stromberg—Ruppert breakdown point for ap-
propriate badness measures. Tt can also be ap-
plied in noaregression contexts.,

Table 1 summuarizes the
points explained here.

tive Licakdown

Table 1 Comparison of Breakdown-Point Concepts

Breakdown Point Applicable Notion of Breakdown

Tolerance Location The estimate is arbitrarily (negauvely or
positively) large.

Hampel Parametric in gencral The stochasiic limit of the estimator can be

Donoho-Huber
location. etc.

Suwomberg—Ruppert Nonlincar regression

Sakata- White Parametric in gencral

Univariate and multivariate

anywhere in the parameter space.

The estimate under data corruption can be
arbitrarily far from that without data
corruption.

The estimated regression function can be
arbitrarily close 10 itc poccible highest
or lowest value at some point in the
regressor space.

The estimated model can be arbitrarily bad
in terms of the model user’s criterion.
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BRTER SCORE

In Brier [2] this score is introduced as a means
of evaluating (weather) forecasts expressed in
terms of probability. Brier gave an example
where forecasts of rain or no rain are avail-
able and a forecast consists of a probability of
rain. The Bricr score is used to evaluate these
forecasts after the occurrence of rain or no rain
has been observed. Hitherto the score has been
applied frequently in meteorology* and tields
such as medical diagnosis.*

Suppose that on cach of n occasions exactly
one out of r events can occur and that the
forecast probabilities are f7, fi>..... fi, on the
ith occasion (Z,- fij = 1). The Brier score is
defined as

.

i > (fii

izl j=l

E;)
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where £, tkes the value | or (0 according
to whether or not event j occurred on the ith
occasion. The score is the average squared dis-
tance between the forecast probability distri-
bution and the probability distribution of the
pertect forecast. i.e.. having probability one in
the realized event. The score has a minimum
vilue of zero (perfect forecasting) and a maxi-
mum value of 2 (worst possible forecasting).

To illustrate the formula.  suppose  that
on ten occasions probability forecasts have
been given of rain or no rain (e, n = 10
and r = 2). The forecasts are (.7. 0.9. (1.8,
04, 0.2..0.0, 0. 0, 0.1, respectively. and it
turned out to rain only on the second. third,
and fourth occasions. The score for these
forecasts is 75 X 2 X (0.72 + 0.1 + 0.2? +
067+ 027 - 07+ 0P + 0 + 00 + 0.1°) =
0.19 |2).

In some papers the Bricr score is called
“probability score™ or “quadratic scoring rule.”
The latter term is somewhat confusing. as in
Staél von Holstein and Murphy [6] a family of
quadratic scoring rules is introduced. of which
the Bricr score (s well as the Epstein scoring
rule*) is only a special case.

An attractive property of the Brier score is
that it is strictly proper, i.e.. a forecaster mini-
mizes his expected score only by honestly ex-
pressing his personal probability assessments.
Brier noted this and wrote that using this score
“cannot influence the forecasier in any undesir-
able way.” For a more detailed description of
properness se¢ DISTRIBUTIONAL INFERENCE,

The Brier score also can be written ex-
plicitly as the sum of calibration (“validity.”
“reliability™) and rcfincitent Csharpness.” “re-
solution™) components (Murphy [3]. Sanders
[S]). The calibration component measures the
extent to which forecast probabilities and ob-
served frequencies correspond. The refinement
component measures the extent to which, in
a sequence of events receiving the same tore-
cast probability. the occurrence of the event is
uniquely determined (i.e. always or never). A
graphical exposition of the relationship between
calibration, refinement, and Brier score can be
found in Blattenberger and Lad |1]. A differ-
ent decomposition of the Brier score is given
in Murphy [4].



