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any point in Ihe parameter space (..) depending

on (j in Ijn(F). thc c1;timator f..lils to convey any

int(>rmation about f'. On the other hand. ifthcrc

is ti propcr suhsct K of (..) such that G E B,s ( F)

implics that the probability of the cstimtltor

H" belonging to K l:(mverg~s to one as the

sample sil.e grows to x. then 0" is considered

to convey somc information tlbout f' when the

observations arc drawn trom any G in 8,~(F).

The supremum ()f (5 for which the cstimatl)r iJ"

is int()rmativc tlboul f' when the ohservations

are drawn from any probability distribution in

R,j(F) is the f/(llI/r('1 hr('llkd(}II'11 r(}illl.

notion is called the .!il1itl'-.\.alllpll' h,"(,akd(}\\"1/

P(lillf. Among the thrce versions of the flnite-

samplc brcukdown point proposed in ref. 111,

we tirst cxplain the one with "f:-replaceml.'nt."

Lct Q C ~'. be a sample ~pace, wl1er~ \"

i~ a natural number. Let 11 del10te the s(lmple

size. For given III E {0, 11} (md(1 given data

set :11 E Q1I = x;'- I Q. consider choosing III

arhitrary obsclvations in :11 and rcplacing each

of them with (In (\rbitrary point in Q. Let D::1 (:11 )

denote the sct of all data sets \vith m replaced

observations and 11 -111 original ob~ervations.

I.et a given parameter sptlcc.: (..) be a subset of

ti metric spacc with metric" (e.g., a Euclidean

space :IS :1~"llm~ci in Dnnoh(\ and Huber I t I}.

The tinile-sumplc breakdown point of all esti-

I11lllor 6,1 : Q" -(00} al a dlllll sct :'1 E Q" is

dcfined as the minimum element 01' the follow-

ing ,o;et of fractions:

Example 2. Let (\j he the ~et of all prob-

ilbili(y <.Iis(rihu(ions on lhe cntire re,11 line

with tinite tir~t ,Ih~ollltc: molllC:nt. Slippo~e

thai'.. E (..j. Pil:1.. an arbitrary tIJ E ((). I ).

Con~ider (I probability distribution (j cre-

alcd hy redul:ing by I ()Go percent the proba-

hility of each event specified by F. and putting

proh,lhility (~ on slIme positive point on the real

linc. By moving the poinlt(1 whil:h prohability

8 i~ ,Iddcd. we can set thc expectation of the

prob,lbility distribution G to any value we like.

Because the sample average convcrges to 1he

cxpcl:tation of G by thc Kolmogorov law of

large numbers. this implie." th.Lt the Hampel

brc,Lkdowl1 poi nt is no higher than jj .Bt:c(luse

O is an arbitrary positive number. this implie~

that the Hampel bre,lkdown point is zero for

the sample average. In thc S(Lme situation. the

Hampcl breakdown point or the sample mcdi.Ln

is 5()(/i .

II }~
{ ~
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I ( .=', H'
) 111 ." ...If { I }:x. /11 E

DO:'iOHO-HU8..:R FINITE-SAMPI..E

I~RI':/\KDOWN POINT

r\llhough Hampcl's breakdown point can be

applicd to general parametric estimation prob-

Icm~, it only givt:~ us insight into the largc-

sample behavior of the estimators. On the other

hand. Hodges. tolerance. which is defined with-

out recourse to (l prob(lhility model, is (I sensihlc

me~lsure for the resist(mce of the estimator with

each fixed sample size. though it is only ap-

plicable to location cstimatl>rs. Whilc preserv-

ing its useful properties for finite sample sizes,

Donoho and Huber Ii) extend Hodges' toler-

ancc to covcr u wider range or problems. This

where h(/11.ll;-;:-".ii,,) = SlIp;:..E')::,(-:..ld({j,,(::").

0,,(-;:-")). We call1his tinite-sample brcakdown

point the f)()I1(Jh(I-H"her hrellkd(JII'1/ p()illt li.;th

E"-replll("t'mellt (or simply the Donoho-Huber

breakdown point) for convenience and I:larity

in what ()flows.

The value h(III.11:"[",{;,,) can be considered

to be the maximum bias (more accurately. the

supremum bias) c:llIsed by 111 observation re-

pl(ICCmen1S. By checking this maximum bias
for 111 ~ I, 177 -2. und :';0 on, ("tnc Il"luy lind

that the m~,ximum bias becomes x for :;ome

111. Then 111111 is the Donoho-Huber breakdown

point with this 111. When there is no II/ ~ II for

which the maximum bias is x. the breakdowh

point is one. An example of an estimator whose

Dolloho- Hubcr breakdown point is one is the

single-parameter esrimator whose value i~ al-

way~ a fixed value. say zero, regardle~~ of the

observations.

The Oonoho-Huher breakdown point of an

estimator is dependent on the noncontaminated

datu set I" in general. Nevertheless, it take~

the same value ut all or at most possiblc data

sct~ in many interesting applications. For this

reason, the Donoho-lluber breakdown point

of an estimator i.'\ often referred to without



X6 HREAKI)OWN POIN1'

SrCt.it~yillg ',\h.lt tht' 111111<.:()J1taminatcd data sct
-;"11 is.

.~x3mplc 3. I n lllL' I()L"LII i(JI) csI i,l)(tti()n prub-

Icm. rhc Donohl)-Hllhcr hrcakd()wn point i'i

~.'i.'icnliLII,y Ihe same as H()dg.es. loleran<:e if
th~ m~lri<: (),. rhe loc.:ali(m parameter spa<:e j.'i

..:lIl.lidl'all dist.llll.t'. .,.hll,. Ihe lJolloh()-HLJher

hrc.lkJ()\".1l p()illt., ()f the saJ)1ple uveruge alld

lhc S~llllpl~ mcJiLl11 LIre 1/" al1d r"121/,,. respel'-

lively. wherc " is the S~LJ1lple .,ile.

The olhcr IwO vcrsiolls ()r the breakdowr

point.'i pr()po.'icd by Doll()ho al1d Hubcr IiI
art: dt:rivt:d li.()m the f:-repluct:mcnl vcr.,;ion by

ChJllgil1~ Ihl.: w~ly Ih~11 IhL' d~II~1 ;Irf' L'orrupt.,cJ-
III Sl)me silllali()n,'i. d~lta corruption is caused by

III L'm>11t:()U~ ob,ervati()ns ~Idjoinetl to the origi-

n;ll d;l!a ,'iel. 1)()I1I)ho and Huher c~IJI this typc

()r uata L'(lrlllptiol1 E-('fIIlIfll11;lIlii;fl11. Tht' brcak-

dl 1\\, 11 rl)ill! \1,.ith E-CI)ntumina!ion i,'i thc mini-

mum li-aL"lit)1l or Ihe L'()l1t~lminated ohservations,

1111 ( II + III ). ror which the dislal1l.e hetween the

t:slil1lale ha,;cJ on thc contaminatcd d~lt~1 set cun

he Llrhilrarily far ti1)1l1 thaI bascd 011 thc ()J"ig-

il1i.11 dala sel.

-rhe third v'ersion of the Dol1oho- Hubcr

brc~lj.;d()wl1 poin!, unlike !he previous two ver-

siolls. does IlO! limit the way in which the

d~lta ~trc corrupted. All possible data corrup-

li()n. includinr rf'pl:lce,."ent tlnd CollfiJmin;lrion.
is c()n~idcrcd, The degree of data COlTuption j~

measured by the dist~lncc bcl\veel1 the empiri-

cal di,'itributioll of the moditied data and that or

Ihe original data. The bre~tkdo\1,'n point is de-

tined ~IS the minimum dala L"orrupliol1 Icvel t()r

whiL"h the e.,;timate bi.lscd on thc modified data

sel t.:~11l he ~Ir/)itrarjly f.lr ti1}m thaI buscd on Ihc

()J"igill.11 d.II.1 sel. Ot)floh() ufld Hubcr (.;all Ihi.,;

brc~lkdoWll point the tinite-sample breakdown

point wilh 8-111(){!(/i{'lIli()II.

As [)()floho .lnd Hubl.'r I I I mcnljon. it is

ne<.:es.,;ary to modify the definition of the threc

Donoho-Hubcr brcakdown point,'i 10 cover
certain problcms. S<.:.IJC cstim~ltors* are i.ln

example of this. Suppose th~,t u small num-
ber of contaminated ob~ervations cun <.:uusc a

s(.;ale estimate to be arbitrarily close to 7:ero.

We can c:IIJ thj" behuyior vI" II le estimator

il11p!v,\'i(l11. The impJo,,;ion or a s(.;ule e~tirna-
tor is us problcm~ILic as iLS cxpIosjon. The
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wh~re thc set ()f all reaJ numbers is dern)ted

~. y E !R is Ihe depcndenl variablc, X E ~

is lhc explan.lt()ry variable. ll' is Ihe model

p,lramclcr hclongillg to !R, and e is all error

term. Thc Oorn)ho- Huber brcakdown roinl of

lht: Ic.lst SlJlI.lres (LS) cstjmator fur thjs ml)dcl

il; knowl1 to bt: 11/1, wherc " is thc sample size.

Nevcrtheles~. wc L'.m rcwrilt: lhjs modcJ wilh

an .IIICr\1.llivc parame(riZalion .IS

t. -,\, (.UI I (j -r e, (2)

wherl: H E (-1T/2,1T/2). If we cmpl()y Eu-

L'JiJeal1 di~t,lnL"c ill Ihis IICW par.lmeter spaL"e

( -1;"!2.1T/2), thc ()()n()h()-Huber hrcakuown

point Ji)r Ihc I"S cstimalor is one wilh (hc

new paramL.lri/.l(ion. Notc Iha( Ihl: I.S cstima-

lor piL""s ex;IL"( Iy thc s.lmc rc~rC~Si()ll function

inlhc I\lil) ~~Iim.lti()n rr()bll.'rns. This m~,lll~ lhal

essl0:llli,llly IhL' swnc estim.,t()r may h.IVC \'ery

uit.Ji:r~n( hrcakd()wl1 pOi,II.'i uepcnding 011 rhc

paramc(CriZal ion.

'fhl: Jt:pelldcnce ()f the brcakdown pOinl ()n

Ihc p,lramelriz.lliun is not SUL"h a scrious prub-

It:m in this simplt: li,ll:ar re~rcssion cxamplc.

;\s lol1g ,IS w~ reS(riCI thc model I() hl: a si mplc

line;lr rcgressiun modeJ, wc would always lISl:

( f ). b~r.:.lllse ( 2) is rnlt lillcar in Ihc par.lmeler.

f\'ev~rlheJess. there .ire m()dell; li)r whi<.:h ra-

ramclcrization may be arbilr,lry. Nonlinc.lr re-

gression moul:ls ,lrc .m cxampllo: uf this. The

uerendcnl.:e of the brea"uown point 011 the

p,lr,lmetriz,lti()n makcs the un.llysis unncL"cs-

~arily <.:ompli<.:atcd.
Notc .llso Ihat Ihe bi,L'; considered by the

Donoh()- Huhl:r br~ukdowl1 point m.ly be an in-

appropri.lte me;lsur~ for the efrel.:l~ uf duta con-

1.lmin~llion in t:cI'lain situation~. Str()mberg alld

Rupperl 161 givc the following example. Con-

sidcr thc 110nlinl..lr regrl~s~ion"' model known as

thc Mil.:h;lclis-Mcnlen Illodel.

VX

completely invalidute (hc es(imalt:d rt:gre~~ion

runLtion. which s(ill retains inti.>rmation on the

\.,ondi(ion:.11 loc,ltion <>r }. given X. This poin(

is m:.ldc clear by <:omp:.lring thj" case with that

in v.!hi<.'h thc r:.ltio of the ~stimatcd parameters.

(r, ~,In be arbitr,lrily \.'lose to zero or arbi(rarily

largc. We thus need to modify the detinition of" .
the bre,lkdown point in :..ul.:h estimation prob-

lem~ as (3).

T:lki,,~ into ~1::1::()UI1' <hi,. Jimi,~ltion of thc

Donoho- Hubt:r breakdown point. Stromberg

and Ruppert 161 propo),e :.Ill altcrlli.ltivc

finite-samplc breakdown poim I()r 11(lJ1lin-

e:.lr regression e..tima(ors. 111 Strombcrg

anJ RUppCI1'S ver~ion of the tinite-s:.lmple

hrt:akdown point. (he beh:.l\!ior of the ~s-

tim:.ltcd r~,:!:ression function is of concern

instc:.IJ or thc ~stim:.lteJ par:.lmet~rs. At

~a\.,h point in thc exp(,lna(ory-v:.\riablc

spal.:c. coI1~ider the po 'iiblc rilnge of the

rl:grcssion func(ion obtained by I~t(ing the pa-

ram~tcr rllnge I>ver the par,lme(er sp,ll:e. 1 f (he

estimated re~ression function c:.ln hl: ,Irbitrarily

close to the upper or lowcr boundary of ils

r:.111~e at ,1 Lert.lin \.,ontllmil1ation level. the esti-

m:.ltor is I:onsidercd to br~ak down ,it thl' point

in th~ ..xpl~ln~lt()'.'j ".u,.iubl.; "pL\l:.; ,It tl"lc givclJ

cont:.lmination II:Y~I. ThL' breakdown point at

that point in thL' explal1:.ltory-v~lriabll.: spacl.:

is thus dl.:lined. The minimum valuc of thc

bre,lkdown point ovcr thc points in Ihe expl:.111:.1-

tory vi.lri,lblc spaL.c is th~ Sfl"(}lllh('/:I,'-RI'I'I't'r'

hrellk(I(JI1'11 /J(Ji,ll.

This idca re~olycs (he proolclns re!,ltcd to

the dcpendence or the tini(e-"ample brcak-

down point on the model pi.lr~ll11e(eriza(ion, bc-

I:aus~ the definition of the Stromher~-Ruppcrt

bre:.lkdown point does no( dl~pend on the pi.l-

rameter space. Neyel1hcless. lhere ,Ire SOI11C

case~ in whil:h i( is in,lppropriatc to judge the

breakdown or the ~stim~ltors in the way pro-

posed by S(romberg ,\nd Ruppel1. as the nc.xt

t:x.ample shows.

} K + X (3)

where y > () is thc dependcnl variable, X > O

is thl' cxplanalory v;.lriahlc. e is the error tcrm.

and V and K ar~ parLlmeters or this model. both

of which Cilll bc 'Illy r('0"itivc rcitl IlUlllbcl". Sup-

pose that replacing 111 data poinl~ can drive both

Lln estimate V for V and all e~timate i< ror K to
x. kccping their ratio a = V / K constant. This

bl:havior of the pLlrLlmctcr e:;timales docs not

+ �.

Exampl~ 4. A regression cslimalor is said to
l.ilVC 111l: e.t(lu .f/T prvperT.I If lne csttma(e 01

the regres"ion coefficient vector is H whcn-

ever more than the half of the ohservations are

~rrectly fitted by the rcg.res!;ion function with

IJ. Some eslimators (e.g.. the least-median-of-
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squares cstim.l\orJ arc known to have the exact

tit propcrty.

I.ct (-) = [0. %), and consider the line.lr

model regressing y E ~ on JX' E R:

y = ()X + E

wher~ H E (00) .and I:; is an cITor tern). Sup-

pose th:lt WI." have a d,lttl set thtlt consists

of thc following p,lirs of obsel"V,lti(ms on y

and ,\,: (0.(). -4.0). (0.0. -3.0). (0.0. -2.0).

(0.0. -1.0). (0.()()1.0,1). (0.01.).0). (0.02.2.()).
(0.03.3.0). 10.04. ~.O). TIlcIl ..lly ~:.lillli1tl'r th.t(

h,IS th~ cxacl fit property gives 0.0) tlS the csti-

mate fur H with the givc:n dat~t set. The e.,;timate.

htlwcvcr. bcL.umes 0 if we rcplal."e the lifth ob-

,l."r\'tltion with (0.0. -0.1 ). i.e.. the estimtltcd

:.~grc1i~ion funl:tion attains its lu\0,.er bound at

\.,al:h .v E (0. -/- ) and its uppcr bound ,It e,ll:h

.v E (-'l..I)). Thus the Strombcrg-Ruppert

bre,lkllown point of thc estimtltor ut th~ tlhovc

dat,lset is h. F-"()r the dcpendcl1t variahlc whos~

sample space is u:«.. would cvel"yone agr~e thaI
H = 0 is ,l ~rucially bad choice'!

Although Stromberg and Ruppcrt m~ntion

Ihe possibility that their breakdown point is in-

,Ippropriate and one may instead need to use

either the upper or the lower breakdown point

similarly defined. both uppcr and lower break-

down points tlgrcc with the Stromh,'r8- R,lppe-rt

breakdown point in the above examplc:. This

suggc!.ts that wc may wanl to reconsidcr thc cri-

terion for Llul:iully bad behavior of I:stim.ltors.

Also. the StrlImbcrg-Ruppert hreakdown point

is not casily extcn<.1ed to parametric estifllalion

problems other than nolllill~ar regression.

To overcom~ Ihcse limitations, Sakat.l and

Whill: 151 proposc: unolhcr versioll of the tinitc-

sample breakdown point based on the fund.l-

mental insi.t,!hts of f)onoho .\nd Huber IiI .md

Stromberg .md Ruppt:r1 161. This vCrsioll or

the hrl'.lkdown point is like the Str(}mbl:r~ and

RuppertOs in that it is bascd lm the behav-

lor of the estimated object l)f in1l:rC"[o e.g.. a

re~rcssilm runc.:tiono in~tcaJ or the l.:stim.lled

p.lraml:1Cr",. For thl: S.lka1a- White bre.lkdllwn

point the modl:l user specilit:s Ihc criterion

.lgainst which hrcakdowl1 i~ I() he judged. This

l:riterion (t:.g.. thc negative or goodness of tir I

is the hllc!lll',\',\' 11/C'll.\"llrl': the breakd()wn point

is the hllc!lI{'.'..\'-/I/('(I'.,lr('-hll."f'd hrl'llkJ{III'I/ fJ()inf,

II collstirl\1c~ rhl' minimum propol1ion or ob-

scrv.llions rlW whil'h date l.:(lnt.lmillu1ion le.lds

(0 the worst \'.lille of rhl: hadncss mc.lslirc,

Hecuusc of its flexihiliry. rhe Sakill.I-Whire

brc:.1kdown point is gencric, 11 I..'an gencr.lte

the Donoho- HuOCr hrcakdown poinl .lncl rhe

Strombl:rg-Ruppcrt brcakdowll point ror :.Ip-

propri.lte badness me.lsurcs, It I..'.lll also he .Ip-

plied ill Ilonrcgrl:ssil)n contexts.
T:lblo I :;ummurirc," thc livl; tJlt:il...IJ(JWIl

points explained here.

Table 1 Cornpari~on of' Breakdown-Point Concepl~

Breakdown P()int I\pplicuhle Notioll (If Brt:akl!own

To Il.'r,\111:1.' The e.stimule is arbitrarily (l\cg.II1\'ely \)r

posilivcly) large,

U)l.:atioll

Ijampel Par.ll1ll:lril: in £el1crul Thl.: StO(;hilSli(; limit \,I" lll~ I.:slimator (;all he

unywhere in the pilrilllletcr ~pu(;(;.

The l:stimatc undcr data I."llrrurti()n cun he

;}rhitr~lrily r;}r li"om that wilhout datu

l.:orruptil>ll.

DI>noho-Huher Univariale al1d mUllivarialc

hll::llion, ell'.

Thl: estimutl.'d regressiun runl."tiun I:~ln bc

arhilrari!y l"\IW' 11\ itl; p""";bl,, hi",h..,:l

or lowcsl valuc at S()I111: point il) the

r~gressor spal:~.

Sm)mbl:r~ -Ruppcrl Nonlincar regrcssion
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\\'hcrc };;, take~ the valul' lor () accordin!.'
to wht:ther or IlOt evcnt .i OCl.Urr~u l11l the ith

()cca..il)n. The sl'ore is th~ avcrage squared dis-

tance bet\\ccn the t()recast probability distri-

butilm and thc probabilit)' distribution of thc

p~rlcct forel'ast. i.c.. having prob(lbility on<.: in

th~ rl:Lllized event. ThL' ,..core ha=, a minimum

value of /erll ( perfcLt r()reL;I'tin~T I ;lrul ;1 maxi-

mum value of 2 (worst possiblt: I()rl:l:astitlg).

To illustrate thc fol111Ula, surposc that

on ten ()cca~i()ns probahility forecasts h.lve

hl'l'll given ()f r:Jin or nl} rL\in (i,e. II = 10

and r = 2 ). The fI}recasts L\rC 0.7. O.lJ. O.X.

0.4. ().2. 0, (), 0. 0, 0.1, respectively. and it

turned out to r:.lin only on the ~ccond, third,
and fourth ol'casiolls. The scorl' fur these
..I., , ,

forecLIsts 1=' iii X 2 X (0.7- + 0.1- + 0,2- +
..., , ., ., , ,0.6- + 0.2- .()- I 0- .r 0- + 0- + 0.1- ) =

0.19121.
In ~OIIlC papers the Bricr ='l.or~ is CLlllcd

..prohabilitJ score.' or ..qu.ldratil: sl:()ring rult:..'

The latter tcrm is somewhat I:onrusing. as in

:-itael von H()lstcin and Murphy 161 a f.lmily of

guLIdratic scoring rulcs is inlroduccd. of which

the Brier score ( LIS wcll as the Epstejll scorin!:!

rulc;~) is ollly .1 special CL1SC.

AI1 atlr.lctive propl'rty of the Brier sl.:or~ is

that it is .'itri('fl,\" prflper. j.e" LI f(}reCLIstcr mini-

miz~s his expected scorc only hy honcstly cx-

pressing hi~ personal probability a~~cssmcnls

Brier n()tcd thi~ (\11d \\TOtC thLIt u~ing thi-; score

..cannot influcnl't: tht: I()rt:castcr in al1y und~sir-

.\ble WL\y,'. For a more det(\iled dcscription of

properness ,\.el' 1)ISTRIBl'TION"I. 1\:1:I:RENCl:.

Thc Brier score also can he written cx-

plicitly a, the sum of (.alihrali(ln (..validity...
" I. b .).., :I 1-: h "re IU I It)' ) an" '"";",tc"",c'"f ("" "rpI1C"", ..rc-

solution) components (MUI-phy I-i I. Sanders

151 ). The calibration component mea,lires the

extcnt to which forecast probabilitics and ob-

liervcd frequencies COJTcspond. The rcfincmcnt

componcnt me(lsures the c~tent to which, in

a sequence of evt:nts rt:ct:iving thc suJne t(}r~-

cast probability. the occul1.ence of Ihc c\,ent is

uniquely determined ( i.e. always or never). A

graphical exposition of the rel.\tionship bctween

calibr.ltion, refinement, ::md Hrier score can be

f(}und in Blattenberger and Lad Ii ]. A diffcr-

ent decomposition of the Brier score i... given

in Murphy 141.

BRIER SCORE

In Brier 121 thi~ score is introduccd as a mean~

of evaluating (weather) rorecast~ e.xpre~~ed in

terms of probability. Brier gave an ex:.lmple

whcrc forccusts of ruin or no rain are :.Iv:.lil-
(lble tlnd u forccQ:;t con:li,it[i of n prob(lbility of

ruin. The Bricr score is used 10 evaluate these

forecusls artt:r Ihc occurrence of ruin or no rain

has bcen observed. Hitherto the scorc has been

applied frequently in mclcorology* and fields

such ;IS medic:.ll diagnosi~.*

Suppose th.lt on c:.lch of tI oc(.asions exactly

one out or r event~ c:.m occur and thul the

forecu~t prob:.lbilities are .{il..fi:;. fir on the
ith occ:.Ision (I.; .fij = I ). The Brier ~corc i~

dcfincd ~IS
11
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