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III. Linear state-space models

A. State-space representation of a dynamic 
system

B. Kalman filter
C. Using the Kalman filter
D. Bayesian analysis of linear state-space 

models
E. Solutions to linear rational expectations 

models
1. Problem statement

AEty t 1 Byt Cx t
xt 1 x t t 1

xt exogenous

e.g., if zt k 1
zt 1zt 1 2zt 2

pzt p v t
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kp 1
xt

zt
zt 1

zt p 1

1 2 p 1 p

Ik 0 0 0

0 0 Ik 0

yt
nk 1
k t

nd 1
d t

k t predetermined
(chosen by agents at t 1)

k t h x t 1,xt 2, . . .x1,k0
dt m x t,xt 1, . . . ,x1,k0

goal of solution method:
find h . and m .

E.  Solutions to linear rational expectations 
models
1. Problem statement
2. Blanchard-Kahn solution method
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AEty t 1 Byt Cx t
This method assumes A is nonsingular.
Drawback: if original system involves
Etzt 2 or zt 2, can be written in
canonical form using companion
form, but at cost of making A singular.

AEtyt 1 Byt Cx t
Find Jordan form of A 1B:
A 1B V 1JV

J

J1 0 0
0 J2 0

0 0 Js

Ji

i 1 0 0
0 i 1 0
0 0 i 0

0 0 0 i
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Order eigenvalues i such that
first ns are less than or equal
to unity in modulus and next nu
are greater than unity in modulus.
Assumption for unique stationary
solution: ns nk

J
Js 0
0 Ju

diagonal elements of Js are
all 1 in modulus
diagonal elements of Ju are
all 1 in modulus

premultiply original system
AEty t 1 Byt Cx t

by VA 1

VEty t 1 VA 1Byt VA 1Cxt
EtVy t 1 JVyt C xt
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EtVy t 1 JVyt C xt
define

ns 1
s t

nd 1
ut

Vy t

Ets t 1
Etut 1

Jss t
Juut

C sxxt
Cuxxt

Etut 1 Juut Cuxx t
ut Ju1Etut 1 Ju1Cuxxt
ut 1 Ju1Et 1ut 2 Ju1Cuxxt 1
Etut 1 Ju1Etut 2 Ju1CuxEtx t 1
ut Ju1Cuxx t Ju2CuxEtxt 1 Ju2Etut 2
ut Ju1 h 0 Ju

hCuxEtxt h

Ets t 1
Etut 1

Jss t
Juut

C sxxt
Cuxxt

ut Ju1 h 0 Ju
hCuxEtxt h

Ju1 h 0 Ju
hCux hx t

Huxx t
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Note if
S Ju1 h 0 Ju

hCux h

then
S Ju1S Ju1Cux
vec S Ju1 vec S vec Ju1Cux
vec S Inu2 Ju1

1vec Ju1Cux

ut Ju1 h 0 Ju
hCux hxt Huxx t

Hux Inu2 Ju1
1vec Ju1Cux

s t
ut

Vyt V
k t
dt

s t V skk t Vsddt
ut Vukk t Vuddt
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ut Vukk t Vuddt
suppose that Vud1 exists
(required to be able to choose
dt so as to eliminate unstable
eigenvalues)
dt Vud1ut Vud1Vukk t

dt Vud1ut Vud1Vukk t
s t V skk t V sddt
s t V skk t V sd Vud1ut Vud1Vukk t

Also define R V 1

s t
ut

V
k t
d t

k t
d t

R
s t
ut

k t Rkss t Rkuut
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k t Rkss t Rkuut
k t 1 Rkss t 1 Rkuut 1
Etk t 1 RksEts t 1 RkuEtut 1

k t 1
(b/c k t 1is determined at t)

Recall

Ets t 1
Etut 1

Jss t
Juut

C sxxt
Cuxxt

k t 1 RksEts t 1 RkuEtut 1
k t 1 Rks Jss t Csxxt

Rku Juut Cuxxt

k t 1 Rks Jss t Csxxt
Rku Juut Cuxxt

Recall also
s t Vskk t Vsd Vud1ut Vud1Vukk t
so
k t 1 RksJs V skk t Vsd Vud1ut Vud1Vukk t

RksCsxxt Rku Juut Cuxxt
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Finally, since
ut Huxxt
Hux Inu2 Ju1

1vec Ju1Cux
k t 1 Hkkk t Hkxxt
Hkk RksJsV sk RksJsVsdVud1Vuk
Hkx RksJsV sdVud1Hux RksCsx

RkuJuHux RkuCux

From our earlier expression
dt Vud1ut Vud1Vukk t
we likewise have
dt Vud1Huxx t Vud1Vukk t

Conclusion: the system
AEtyt 1 Byt Cx t
xt 1 x t t 1

yt
k t
dt
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has the solution
k t 1 Hkkk t Hkxx t
dt Vud1Huxx t Vud1Vukk t
xt 1 x t t 1

which is a state-space system
with t 1 x t 1,k t 1

E.  Solutions to linear rational expectations 
models
1. Problem statement
2. Blanchard-Kahn solution method
3. Klein solution method

AEty t 1 Byt Cx t
xt 1 x t t 1

More general case:
A is singular
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As long as there exists a
(possibly complex) scalar z
such that |Az B| 0
then there exist (possibly complex)
matrices Q and Z such that
(i) QHQ In

where QH means transpose
and take complex conjugates

(ii) ZHZ In
(iii) QAZ S is upper triangular
(iv) QBZ T is upper triangular
(v) variables can be ordered
so that tii /s ii are increasing
in modulus (with any zero sii
appearing last)

Called complex generalized
Schur form
Assume the first ns values of
tii /sii are 1 and last nu are 1
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premultiply original system
AEty t 1 Byt Cx t
by Q
EtQAZZHyt 1 QBZZHyt QCxt

EtQAZZHyt 1 QBZZHyt QCxt
QAZ S QBZ T
EtSZHyt 1 TZHyt QCx t

EtSZHyt 1 TZHyt QCxt
Define

s t
ut

ZHyt

S
Ets t 1
Etut 1

T
s t
ut

C x t
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S11 S12
0 S22

Ets t 1
Etut 1

T11 T12
0 T22

s t
ut

Csxx t
Cuxx t

where T22 is invertible by construction

S22Etut 1 T22ut Cuxxt
ut T221 h 0 T22

1S22 hCuxEtxt h
T221 h 0 T22

1S22 hCux hxt
Huxx t

Hux S22 Inx T22 1vec Cux

Can then use parallel calculations
to those for Blanchard-Kahn to
arrive at
k t 1 Hkkk t Hkxx t
dt Vud1Huxx t Vud1Vukk t
xt 1 x t t 1


