lll. Linear state-space models

A. State-space representation of a dynamic
system

B. Kalman filter
C. Using the Kalman filter

D. Bayesian analysis of linear state-space
models

E. Solutions to linear rational expectations
models

1. Problem statement

ALy, , = By, + Cx,
X1 = OX; + €441
X; exogenous

eg.,ifz,=(kx1)
Z; — (|>1Z,_1 +¢2Z1_2 + -

+ (I)pZt_p + V¢




Z
X; = .
(kpx1)
Ziiprl
¢1 4)2 . ¢p—1 ¢p
o - Ik 0 0 0
0 o0 I, 0

k,
(nkx1)

d;
(nax1)

Y. =

k, = predetermined
(chosen by agents at ¢ — 1)
k; = h(th,thz, e X1,ko)
di = m(X¢,X¢-1,...,X1,Ko)
goal of solution method:
find 2(.) and m(.)

E. Solutions to linear rational expectations
models
1. Problem statement
2. Blanchard-Kahn solution method




AEyy,,, = By, + Cx;

This method assumes A is nonsingular.
Drawback: if original system involves
E:z:, or z;», can be written in
canonical form using companion

form, but at cost of making A singular.

AEry,, = By, + Cx;
Find Jordan form of A~'B:

AT'B=V 1V
Jl 0 0
s
0 0 J,
A1 0 ]
0 A 1
J; = 0 0 A,




Order eigenvalues A; such that
first ny are less than or equal

to unity in modulus and next n,
are greater than unity in modulus.
Assumption for unique stationary
solution: n; = ny

Js 0
J =

diagonal elements of J, are
all < 1 in modulus
diagonal elements of J, are
all > 1 in modulus

premultiply original system
AE:y,,, = By, + Cx,

by VA™!
VEy,, = VA 'By, + VA'' Cx,
EVy,, =JVy,+C'x,




ENVy,, =JVy, +C*x,

define
St
(nsx1)
= Vyt
u;
(nax1)
Esi B A N Cix;
E[llt+1 Jullt szxt

Eagy = Jyu + ijx,

w =J,'Eu, - J,'Chx,

Up1 = J;lEt+1ut+2 - JZICZXXHI

Engy = J;lE,qu - J;IC;xEtXH—I

w = -J,'C:x, —J,°CLLExi + 3,2 Eus
wo=-3,' > I ChLEXu,

ESi1 B JsS; N C:xXt

E[llH.] Juut CZxxl
w ==, > I CaE X

= -3, > 3 CLD X,

= Huxxt




Note if
S=J3,'>  J./ Co
then
S-J'S® =J,'C:,
vec(S) — (@' ® J;')vec(S) = vec(J;'CL))
vec(S) = [I,2 - ' ® J;l]_lvec(J;Isz

u = -3, 20 I CL® X, = Hux,
Hu = -[1,; - ® ® ;'] 'vecJ,' C)

St kt
u; dt

s: = VK + Vd,
u; = Vukkt + Vuddt




u, = VK + Vyad,

suppose that V;} exists
(required to be able to choose
d; so as to eliminate unstable
eigenvalues)

d, = VJu -V, IVuk,

d, =V, u -V, )V.uk,
s: = Vak;+ Vyd;
s: = Vuk; + Vsd[V;glzuz — V;}zvukkz]

Also define R = V!

St _vV kt
u; dt
kt _R St
d, u;

kz = Rksst + Rkuut




k: = Riss: + Ry

K1 = RisSer1 + Ry

EKu1 = RigESi1 + Ry B
= kt+l

(b/c ky1is determined at ¢)

Recall
Esi _ ALY N Cix;
Eugy Juu; C;xxt

K1 = RigESii1 + Ry B
K1 = Ris(Jgs; + C:xxt)
+ Rku(Ju“[ + C;xxt)

ki1 = Ris(Jss: + Ciixy)
+ R (Jyu, + Chxy)
Recall also
st = Vak, + Vi [Vilu — VoI Viuk,]
SO
K1 = RigJo{Vak + Vaa[Vidu = Vi Vuk ]}
+ RisCixs + Ry (Ju, + Cjixy)




Finally, since
u; = HixX,
Hiy=-[I2-0' ® I vec(I;1Cr)
K1 = Huk: + HioX;
Hie = Risds Ve — RisIsVea Vid Vak
Hi = RidsVaViiHu + RigCF

+ RuduHux + Rp,Cy

From our earlier expression
d, =V, u -V, V.uk,

we likewise have

d; = Vi Hux, — VA Vuk,

Conclusion: the system
ALy, = By, +Cx,
X1 = OX; + €41

k;

y:
t d,




has the solution

ki1 = Huk: + HieX;

d; = V,JH.x, - V) V.k,

X1 = OX; + €441

which is a state-space system

with ., = (X1, Ku1)'

. Solutions to linear rational expectations
models

1. Problem statement
2. Blanchard-Kahn solution method
3. Klein solution method

AEy,., = By, + Cx,

X1 = OX; + €41

More general case:
A is singular
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As long as there exists a

(possibly complex) scalar z

such that [Az—B| = 0

then there exist (possibly complex)

matrices Q and Z such that

(i Q"Q =1,
where Qf means transpose
and take complex conjugates

(i) Z7Z =1,

(iii) QAZ = S is upper triangular
(iv) QBZ = T is upper triangular
(v) variables can be ordered

so that ¢;;/s;; are increasing

in modulus (with any zero s;;
appearing last)

Called complex generalized
Schur form

Assume the first n, values of
tii/s; are < 1 and last n, are > 1
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premultiply original system
AE:y,,, = By, + Cx,

by Q
EQAZZ"y, , = QBZZ"y, + QCx,

EQAZZ"y, , = QBZZ"y, + QCx,
QAZ=S QBZ=T
ESZ"y, , = TZ"y, + QCx,
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Sit Si2 Esi

0 S» Eugy
B T T2 S
0 Tzz u;
C;kxxt
+
C;xxt

where T»; is invertible by construction

SnEmu = Tou, + Clex,
u =Ty Z:ZO[TﬁSzz]hCZxEtXHh
=-Ty Z::Q[TE%SZZ]hC;xq)hxt
= Huxx;
Hu = [(® ® S22) - (L, ® T2)] ' vec(Cyy)

Can then use parallel calculations
to those for Blanchard-Kahn to
arrive at

K1 = Huk: + HiX;

d; = Vo Hux; — Vi Viuk,

X1 = OX; + €41
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