IVV. Markov-switching models

A. Introduction to Markov-switching models

US real GDP, 1947-2008
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(means vertical change of 10 is approximately a 10% increase)

US real GDP, 1947-2008
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cumulative drop, 2007:Q3 to 2009:Q1 = 2.4%
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Can also calculate “smoothed probability”

Pr(S, =215 1)

Nonparametric summary of NBER labels:
f(»18,=1) estimated nonparametrically
Pr(S,,, =1[S,=1)=0.94
Pr(S,,, =2|8,=2)=0.80
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Could also approach parametrically:

S, 18, =)~ N, 0%)
S(,18,=2)~ N(y,6%)
Pr(S,,, =118, =1)=py,

Pr(S,, =2[5,=2)=py

Pr(S+1=2.85 =s.y41 | ) =

Pr(S; =s|y) Pr(S;41 =218, =5,5) [ (V41| 5141 = 2,8, =5,¥,)

known from
previous step

Nig0%)

SO ly)=

Pr(S41 =18, =Ly |y)+
Pr(S41 =18 =2,y 1y +
Pr(S1 =28 =Ly [y)+
Pr(S;11=2,8,=2,y141| %)

Parameter Estimated from NBER | Estimated from GDP
dates and GDP alone
N 473 4.62
,.: -L19 -0.57
o 347 335
P 0.94 092
Py 0.80 0.74
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Another challenge:

(1) Use only unrevised data as it was
actually available at the time.

(2) Use only data up through quarter £ to
estimate parameters and form inference
for quarter t — 1.
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GDP-based Recession indicator index
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Model of structural change:
Ve—p1 =901 —p1)+e, <1
Yi— 2 =01 — ) te 1> lo

Questions:
1) How forecast with this model?
2) What caused change at {,?
3) What is probability law for {y,}?

si=1 t=12,..,t

sf=2 t=to+1,t0+2,...

Ve Hs; = Q01 — pgr ) + &
Need: probability law for s;
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Markov chain:
P(sf = jlsi, = i,s7, = k,...)
= P(s; = Jlsiy = 1)
=Di
Transition from 1 to 2 is permanent
=>py =0

In general, if 5, is a Markov chain taking
on one of the values s, = 1,2,....N,
let p; = P(s; = jlsi-1 = i). Collectin
matrix P = [p;]

P11 P2l =t PN1

P-— P?IZ P?ZZ éNZ

PIN P2N ** DPNN

Let &, = e, (the ith column of Iy) when

s; = 1. Then
P(SH] = 1‘5[ = l)
P(S[ 1 :2‘51‘21-)
E(grﬂ‘gr = ei) = ' .
P(S[+| = MS[ - l)
= Pel'
~ PE,
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More generally, suppose we had a set
of observations Q, = {y,.y,,,....¥,}
that gave us an imperfect inference
about s, summarized as

P(s; = 1|1Q;)
~ P(S[ = 2|Q[)
€y = EGE ) = .

P(s; = N|Q)

Then
Em\r = E(E,,1Q) = Pgr\r
(e.g., row j states that
P(Sm :j|Qr)
= pyP(s: = 11Q,) + pyP(s: = 2/|2)
+eo + priP(si = NQy)

Return to original example of interest:

Ve—HMs; = 001 — g )+ &

g, ~i.i.d. N(0,6?)

P(sf =jlsiy =) =pj; i,j =12
{s7}L, independent of {¢,} |,
Q, =VuYVel,. s V1r
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Implication:
VilQu1,57,57 ~ N(ptsr + ¢t — ptsr ), 02)

Convenient to summarize {s;,s;,}
with a single Markov chain:

s;=1 ifsf =lands;, =1
s;=2 ifsf=2ands;; =1
s;=3 ifsf=1lands;, =2

s;=4 ifsf =2ands;, =2

&, = e; (ith column of I4) when s, = i
EHHI - sz\z

pi 0 pi O
P 0 pi O
0 p3 0 p3
0 p»n 0 p3

P -
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pOise = 3,Q41)
= pWilsy = 1, psr | = p2, Q1)

_ 1 —[yi—pi—¢ ’H—/lz)]z }
ro P { 207

Collect the densities that might be
associated with each of the N = 4
states in an (V x 1) vector

P()/r‘sr = I,Qr—l)
pils: = 2,Q1)

n, =
pWilst = N,Qw1)
Recall that
P(s; = 1|Qx1)
PEH\H _ P(s; : 21Q01)
P(si = NIQw1)
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Thus
n,o Pgt—l\t—l =

pOils: = 1,Q01)P(s: = 1|Qr1)
p(y[|S[ = Z,Qf_])P(Sf = 2|Q[‘_1)

pWilse = N,Qu1)P(s: = NiQy)

Summing the elements of this vector gives
1,(11[ © Pgr—l\r—l)
= Z,-Ailp()’r’»?z = JIC4-1)

= p(yt|Qf—l )’
the conditional likelihood of /th observation.

The result of dividing the jth element
of(n, ® PEH‘H) by the conditional
likelihood is

p(yf,S[ :j|Q[‘71) .
= P = ,Q =
p(yelQi1) (st = /e, Q1)

M, © PEH\H) _3
1,(1]{ O] P&H\H)

1t
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(11, © PEI—I\;—I) z

1,(1][ O] PEH\H)

it

Iterative algorithm similar to Kalman filter

nput for step

Et—l\z—l
an N x 1 vector whose jth element is
P(Sl :jb/l,yt—l 9o ,yl))-
Output for step «:

&n\z

Options for initial value 20\03

(1) If Markov chain is ergodic,
use ergodic probabilities

Ep = (A'A)Alen,

Iv—P
A=| "
(N+1)xN 1

(2) Set £, = p, a vector of free

parameters to be estimated by
maximum likelihood or Bayesian
methods along with the other
parameters.
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(3) Set &, = N1
(4) Set &, based on prior beliefs.

Above assumed we knew parameters
0 appearing in 1, = [p(yils: = . Q1101
(in this case 6 = (¢, i1, 12,0%)") and p

appearing in P (in this case p = (p11,p2)’).

However, as byproduct of step ¢ of
iteration we ended up calculating
p(:Q;;6,p) and so we've calculated
log likelihood

£(0.p) = X, logp(/Q:;6,p)
which can be maximized numerically
with respect to 6 and p by numerical
methods.
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Note— during numerical search
we’'d want to be choosing 1,; and 1,

rather than p, and p,, where

M
pu = 1423,

5

1+13,

P2 =

Changes in regime are characterized
by differences between the different rows
of n, = [p(ils; = j,Q1:60]Y,. In above
example, this was Gaussian AR(1) with
different constant terms when s; = 1,....4.
Could also have different AR coefficients,
variances, non-Gaussian distributions,

vector processes, etc.

Example: Dueker (JBES, 1997). AR(1)
with Student t innovations whose degrees
of freedom change with regime:

(v, + 1)/2]
(nv;))'2T(v;/2)o

(14 e 70

pilse = j,Q241:0) =

ovj

0 = (c,,0,vi,v2)




Example: Krolzig (Markov-Switching
Vector Autoregressions, Springer 1997):
Gaussian VAR(1) with lag coefficients
changing:

p(Y fs: = j,Qr1,0) = 2m) Q1>
exp[-(112)(y, —¢; - @y, )'Q"
(yt -G - q)fyt—l)]
0 = (c),C,, (vec®D))', (vecd,)’, (vechQ)"))'

Can also allow transition probabilities
to be parametric function of exogenous
or lagged dependent variables z;:

P = [P(s; = jls1 = i,z5p)Y

ij=1*

Example:
exp(y'z,) 1
p— 1+exp(y'z;) 1+cxp(,8/z,)
1 exp(8'z;)
l1+exp(y'z;) 1+exp(8'z;)
/ INT
p=(.%)

What can’t we do? Models where y,
depends on a growing number of states:
PO, 87,87 5. ..,57;0)
Example: ARMA process
Ye =28 +0; &
=y =& +0s yr1— 05 052 yi2
+04: 05,04

st 05 Vi3 + o

=3
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Example: GARCH process:
Vi = /h_,st
hy =&, + ay? | + Shy
=L+ ayiy + 0G5, +ayiy)
+6%(Con +aVig) + o

Solution:
numerical Bayesian methods

IVV. Markov-switching models

A. Introduction to Markov-switching models

B. Bayesian analysis of Markov-switching
models
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Example:

Yo = B.;,XIJF &1

g, ~i.i.d. N(0,6?)

P(s; = jlsr =1) =py  i,j=1,2
(does not depend on x;;, &, s, for
k=0,1,2,...)

Gibbs sampler:
0 = (01,0,,03,0,)’

0, = G_z
0, = (B,,B,)’
03 = (P11,pn)’

94 = (S1,Sz,. ..,ST),

(1) Generating 0 = ¢ from
p(601102,03,04,Y, X).
Prior: o2 ~T(NV,A4)
Conditioning on 6,,05,04,Y, X is
equivalent to observing {¢,}”, for

€ =Yt — B_;,Xz
Posterior:

0720,,03,0, Y, X~T(N+T,A1+5)

S = erzl &

21



(2) Generating 6, = (B,,B,)’ from
p(02101,03,04,Y, X).
Priors:

ﬁi\0*2 ~N(m;,c’M,) i=1,2
(independent of each other)
Posterior:

Conditioning on {s,}_,, only those
observations ¢ for which s, = 1 are
relevant for posterior distribution of f3,.

ﬁ,"elaefne‘l,Y;XNN(m;k,sz;k)

. _ / -1
M; = (M,-I +Z,T:, thz5(5t=[)>
m! = M,»*(Mflmi + Z; Xtyt5(s,:i)>

Label-switching problem:

If switch B, with B, and p; with po,
value of likelihood p(Y|X, 60,,0,,03) is
identical.

Implication: if priors for B, and p;; are
same for i = 1,2, then true posterior
distribution is bimodal and perfectly
symmetric around the two modes.

22



Presume we have interpretive (as
opposed to numerical) labels for regimes.
E.g., regime 2 = “recession”, should

have faster GDP growth, so that, say, (1),

first element of B,, should be bigger . (1),
the first element of B,.

Strategy (1): Intentionally use
symmetric priors for regimes 1 and 2
and intentionally randomly perturb
parameter draw ; to switch across modes
so as to get multimodal posterior
distribution, and apply normalization
rule to this.

Strategy (2): Impose normalization
requirement (1) > B,(1) at every draw.

Drawback to (2): not clear it's same
distribution as (1).

23



Drawback to either approach: Even
though normalized posterior distribution

has unique global mode, may still have local

modes resulting from label switching.
Recommendation: plot posterior
distributions to check for this.

(3) Generating 65 = (p11,p22)" from
p(03101,02,04,Y, X).

Priors:

A variable x is said to have a beta
distribution with parameters « > 0 and
y > 0, denoted x ~ Beta(a, y), if

[a+7y)
F(a)I(y)

for0 < x < 1 and p(xja,y) = 0 elsewhere.

p(xla,y) = x (1 —x)r!

E(x) = aiyx

_ ay
A P P

24



p(x)

Beta distribution

05 | __u=y=05

~— o=y=1
0.5 1 /
04 : o=y=6 ~ N— o=y=2
1

0 0.5 1.5
X
Beta distribution
7
6 -
51 — 0=1.5,y=0.5
4 -
% 3 o 0=3,y=1
24 /
11 / \/ a=6,y=2
04 ——=—"" o=18y=6"
-1 9 05 1 1.5
X
Priors:

pii ~ Beta(a;,y;))  i=1,2
(independent of each other)

25



Posterior:

Observation of 6,,0,,04,Y, X only affects
inference about p;; through
0, = (51,52,...,57)".

Assume that initial probability P(s; = 1)
does not depend on p;; (don’t use ergodic
probabilities).

Suppose that in the sequence
04 = (s1,52,...,57) state s, = 1 is observed
to be followed by s,,; = 1 atotal of
times, whereas state s, = 1 is followed
by s;1 = 2 atotal of n;, times.

Then, for purposes of inference
about p;, can view the data 0,,0,,04,Y, X
solely as a sample of n,; + n;, observations
from a Bernoulli variable with probability of
success pi;:

p(01,62,04,Y,X]0;) oc pii'(1—p11)me

26



data:

p(01,02,04,Y,X]0;) o pij'(1 - p11)">
prior: p; ~ Beta(a;,y;)

p(83) o< pii (1= pi)"™!
posterior: p;; ~ Beta(a;,y;)

ai = oy +ny

Yi=71+nn

a; = oy +ny

Y3 =7Y2+n2

(4) Generating 0, = (s1,52,...,s7)' from
p(04101,02,03,Y, X).

Calculate P(s7 = 161,0,,03,Y, X) from
first element of &,

Generate Uy~ U(0,1) and set S7 = 1
if Ur < e;EﬂT'

Consider
P(S; = i|Ss1 = j,Su2 = k,...,S7 =z,
01,0,,05,Y,X)
= P(S: = i|S1 =,01,02,03,Q))
for Q, = Vi, yets V1 X0 X015 .., X1}

27



P(St i|SI‘+1 :j9017629637Q[)
_ PGS =0,8m =J101,6:,03,Q0)

P(Sl+l :]|91 592593391‘)

_ P(Si1 = IS = DP(S; = i01,65,03.Q0)
P(Sf+1 :j|91:62:639Ql)
py‘e;‘t:t\r
e_/P&.;t\r

Iterating backwards t = T—- 1,7-2,...
we generate the sequence
64 = (S] 382, ,ST)/ from p(e4|9| ,92,63,Y, X)

Generalization: N-state Markov chain.
x ~ Beta(a,az)

(a1 +a>)

C(a)I(a2) xalil(] _X)arl

pixlar,az) =

0<x<1

28



(x1,x2,...,xy)" ~ Dirichlet(a1,as,...,0n)

1—‘(al""""‘a/\f) ar-1 oyl

pixlay,...,on) = Ty T(an) x|y

0<x; <1
X1+ +xy=1
a; >0

prior:
@i1,p12,....pv)’

~ Dirichlet(a 11, a12,...,018)

data:

n1; = number of times s, = 1 is followed
by s =J
posterior:

@11,P12,-..,p1n)'101,02,03,Y, X
~ Dil‘iCh]C'[(Ol]] +n11,...,a|N+n|N)

Generalization: time-dependent
transition probabilities:

P(s; = Jjlsm1 = i,X,)

X, predetermined at ¢

29



Convenient framework for Gibbs
sampling: latent variable z;

zF = yoSi1 +y' X +uy

u,~N(,1)

1 ifzr <0
St = .
2 ifzf >0

Gibbs sampler:
0 = (01,0,,05,0,,05)'
0, =0
0: = (B,.B,)’
03 = (51,52,...,57)
04 = (z1,23,...,23)'

0s = (y0,7)'

Draws from p(6,10,,05,04,05,Y,X) and
p(02101,05,04,05,Y,X) same as before
(conditioning on {z;} adds no information
beyond that in {s,}).

30



Draws of 03 = (s1,52,...,57)
conditional on 04 = (z},z3,...,2})’
trivial from accounting identity:

| ifzr <0
St = .
2 ifzr >0

Distribution of z; conditional on

{S,,X,}ITZI and ('}/O,Y,),:
Z;‘k = '}/()St_l +Y/X[ + Uy

| ifzr <0
St = .
2 ifzr >0

If s, = 1, then z; was a draw from a

N(yos.-1 +7v'%,,1) distribution that
came out to be negative.

31



To generate such a truncated Normal
variable, generate N(y s, +v'X;, 1)
variables until one comes up negative,
use this for z;.

When s, = 2, generate N(yos.1 +y'X;, 1)
and take the first nonnegative value
as simulated z;.

Doing this for = 1,..., T gives a draw
from p(04)601,60,,05,05,Y, X).

Finally, to generate a value for
0s = (y0.y") given 0,,0,,65,05,Y,X, notice
that conditional on having observed
{si-1,2; } L, generating 05 is standard
regression problem:

zf = YoSe1 + y’xt + uy

32



IVV. Markov-switching models

A. Introduction to Markov-switching models

B. Bayesian analysis of Markov-switching
models

C. State-space models with Markov-
switching

i = Fuftvi E(Viavy) = Q,

y, = A x,+H. & +w, Eww,) =R,
P(si1 = jls: = 1) = pjj

{s¢},{vi},{w,}; independent

X, predetermined exogenous

6, = unknown elements of Q,,Q,,R|,R;
0, = unknown elements of F;,F,,
Ai,A,,H H,

0; = (pll,Pzz)/
94 = (So,S],Sz,...,ST)/
05 = unknown elements of {§,.&,,....&,}
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(1) Generating 6, {Q,, Q,.R,R>} given
{Y’X’62163764765}-
ng = Fsréz + Vi E(Vt+lv;‘+1) = er

Notice for purposes of estimating Q,,
the likelihood satisfies

p(YIX,0,,03,04,05) o« [, 1Q,, [
exp{-(122) X, (& ~Fo1&. )
Q' (& -F,-1&.))
oo [T, 1Q[2%re
exp{-(122) X, (€~ Fsi&. )
Q' & —Fs1&, )5s,,1=1}

prior:
Q' ~ W(No,,Ag,)
posterior:
071\62,63,64,65,Y,X
~W(Ng, + T1,Ag, +Sp,)

T
T = Zf:] 65}71:'
T i
SQI - =1 VTVTSSV—FI

V= (E:t - FSt—lF:f_l
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(2) Generating 6, {F,F,,A|,A;,H;,H>}
given {Y.X.0,,05,0,4,05}.
EJH—I - F5/§r+vf+1 E(VHIV;H) = Qs,

prior: f,|Q, ~N(mz,,Q, ® Mz,)
posterior: f,|Y,X,0,,05,04,05
~Nm;,Q, ® Mp,)

- T ' -1
M;‘z = (MFZ + Z;‘:] é[—lgtflaslflzz)

m;, = (I, ® M;Mz)mp,
+(L @MY 8 & 0,2 ) F)
f, = VGC(I/:Z)
Fo= (X0, 8.80002)
(X886, =)
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(3) Generating 05 = (p11,p22)" given
{Y,X,0,,0,,04,05}.

(4) Generating 0, = (s50,51,52,...,57)'
given {Y,X,6,,0,,05,05}.

Exactly same as for other Markov-
switching models.

(5) Generating 65 {§,.&,,....&,}
given {Y,X.0,,0,,05.,0,}.

&1 = Fslgt T Vi E(VHIV;H) = Qs,

y, = AL x +HLE +w, Eww,) =R,
Conditional on {s¢,s1,...,s7}, this is
just a Kalman filter problem where we
use different F, Q, A, H, R for different
dates.

Pz+l\z = Fser\zF;, + Qs,
Pt+1\t+1 = Pt+1\t - {Pr+1\rHsM
(H/ P Hs, + R.w+1)7lH/ Pt+1\t>

Sl St+1

ng\t - F-Vtgz\z

St+1
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PN ! I e
Erlf = Y1 — ASMXHI - HSHI ng\t
§t+l\t+l = éHI\t + {PHI\IHSHI
! 1A
(H Pr+1\rHs,+1 +R;...) 8t+1\t}

St+1

E7/Y.X,01,02,03,04 ~ N(& ;7. Pr7)
E B Y. X,01,02,05,04 ~ N, P;)
J; = P,F P,

P;, = Py —J/F,Py
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