V. Estimation of continuous-time
models

y(t) = asset price or interest

rate at instant ¢
dy(t) = a[y(t),t,0]dt + b[y(¢),t;,0]1dW(¢)
W(t) ~ standard Brownian motion
W() = W(s) ~ N(O, (¢ - s))

y(t+ 1) =y + [ aly(s).s:0ds
" Bly(s),5: 0140 (s)

Presumptions:

(1) y(.) is only observed at
discrete points ¢, ¢+ 1,1+ 2,...

(2) the solution to these
integrals is not known analytically




Can approximate using fact that
for small A,

yisa —yi = N(4:,B1)

As = a[y(1),t,0]A

B: = b*[y(¢),1;,0]A?

with accuracy arbitrarily good
asA-0

Consider dividing the interval
between observations (¢, + 1)
into M subintervals each of
length A

T =t+A
Tp = t+ 2A
TtM:l+MA

Tl =1+ 1
with M+ 1)A =1




Consider unobserved latent variables
y;; = "missing" value of y(z,) = y(t +jA)
vy J=12,..,M missing between
each pair y;,y1 of observed data

Vi1 = Vi ~ N(dy, By)
A4 = alyj;,t4;0]A

By = b*[y},14;0]A7
Lety; = Ohvis---.vim)

!

Let y:( = (y;(lay;(za--wyth)l
P(Ylelayzw--ayT,e)
= p(y;1y.0)

_ HM 1 exp|:— (szﬂ _J/;'_Atj)z :|
=0 7By 2By

*

Yo = Vi

* —
Yivr1 = Vel




We can generate a draw from this
distribution using Metropolis-Hastings.
Let ¢(yly,0) be candidate density

for iteration £ of Gibbs sampler.

(1) generate w® ~ g(y7|y,0)
(2) calculate a(y;* ", w®|y,0)

) p(W®1y.8)g(yi*ly:0
= mln{l ( ) ( : )

" p(3i 4V 1y0)a(wPly:6)
(3) sety/® = w® with prob «

set yi® = y " with prob 1 —

]

candidate density:
q(y;1y;0) ~ N(p*,Q")
pu* = posterior mode
= argmax p(y;ly,6)

i
:| -1
yi=n*

OF — _| Ploertilye)
oy oy




Two practical problems:
(1) finding p* requires numerical
maximization for each ¢

Solution: use a small number
of Newton-Raphson steps
to find approximate fi*

(2) MH can be very inefficient
for drawing a large vector
(say, M = 10)

Solution(?): generate draw for

VilVaY iV, Vi1 i
Vijs2s---YVin: 0)

But: this won’t work because

too highly correlated for

different j




Solution(?): generate draw for

Vi Vijits - sV ipml¥s V5V 25 Vi1
Vijrmr1>Y tjsms2s - - Vvt 0)

But: with breaks always in

the same place, y;* would be

too correlated with y; "

Solution(!):

(1) Fork =1, set0* and
y**D to initial guesses

(2) Setj =0

(3) Draw m* ~ Poisson(A)
fm*+1>M setm =M
otherwise, setm = m* + 1

(k) *(k) (k)
(4) Draw yZ» ,ij+1 e ,y:;+m|)’>
*(k—1)

0,y =y
forie {j,j+1,....)+m}
andt=1,2,...,T
(5)Setj=j+m+1.

If j > M, go to (6)
else, go to (3)




(6) Draw 8®|y, y*®
(7)Setk=k+1and
go to (2)

How to do step (6)?
Conditional on y*, this is
a more standard problem

Example: Cox-Ingersol-Ross model
dy(t) = [a = By(D)]dt + o | y(2) dW(1)
Let x(¢) = logy(?)




Ito’s Lemma: if

dy(t) = p(y(0),0)dt + o (y(2), )dW(t)
x(¢) = f(y()) with £(.) twice
continuously differentiable, then
dx(t) = a(y(¢),t)dt + b(y(¢), t)dW ()

a0 = uo 0.0 G|+
(12)[o (), 0] L3>
y=y(t)

b(y(0),t) = U(V(t)’t)% |y:y(t)

Here f(y) = logy
dy(1) = [a = By(D]dt + 0. Jy(0) dW(0)
ofioy = 1ly 0*floy? = —1/?
o (VD)) = o Jy(t)
b (0).1) = o). L2 |
y=p(0)

o Jy(®) .

yo Lo




pO@,1) = o = fy()
a(y(l),t) = H(Y(t)’t)% |y:y(l) "

(12)[e((1),0)> 2

y=y(1)

_ _a _p_ _o?
YO p 2(0)

logyy; = logyy;
+[ ——-p- & ]A+u§;

Vi 2y

u,*] ~ N(O, o?A” )

¥
V-1

goal: rewrite this to recognize
as a problem for which we
know p(a, Blo?,y*) analytically

108)’2’ = logy Zj—l

2
+| = -p—=2% ]A+ u;;
[ ij—l 2)%,/4 Yy
202
* ag“A
u: ~N(O )
y ( > YZz—l

solution: multiply by /yz*,j-1




)N/U = ODNCtj + ﬂzt] + Uy
P = Jﬁ[logy;} —logy;; | + %]
Xj = + Zj = _A\/ﬁ
Do
by B 308

S'; = ()N}tl ,511‘29 e ,)N/Tm),

X1 Z11
x-|
Xtm Zm
BZ ((Z,ﬂ)/
y=XB+e

prior: Blo* ~ N(m,cA’M)

posterior: Blo2,§,X ~ N(m*,c2A?M*)
M* = M~ +X'X)"!

m* = M*(M"'m +X'§)
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What about p(c?|a, B,y*)?

This is not a standard problem,
because o2 appears both as
coefficient and variance.

Chib et.al. draw this numerically
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