VIl. Time-varying variances

A. Introduction to ARCH models

y; = return on a stock in period ¢
1 = population mean return
Ve = 1+ U
Observation: u, is almost impossible
to predit
E(usus,upn,...) =0
However: 7 does seem to be
quite forecastable

Question 1: how should we forecast u;?
One answer: autoregression on its
own lagged values:
u? =G +ajuly +oaul, + -
F O U, + W,
Ew,) =0
Ew?) = A?
Eww,) =0 ift+1




Question 2: what kind of data-
generating process would imply
such a forecast?

Uu; = ‘/h_tst

g ~ i.id. (0,1) (e.g. N(0,1))

2 2 2
hy =c¢+aju,; +aruyy+ -+ Opliy

Definition: a regression model with
Gaussian ARCH(m) error is
characterized by

Yo = XB+ u
Ur = \/h_tVt
v, ~ Li.d. N(0, 1)

ht =¢+t alui] + 0!214;2,2 + et amu%—m
ARCH = autoregressive conditional
heteroskedasticity

Note: even though u, has a distribution

that is conditionally Gaussian,
Ui, ~ N(O,hy),

its unconditional distribution is

non-Gaussian (fatter tails)




parameters of Gaussian ARCH(m)
regression: 0 = (B',a’,¢)’
estimate by maximum likelihood:

Qi1 =XV 1,X- 1,V -2, X125 - ..«
Vi|Qe1 ~ N(X;B,ht)

hy = ¢+aiuy +oauy + -+ dptr,
U =y —Xp

"l*; 2
fi€Q-1;,0) = J%hz exp[—%}

£@®) =" log/(y|Qw1:0)

choose 6 numerically to maximize
£L(0) subjecttos > 0, a; > 0
(e.g., seta; = 17)

use first m values of y, and x;

for conditioning




Although a Gaussian specification
for v, is natural starting point, stock
returns are better modeled using

a Student ¢

v:|Q;-1 ~ Student ¢ with

v > 2 degrees of freedom

conditional mean:

E(ytth—l) = XLB

conditional variance:

E[(y: - xtB) Q1] = hy

logf(y|€2:-1;0) =
log{ 2L (v —2)712 | — L log(h)

[0 ]1%[1 + ha‘gz J

2 2
hy =c¢+ a]ut,] + QUi g + -+ AUy,




Issues:

(1) covariance-stationary if

l-aiz=-—ayz" =0
implies that |z|| > 1

(2) E(uilus1,... ui ) > 0

Sufficient conditions:
s>0
a; >0 j=1,...,m

o1 +on+ - ta, <1

Why does the conditional variance
matter?

1) knowing variance of returns is
important for

a) assessing risk

b) portfolio choice

c) options pricing




2) even if you're interested in mean
only, correctly modeling the variance
could matter for

a) more accurate hypothesis tests

b) more efficient estimates
Hamilton, “Macroeconomics and ARCH”

Ve = Bo+ By +u,
4, ~ GARCH(1. 1)
u; = Jhi v

h, =k +ou> | +Sh;
v, ~1id. N(0.1)

If true p = 0, then
T2 vy 5 NOE@? u?))
E(ui_yu?) = E{pE(u}) + (1 - p)[Eu})]*}
> E(ui1)E(u7)

[1 —(a+0)d]a
1+6%2-2(a+6)5

p:




OLS ¢ statistic:

tiN(OaVll)
Vi1 > 1
Vi £>OoaS

302 +2a5+62 5 1

Asymptotic rejection probability for OLS t-test that autoregressive coefficient is
zero as a function of GARCH(1,1) parameters a and d. Note: null hypothesis is
actually true and test has nominal size of 5%.

Taylor rule:

Ari = yo+ Y1+ Y2Ye + Y3Vt
Ty +YsAre vy

r; = fed funds rate for quarter ¢

7, = inflation

y; = deviation of real GDP from potential




Claim: y, and y, are higher now
than in 1970s, which contributes
to greater economic stability

Taylor Rule with separate pre- and post-Volcker parameters as estimated
by OLS regression (d, = 1 for t > 1979:Q2).

Regressor Coefficient Std error Std error

(OLS) (White)
constant 0.37 0.19 0.19
, 0.17 0.07 0.04
¥, 0.18 0.08 0.07
Y -0.07 0.08 0.07
[ -0.21 0.07 0.06
Ar,, 0.42 0.11 0.13
d, -0.50 0.24 0.30
dm, 0.26 0.09 0.16
dy, 0.64 0.14 0.24
dy., -0.55 0.14 0.21
dr, 0.05 0.08 0.08
dAr,, -0.53 0.13 0.24

Taylor Rule with separate pre- and post-Volcker parameters as estimated
by GARCH-t maximum likelihood (d; = 1 for t > 1979:Q2).

Regressor Coefficient | Asymptotic
std error
constant 0.13 0.08
, 0.06 0.03
¥, 0.14 0.03
Vil -0.12 0.03
. -0.07 0.03
Ar,, 0.47 0.09
d, -0.03 0.12
dm, 0.09 0.04
dy, 0.05 0.07
dy., 0.02 0.07
dr,, -0.01 0.03
dAr,, -0.01 0.11




Change in fed funds rate, 1956:Q2-2007:Q1

. 1 A \/\/\ HVAHAAVPAAR\AM v M‘/W ¥
™ TN i

1962 1965 1968 1971 107

change in funds rate

1080 1983 1986 1989 1992 1995 1998 2001 2004 2007

date

Scatter diagram, 1979:Q2-2007:Q1

hange in fund
&
o @
R
o
i
!

VII. Time-varying variances

A. Introduction to ARCH models
B. Extensions

generalized autoregressive
conditional heteroskedasticity
(GARCH) Tim Bollerslev dissertation

Ur = Jh_tvt

Vi ~ (07 1)




w; = h v
v ~ (0,1)
ARCH(m):
he = ¢ +a(L)u;
a(l) = a1L+arL? +--a,L"
ARCH(c0):
he = ¢+ n(L)u;
n(L) =27 mil/

parsimony:

ﬂ(L) _ (ZlL + (ZZLZ + "'a]nLrn

1-6L—-8,L%—-—6,L"

(1= 81L =522 — - — 5,L")h,
=(1-61-062—---0,)
+(o L+ arL? + --anL™)u?

u; ~ GARCH(r,m)
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almost all applications
use GARCH(1,1)
(1-61L)h, = k + a1 Lu?
hy =k +81he +au?,

hy =k +81hi +ou>,

add 7 to both sides:

hy+u? =x+8u>; —61(w>, —hy)
+ajut, +u?

u? =k + (81 +oa)ur, +Ww?—hy)
—51(%271 —he1)

E(ut2|ut—l,ut—2---) = h;

we =ur —hy

u?

K+ (8; +a1)ut2,1 +w, — 01w

u% =K+ (0, +O!1)th2,] + W — 01 We

conclusion:
u; ~ GARCH(1,1)
= u? ~ ARMA(1,1)
AR coefficient = 6, + a;
MA coefficient = -0,
stationarity requires:
lay +01] <1
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more generally:
u; ~ GARCH(r,m)
= u? ~ ARMA(max{r,m},r)

exponential GARCH
(EGARCH, Dan Nelson)
u; = ‘/h_tvt
loghy = ¢+ 3.7, mjl[vijl = Elvel + xve]
v, ~1i.d. (0,1)
;>0 =if v 1, then i, 1
x = 0 = positive v,_; and
negative v,; has identical
effects on variance

loghy = ¢+ 3.7 7j[[vej| = Elvil + xvey]
y < 0 = a decrease in stock price
increases variance more than

an increase in stock prices

(called “leverage effect”)
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parsimony:
a(l)

D) =150

EGARCH(1,1):
logh; = Kk + 01 logh;
+ {|V;71| — E|Vt7] | + XVi-1 }

Nelson proposed generalized error
distribution (GED) for v,

i) = cnexp{=(1/2)vi/Ay|"}
where ¢, and 1, are constants

to make the density integrate

to 1 and have unit variance
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fvisn) = eqexp{=(1/2)[vi/Ay|"}

n=2=

fvi;n = 2) = coaexp{—(1/2)v}/A,}
~ N(0,1)

n = 1 = double exponential

n < 2 = fatter tails than Normal

n > 2 = thinner tails than Normal

Application (Hamilton and Susmel):
weekly stock returns, 1962-1987

Gaussian GARCH(1,1):

Vi =0a+ @y +u

Ur = 1/h_tvt
v ~ N(0,1)

ht = dy +(11Ll[2,1 +b1ht_1
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v =0.427 + 0.281 yoy +uy

(0.056) (0.032)
h, =0.585 + 0.367 u>, + 0.619 h,
(0.258) (0.071) (0.087)

log likelihoods:

constant variance: -3097.2
GARCH(1,1): —2949.7

forecast comparisons:
MSE = 7' 3" (i} - h,)?
MAE = 7' 3" |a? — |

Percent improvement of GARCH(1,1)
over constant variance:

MSE = -0.14

MAE = -0.08
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Possible improvements:

(1) Use Student t instead of Normal
innovations

(2) Allow for asymmetry (= leverage
effect)

Vi =0+ @y + uy

Uu; = 1/h_tvt

v, ~ Student t with v degrees of
freedom and unit variance

h, = ao+aju, +Eu? (8, <0) + b1h,

v, ~ Student t with v degrees of
freedom and unit variance

h, = ag+aju, +Eu? (84, ,<0) + brhe

degrees of freedom parameter:

V=56
(0.8)
leverage parameter

£=0.23
(0.06)
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log likelihoods:
constant variance: —3097.2
Gaussian GARCH(1,1): —2949.7
Student t GARCH-L(1,1): —2890.0

Percent improvement of Student t
GARCH-L(1,1) in forecasting over
constant variance specification:
MSE = —0.08
MAE = 0.03

What seems to go wrong?

(1) Parameter instability— GARCH models
do better fit to shorter samples

(2) When fit to longer samples, this
instability shows up as too much
persistence
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VII. Time-varying variances

A. Introduction to ARCH models
B. Extensions
C. Markov-switching GARCH

E?u? ,u?,,...) =h,
=
= Wy + ®18;

s, € {0,1}

P(s; = 0ls1 =0) =g

P(s; =llsiy=1)=p
E(silsi-1,812,...) = (1 —¢q) + As
A=-1+p+g
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se =1 —q)+Asiy + &

U = 0o+ @15+ wy

(1 -AL)u? = (1 - Dwo + o1 [(1 —q) +&/]
+(1 = AL)w,

u? ~ ARMA(1,1)

AR coefficient:
A=-l+p+g~=1

Estimated GARCH(1,1) parameters:
by = 0.619
da, =0.367
) +b; = 0.986
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Goal: parsimonious model of regime
changes

Vi =0+ @y +gs

Uy = 1/h_tvt
v, ~ Student t with v degrees of
freedom and unit variance

hy = ap+ Z;il ajutzfj + 5“5—1(514,7120)

P(s; = jlsi1 = 1) = pyj

foreach; € {1,2,...,N},

ui(f) = e —a — gyi1)/g;

g =1

foreachj,js,...j, € {1,2,....N},
he(i1,j2snjq) = ao +ai[uec (1)1
tar[umr(2)]? + -+ + aglueq ()]

+é:[ut—1(/.l)]2(5ur71(j])S0)

fYiyit,yea,....8 = jo,
Sil = JlseeesSimg = Jq) =
(v + 1)/2]
r'(v/2) ‘/n(v = 2)gjochi (1,725 -2jq)

{]+ (yt_a_¢yt—1)2
(V_2)gj0hf(].15j25"'5jq)

X
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Define aggregate state s/ as
st=1ifs, =15 =1,...,5.4 = 1

st =2ifs, =250 =1,...,804 =1

st =N*ifs; =N,si1 =N,...,504 =N

Collect the densities that might be
associated with each of the N*
states in an (N* x 1) vector
pulst = 1,Q,)
pOest =2,Q01)
n, = .

pOist = N*, Q1)

(nIGPEI—I\/—I) _ ’E
1',0PE, ) e
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Percent improvement of Student t
SWARCH-L(4,4) in forecasting over
constant variance specification:
MSE = 0.06
MAE =0.13




RETURN

585 o

ERE

GARCHL(LY) T
s885.

g

SWARCH-L(42)

Why ARCH and not GARCH? Want
hi(j1,j2,....j4) rather than 7,(j1,j2,...j)

Options for Markov-switching GARCH:
(1) Gray (1996)

Replace

hy =y, +osu>, + Bshia

with

hy =y, +asu>, + ﬂs,iz,,l

hiy = 320 Enia (i + iyl + Bihia)
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Options for Markov-switching GARCH:
(2) Haas, Mittnik, and Paolella (2004)
hﬁ =Yyt ajutz_l + ﬂjhj,tfl

Ve = h,\-,,t U

(3) your name here (2009)
he(St,Se-1,...,51)

(s7,87-1,...,51) generated as block of
Gibbs sampler

problem: Even with Gaussian v,,
density of s|y, 6 not known analytically
solution: (?) Kim, Shephard, Chib
methods might work for s|y, 6
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