Il. Impulse-response functions and
variance decompositions

A. Moving average representation and
impulse-response function

VAR:
y: = (nx 1) vector
Yi=C+ @1y, g + Doy 5+

+QpYp+ &t

Can rewrite in “companion form”
(e.g., forp = 3):
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0 1, O Vs 0

E=v+F&, +Vi
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&1 =Y +FE + Ve

Ero =Y +FE1 + Vi
Ep = (In+F)y+ F2& + Vi + Fvyg

Eoo=(n+F+F%+- +Fly
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implication:

& = OoYew - Yepa)

Eo=(n+F+F2+- +Fly
+ F& + Vius + Fuis 1 + FVis 2

I
! / /
Viss = (814s,0,...,0 ),

(npx1)
agt (npxnp)
aytfs :\Ps
oYt (wn)
First n rows:

Yiss = Cs+ s+ Pigtis 1 + Pobps o + -+

+Wsaep1 + Pay, + F(fz)yt_1 +

(9 (9
+FRY o+ Y

Cs=(ln+¥1+¥2+ - +Ps1)C

Y, = F(lsi) _ ayt+s _ ayt+s
(nxn) ayt 68t

The plot of ¥s as a function of

s=1,2,... is called the “nonorthogonalized
impulse-response function”

Row i, column j of ¥ gives effect on
Vi s Of changing yj: (or equivalently,
of changing ;) holding €, K # |

and g¢.m, m = 0 constant

Easier way to calculate:

system is linear, so we can just
simulate response of y; t.s to a unit
increase in yj: holding all earlier yi.
constant




Sety_; =...=Y p, =0
Sety, = e (columnj of I,)
Calculate

Y1 =01y + 02y, + - +Dpy i1

Yo = @1y + Doyo+ -+ Ppy 5

Ys = P1ygq + Doy o+ - +(I)PYS—p

Resulting vy is column j of ¥s
Repeatforj =1,2,...,n

Even easier way to calculate impulse-response function:

use RATS command “impulse” (Example 6)

system(model=basemod)

variables gdpch inflation fedfunds mgrow
lags1to5

det constant

end(system)

compute negn=4
compute nsteps = 32

« declare rect[series] impblk(negn,negn)
« declare vect[labels] implabel(neqgn)
« compute implabel=|| 'GDP", 'inflation’, 'fed

funds', 'M2' ||

» estimate

« smpl 1 nsteps
« impulse(model=basemod,result=impblk,noprint) negn nsteps *

%identity(negn)

« doj=1,neqgn

« spgraph(vfields=neqn)

« doi=1,negn

« compute graphlabel="Response of ' +implabel(i) + to ' +implabel(j)
« graph(header=graphlabel,nodates,number=0) 1

« #impblk(,j)

« enddoj

« spgraph(done)

« enddoi
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Regression coefficients relating:
GDP(t) to Fed(t-1) = 0.38
Inflation(t) to Fed(t-1) = 0.27
Fed(t) to Fed(t-1) = 1.10

M2(t) to Fed(t-1) =-0.17
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Y, = F(l? _ ayt+s _ ayt+s
(nxn) % 08y

The plot of W¥s as a function of

s=1,2,... is called the “nonorthogonalized

impulse-response function”

Note:

et.m for m = 0 is uncorrelated with &j
(so this part of “holding constant” makes
sense)

e for k = j is correlated with g;;
(so this part of “holding constant” may
be problematic)

Eus = (In+F+F2+ - +F¥hy
+ F%&, + Vius + FVs 1 + FVis 0
oo+ FS vy

If eigenvalues of F are inside unit circle,

[ImFs=0

S0

-1
Es = (h—=F) vy +Vus+FVusa
+F?Vuso + -

Yies = Bt &g+ Wigtis1 +Pogyso+ -
called the MA(w0) representation of the
VAR(p)




Note: eigenvalues A of F are reciprocals
of solutions z to
[lh = ®12— @222 — - —®2P| = 0
Stationary if
Izl > 1< Al <1
Vi =C+Dry, ; + Doy, ,+ -
+ (I)pyt,p + &t

. Impulse-response functions and
variance decompositions

A. Moving average representation and
impulse-response function

B. Relation between impulse-response
function and properties of forecasts

Assumption in Part IA:
E(ety,;) =0 forj =1,2,...,p
(definition of linear projection)

Assumptionin Part lIB:
E(ety,;) =0 forj =1,2,...
(p lags capture all serial correlation)
equivalent to:
E(eta't_j) =0 forj=1,2...
We say that “g, is white noise”

Yiss = Cs+ Etys + Yigtis 1 + Poetso + -

+ W g + Py, FFDY,, +

+ F%thz toeee At F(lsf?therl
Implication of white noise assumption:
linear projection of y,,. on

(LYtYearYipa) is

Vst = Cs+ Fsy + FOyea +

+ F(lsszytfz toeet F(lsp)yt—erl
Row i of this system is our forecast
of yius basedony,y, ,,...
Row i, column j of ¥ tells us how
this forecast changes if we change
yit holding yi, k# jandy,,, m>0
constant




Equivalently, row i column j of
nonorthogonalized impulse-response
¥ tells us how our forecast of i t.s
would change if we already knew alll
variables dated t and earlier except for
yjr and then learn the value of y;

Another question we could ask:
suppose we knew the value of
Yi1,Yos--- but only knew one variable
for date t (say yit). How does learning
about y3; cause us to change our
forecast of y,, .?

Issue: g1 is correlated with 2, ..., ent
(through column 1 of Q). If we learn
€11, that gives us new information
about £, ..., ent

By Law of Iterated Projections,
E(Yt+s|1’ e, Y1, Yo ---)
=Cs+ \I‘S/I%(sdslt,yt,l,yt,z,...)
+ F(lsz))’tfl + F(153)Yt72 R F(fgytfpu

A
EVslLew Y1 Yo )
= CS + ‘"Ilsalglt + Fg_SZ)yt—]_

(s) ©)
+ Flayt—Z + e + Flpyt—p+1

A
arey = E(etlew)

So, answer to our question, what is
effect of yi; alone on forecast of y .

if y1; is the only date t variable we have
is given by

A
OE(Y tislyrt Y1 Yo --) ~ Y.,
%!

A
5E(8[|81[)

a; =
oe1t

How to estimate a;: factor
Py - T o
Q=T13  &&
as
A AAA/
Q = ADA
where A is lower triangular with ones

along principal diagonal and Dis diagonal
with all diagonal elements positive

- . /\
a, is first column of A




. A A
Another way to find A and D:
A AAAN
Q = ADA

AAL2AL2A!

=AD D A

AN
= PP
AL . .

where P is lower triangular with

positive elements on principal

diagonal (/I3 is Cholesky factor of ﬁ)

So, to find ,/A\:
!
(1) Find Cholesky factorQ = PP
12
(2) Let D be matrix whose

diagonal is diagonal of I/D\ and
off-diagonal elements are zero

AA-12

@)A = PD

oY1t

. o oA
Many researchers just report ¥sp, where

N . . A
D, is first column of P

E(Y tslY1t, Y1, Yo ---) $.a

sdil

Relation between them:

P4, is effect on Yis Of
100-basis-point increase in fed funds

@sﬁl is effect of 1-standard-deviation
increase in fed funds

S A« WA
‘"Psalpll = ‘"Pspl

Another forecasting question of interest:
Suppose | already know yit,Y, 1, Y 5, ---
and now | learn value of y,.. How does

this change my forecastof y,,?

Answer:

VA
aE(yHSlthv yal;yzt/t_l, yt—21 o ) _ @Saz

A
a, is second column of A where

A AAA
Q = ADA




Many researchers use ¥, for P,
the second column of Cholesky factor

A A
of O - PP

Pefinition: the recursively-orthogonalized
mpulse response function is estimated

AN A AAAS
from WA where Q = ADA
N
Row i, column j element of /‘I\‘SA gives

A
aE(yl ,[+S|yjtl YJ—l,ty s vylt vytfll y[72 yere

An easier way to calculate Cholesky
orthogonalized impulse-response function
(Example 7): Replace

* impulse(model=basemod,result=impblk,no
print) negn nsteps * %identity(negn)

with

* impulse(model=basemod,result=impblk,no
print) negn nsteps * %sigma

A\

(B EEEEEEEEXEEREX]

----------------

----------------

ﬂ

oyjt

" Ruages w of G0 bu8Es
i

T 4 1 1 P E N Y NP A NEDPRPe
- RAMPAILS & BIMESA b P
e
»
ﬁ .\ ....... TTTTrT
A
. . Smpams ol B0 s latnds
:: T 4 1 1 P E N Y NP A NEDPRPe
- EMRAAAS 47 IPENMN & ISR
A
&
:= ----------------
- espernsatiad-urus na s
P ORI




----------------

Note: value for recursively-orthogonalized
impulse-response function is different for
different orderings of variables yis, ..., Ynt
Which one to use? Depends on which
forecasting question you want answer to.

Il. Impulse-response functions and
variance decompositions

A. Moving average representation and
impulse-response function

B. Relation between impulse-response
function and properties of forecasts

C. Variance decomposition

Yt =C+ @1y g +Qoyy o+ -

+ (I>pyt_p + &
E(gg) = Q
Q = ADA'

A lower triangular, ones on diag
D positive diagonal

Define:
Ui = Aflat
E(uuy) = ATQA™)
= A*ADA'(AY
=D (diagonal)

u; are called “orthogonal innovations”

Interpretation:
& =Y~ Yy
N
Uit = eut = Y — EYuly 1. Y120 0)

VAN
Uit = Yijt — E(YJtl)’j—l,t,YJ—z,t, - Yit,
Yi1:Yio-..) forj=23,..,n




s-period-ahead forecast error:

Yiss = Cst+ &8s+ Wigts1+ Pogpso+ -
+ Woigna + Py, +FOy, 4 +
+FRYio+ o + FRY

Yis — S7Hs|t = gus +Vi1gus 1+ Poeus2

+ -+ Psagn

s-period-ahead mean-squared error:
E(yt+5 a yt+jt)(yt+s a yt+s|t),
= Q+ VO, + P20F, + -
+ W Q¥

Can also write in terms of orthogonal
innovations:
Yis — qut = gus + Vigus1 + Poets2
+o+ Wsagt
= AA g+ P1AA e Loy
+WoAA e s o+ + W 1AA g
= AUts + P1AULs 1
+W¥2AULs 2 + -+ Ws 1Al

and s-period-ahead mean squared error
can be written
EWirs = Vrg) Viws — yt+s|t)/
= ADA'+ ¥ ,ADA'¥; + ¥,ADA'Y,
+-+ W ADA'Y,

Can break this down into contribution
of each uj:
Yies — yprqt = Auys + P1AULs 1
+W2AULs 2 + -+ Ps 1Al
Write:
AUpm = aUp gom + QU tm +
+++ + anUnt+m

AUtm = a1U1,t6m + Q2U2tim +
wo + pUntim
E(AUpmUmA') = aga;d; + a,ayd,
+ -+ + apandn
= ADA' = Q
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s-period-ahead mean squared error:
E(yt+s - V[+s|t)(y[+s - VHSIt)/
= ADA'+ ¥ ADA'Y, + ¥2ADA'Y,
++ Y5 1ADAY
= Zns;lo W(a1a;d; + azazdz

+ -+ apandn)¥n

E(Yiss = Veast) Yiss — yt+s|t)/
= Z:i) W (212,01 +azands
+ - +anantn)¥m
jth diagonal element: mean squared
error forecasting y; «.s at time t
This error results from fact that
don’t KNOW Ut:1,U2,. .., Urs at
time t

E(yt+s - Vt+s|t)(yt+s - yt+s|t)/
1 ! !
= ern_:o Yn(aia,d; + azayd;
+ - +anandn)¥n

l ! !
Zns;o Tm(akakdk)\ym
represents how much of this
forecast error comes from fact
that we don’t Know Uk .1, Ukt+2,
...,Uks at time t

Tells us how much of s-period-
ahead variance comes from Uyt.1,

uk,t+21 ey uk,t+S

Example 8: variance decomposition

Calculating variance decomposition with
RATS: use “errors” in place of “impulse”

« errors(model=basemod,result=impblk)
neqn nsteps * %sigma

Decomposition of Variance for Series GDPCH

Step Std Error  GDPCH INFLATION FEDFUNDS MGROW
12.71891654 100.000 0.000 0.000 0.000
2279124769 97.962 0.630 0.237 1.170
33.02670768 84.176 0.801 13.495 1.527
43.10543882 80.364 2.284 13.925 3.427
53.20084630 75.646 5.563 15.142 3.649
63.24924416 74.666 5.921 15.649 3.764
73.26938094 73.877 6.599 15.803 3.721
8331708154 74.058 6.876 15.356 3.710
9334176469 73.424 7.519 15401 3.656
10 3.35393092 73.496 7.563 15.308 3.633
113.35885618 73.404 7.697 15.268 3.631
12 3.36337654 73.355 7.713 15.295 3.637
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Decomposition of Variance for Series INFLATION

Step Std Error
11.00156337
21.14957413
31.23258222
4 1.30560394
51.47521569
6 1.56609260
7 1.63585173
8 1.69607437
91.76120133
101.81153093
11 1.85533966
12 1.89527654

GDPCH
0.791
0.790
0.699
0.700
1.050
1.100
1.411
1.521
1.461

1.386
1.322
1.360

INFLATION FEDFUNDS MGROW

99.209
96.243
95.107
95.130
94.254
93.747
93.380
92.931
92.481
91.897
91.213
90.394

0.000
2.941
4.160
3.975
3.655
3.600
3.322
3.108
2.936
2.982
3.227
3.487

0.000
0.027
0.035
0.196
1.041
1.553
1.887
2.440
3.123
3.735
4.238
4.759
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