
Answer key for the 2004 final exam (econ 220b).

1. See the textbook.

2. This test is discussed on pages 121 and 122 of Hayashi. We assume that

g has continuous first derivatives and then apply the delta method, ex-

ploiting the fact that g is approximately linear in a small neighborhood

around the true parameter β. If G(β) denotes the vector ∂g
∂β then the test

statistic we should use is

g(β̂)′
[
G(β̂)′σ̂2(X ′X)−1G(β̂)

]−1
g(β̂)

and this statistic converges in distribution under the null to a chi-square

with one degree of freedom.

3. (a) No.

(b) Yes.

(c) This is fine. The errors form a homoskedastic martingale difference

sequence, so the standard error in the t-test will converge to the true

standard error. Moreover, the OLS coefficient will be asymptotically

normal.

(d) This will be fine too. The Newey-West standard error will also con-

verge to the correct value.

(e) In this setting the test based on the student t critical values should

be slightly more accurate in most samples since its standard error is

consistent and requires the estimation of fewer terms.

4. (a) For any sequence of random variables {xt}∞t=0, the value plimt→∞ xt

is the χ constant (if it exists) such that, for any positive real number

ε,

lim
t→∞

Prob[|xt − χ| > ε] = 0.
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This value may not exist.

These three expressions indicate that, in larger sample sizes, the sam-

ple average of zt approaches zero, the second moment approaches the

positive constant q, and the cross moment with ut approaches the

positive constant γ. For reasonable conditions on the moments of z

and u, these limits are the population moments.

(b)

(
α̂

β̂

)
=

1 z̄

z̄ z̄2

−1 (
ȳ

z̄y

)

p−→

1 0

0 1/q

 (
α

plim{z̄ + βz̄2 + z̄u}

)

=
(

α

β

)
+

(
0

γ/q

)
.

The usual OLS estimator will be an inconsistent estimator of β.

(c) We require the following:

plim T−1
∑

xtzt 6= 0 plimT−1
∑

xtx
′
t = Q plim T−1

∑
xtut = 0

where Q has full rank.

(d) Let Z be the full matrix of regressors. The two-stage least squares

estimate is(
α̂

β̂

)
=

[
Z ′X(X ′X)−1X ′Z

]−1
Z ′X(X ′X)−1X ′Y

(e) The orthogonality condition is E(xtut) = 0. Substituting for ut gives

h = xt(yt − α− βzt).

5. (a) L(θ;Y ) = −(T/2) log(2π/σ2)− (1/2σ2)
∑

(yt − µ)2.
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(b) The first-order conditions of this maximization require

∂L
∂µ

= (1/σ2)
∑

(yt − µ) = 0 ⇒ µ̂ = ȳ·

∂L
∂σ2

= −T/(2σ2) + (2/σ4)
∑

(yt − µ)2 = 0 ⇒ σ̂2 = T−1
∑

(yt − µ̂)2

(c) After carefully inspecting our work in part (b), it is clear that

h(θ, wt) =
(

(yt − µ)/σ2

−1/2σ2 + (yt − µ)2/2σ4

)
(d) Taking expectations gives the result immediately.

(e) First calculate Eh(θ, wt)h(θ, wt)′.

Eh(θ, wt)h(θ, wt)′ =

E(yt − µ)2/σ4 −E
[
(yt − µ)/2σ3 + (yt − µ)3/2σ3

]
· E

[
1/4σ4 − (yt − µ)2/2σ6 + (yt − µ)4/4σ8

]


=

1/σ2 0

0 1/4σ4 − 2/4σ4 + 3/4σ4


=

1/σ2 0

0 1/2σ4


(f) Taking derivatives gives

D̂′ = T−1
T∑

t=1

 −1/σ̂2 −(yt − µ̂)/σ̂4

(yt − µ̂)/σ̂4 1/2σ̂4 − (yt − µ̂)2/σ̂6


=

−1/σ̂2 0

0 −1/2σ̂4

 .

(g) The upper left element of V̂ is the asymptotic variance of µ̂ and

equals 1/σ̂2 (use the plug-in estimator of S).

(h) The moment conditions we used for our GMM estimator are moti-

vated by the Gaussian likelihood function, but can hold for other

distributions too. For any such distribution, we can use the MLE for

a normal distribution to find a consistent and asymptotically normal

estimator of the mean. Other, more efficient, estimators might also

exist.
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