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Introduction

Learning models describe how players adjust thetrsstons over time in response to experience witl
analogous games. (The learning process is usualtielad as repetition of a fixed “stage game,” so
that the analogies are perfect; but some recerk vetgixes that assumption.)

The game is played either by a small group rand@®lgcted from one or more populations—for
example, random pairing to play a two-person gami®, player roles filled either from the same or
from identifiably separate populations—or sometimgshe entire population at once (as in Van
Huyck, Cook, and Battalio’s (199JEBO) “Continental Divide” game, discussed earlier).

Players view decisions in the stage game as tleeishpf choice, and the dynamics of their decision:
are modeled directly, or indirectly in terms ofitheeliefs, with decisions modeled as best replies.

Players’ decisions and roles are distinguisheddmyrmonly understood labels: the “language” in
which they encode their experience, and in whigha@mvention that emerges will be expressed.
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The lectures start with a brief overview of thedieg alternative models of learning:

e “Rational learning” models

e Deterministic evolutionary dynamics

e Long-run equilibria of stochastic evolutionary dymics

e Adaptive learning models such as reinforcememhlag, beliefs-based learning, and experience-
weighted attraction (“EWA”) learning, in which pless’ decisions in the stage game adjust in a
direction that would increase payoffs, other thirgsal, given the current state of the system

These models’ underlying assumptions differ inéhmsin ways:

e Strategic sophistication—the extent to which pitaybeliefs and behavior reflect an analysis of
their environment as a game, taking its structageahers’ incentives into account

e Strategic uncertainty—the extent of players’ hageneity, or uncertainty about others’ decisions

e The extent to which the models seek to predicabien entirely by theory, without empirical
Information (which is closely related to the extemtvhich they eliminate history-dependence)

The lectures then continue by considering the tesan the light of a particular body of evidence,
following Crawford, “Learning Dynamics...” ifthe Evolution of Economic Diversity, 2001.



Leading alternative models

A. Rational learning

In rational learning models, players’ decisiongha stage game are determined by an equilibrium ir
the repeated game that describes the entire lggpnotess, sometimes with a particular selection.

(A variant of rational learning sometimes encougdenot further discussed here, is the use of QRE
in the stage game, with time-varying precisionjegcribe a learning process.)



B. Deterministic evolutionary dynamics

In deterministic evolutionary dynamics, a large ylagon or populations of players repeatedly play e
game, without or with distinguished roles.

Individual players normally play only pure actiomsth payoffs determined by their own actions and
the population action frequencies.

Players in a given player role are identical buttfeir actions.

In biology the law of motion of the population actifrequencies is derived, usually with a functiona
form known as the replicator dynamics, from theuagstion that players inherit their actions
unchanged from their parents, who reproduce as$ gatgportional to their current payoffs.

In economics similar dynamics are derived from gilakeé assumptions about individual adjustment.
The usual goal is to identify the locally stableasty states of the dynamics.

If the dynamics converge, they converge to a ste#abg in which the actions that persist are optima
in the stage game, given the limiting action frawuies; thus, the limiting frequencies are in Nash
equilibrium.

Even though players’ actions are not rationallysgm—indeed, not even chosen—the population

collectively “learns” the equilibrium as its frequmes evolve, with selection doing the work of
rationality and strategic sophistication.



Because evolutionary models are useful templategdaptive learning models, | give a detailed
example of how this works.

Imagine a large population of men and women repldatend anonymously paired (with gender
publicly observable in each pair, so can base #tetegies on gender) to play Battle of the Sexes.

Fights Ballet
1 0
2 0
0) 2
0) 1
Battle of the Sexes

Fights

Ballet

Now draw a differential equation “phase diagramthithe population frequency of men playing
Fights,m, on the horizontal axis and the frequency of womlaging Fightsw, on the vertical axis.
We will use this diagram to analyze the dynamicsiaiple learning rules.

\\/
N




\\/
N

For men the expected payoff of Fights is highentBallet whenevew > 1/3 (2v > 1 —w). For
women the expected payoff of Fights is higher whenm > 2/3 (m > 2(1 —m)).

There are four regionsm(> 2/3,w > 1/3), (n> 2/3,w< 1/3), (n < 2/3,w > 1/3), m < 2/3,w < 1/3).

For plausible learning rules, whem & 2/3,w > 1/3),m andw rise. Whenrh > 2/3,w < 1/3),mfalls
andw rises. Whenri< 2/3,w > 1/3),mrises andv falls. And wheninh < 2/3,w < 1/3),m andw fall.
When m> 2/3,w > 1/3),m— 1 andw — 1; and whenrf < 2/3,w < 1/3),m— 0 andw — 0. When
(m> 2/3,w< 1/3) or (n< 2/3,w > 1/3), if (with symmetry) the initial conditios above the
diagonal—m+ w > 1—the system enters\& 2/3,w > 1/3) andn— 1 andw — 1; if it's below the
diagonal, the system entem € 2/3,w < 1/3) andn— 0 andw — O.

In this setting the limiting outcome must be oné¢haf two pure-strategy equilibria, in each of which
all people follow a convention based on the commaniderstood Fights versus Ballet labeling of
their decisions. Which one they will follow is colagely determined by whether the frequencies of
initially arrogant men and wimpy women sum to mitr@n half the population.
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Now consider a large population repeatedly and ymaonisly paired to play the same kind of game,
with two pure-strategy equilibria, one favored Ime@layer and the other favored by the other; but
with no observable labeling of players or decisions

Players in this game can still use the payoffssaradyuish their strategies according to which one
would yield them the more favorable outcome if tipgirtner coordinated with it.

Follow the evolutionary game theory literature ailing these strategies Hawk (choose the strategy
that would yield you the more favorable outcomgaifir partner coordinates with it, as Fights
previously did for men and Ballet did for womenjdnove (choose the decision that would yield

your partner the more favorable outcome if he coartés with it).

With this redescription, in terms of labels thdtaet the symmetry of men’s and women'’s strategic
positions, we can represent Battle of the Sexesmatnically like this:

Hawk Dove
0 1
0 2
2 0
Dove 1 0

Hawk-Dove Game

Hawk




There are two equivalent ways to analyze the lagrdynamics in this game.

The first is to recycle the phase diagram usechédyae Battle of the Sexes, but to impose the addec
restriction that the frequency of players playinrgw must be equal in both player roles. This i§ jus

as if in Battle of the Sexes the frequency of mlayipg Fightsmin my notation, must be equal to
the frequency of women playing Ballet, 1w-

Becausan =1 — wis equivalent tan + w = 1, this restriction limits the dynamics to thagbnal
running from northwest to southeast in the previwus-dimensional phase diagram.

As the diagram suggests, the dynamics will now eoge to the intersection of lines in the center,
which represents the mixed-strategy equilibriunthefgame at Pr{Hawk} = 2/3.
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Hawk Dove

0 1
0 2

2 0
1 0

Hawk-Dove Game

The second, less magical way to analyze the legquaglynamics is to graph the expected payoffs of
Hawk and Dove (in either player role) against tbhpuylation frequency of Hawk.

Hawk

Dove

This “builds in” the restriction that the frequenafyplayers playing for their favorite equilibrium
must be the same in both roles, and allows uspi@sent the dynamics in a one-dimensional phase
diagram, with expected payoffs of Hawk and Dovdranvertical axis and population frequency of
Hawk on the horizontal axis.

When the frequency of Hawk is low, Hawk has higha&yoff than Dove, and vice versa. Thus the
dynamics follow the arrows on the horizontal agm)verging to the frequency of Hawk where the
payoff lines cross, which is 2/3, representingrtiieed-strategy equilibrium.
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C. Long-run equilibria of stochastic evolutionary dynamics

Analyses of long-run equilibria of stochastic exmnary dynamics (Kandori, Mailath, and Rob
(1993Econometrica) and Young (199&conometrica)) assume population interaction patterns like
those in simple evolutionary game theory.

The state of the population is characterized bgutsent mix of strategies, and players’ adjustment
are assumed to move their strategies to or towenid best responses to the current state.

The main difference from deterministic evolutiondgnamics is that players’ adjustments are
subject to random “mutations,” whose probabilitgamstant over time and independent of the state
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D. Adaptive learning models
Reinforcement learning (from Camerer and Ho; see tam for algebra)

One step up from evolutionarv models in the cognitive sophistication agents are
assumed to have are reinforcement approaches (also called stimulus-response or
mote learning). Choice reinforcement assumes strategies are ‘reinforced’ by their
previous pavoffs. and the propensity to choose a strategv depends in some precise
way on its stock of reinforcement. Reinforcement may also ‘spill over’ to strategies
which appear to be similar to the chosen strategy (e.g.. neighboring strategies, if

strategies are rank-ordered) .

Reinforcement learners care onlv about the pavoffs strategies vielded in the past,
not about the historv of play that created those pavoffs. As a result, thev will
continue to play strictly dominated strategies if they began plaving them early on
and they performed well. Reinforcement learning is a reasonable theoryv for plavers
with very imperfect reasoning ability (nonhuman animals pecking levers in the lab
or foraging in the wild) or for human plavers who know nothing about the foregone

pavoffs from strategies they did not choose.®
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Beliefs-based learning (from Camerer and Ho)

Belief-based models assume playvers update beliefs about what others will do, and
use those beliefs to determine which strategies are best (by computing the expected
payvoffs to each strategyv). A popular model is ‘fictitious play’. In fictitious play,
players keep track of the relative frequency with which another player has playved
each strategy in the past. These relative frequencies are beliefs about what that
plaver will do in the upcoming period. Plavers then calculate expected pavofts for
each strategyv given these beliefs, and choose strategies with hicher expected pavofis

more frequently.

Fictitious play counts all previous observations equally. At the opposite extreme
is Cournot best-response dvnamics: Assume the strategyv plaved most recently by
others will be plaved again. Cournot dynamics weight the most recent past very

heavily and dismiss or discard older experiences.
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Experience-weighted attraction learning (from Cameer and Ho)

Experience-weighted attraction (EWA ) learning was designed by myself and Teck

Ho (1997) to combine the most appealing elements of reinforcement and weighted
fictitious play in a hyvbrid or “gene-splice”. The model adds three features to
reinforcement and belief learning: An experience weight N(#) (which increases in
response to experience); a parameter which capture the rate at which attractions
and the experience weight N(t) are discounted; and 4, the weight players give to
foregone pavofis from unchosen strategies. When parameters are restricted to have
certain values, EWA reduces to a simple version of choice reinforcement in which
onlv chosen strategies are reinforced. When parameters are restricted in a different
wayv. so unchosen strategies are reinforced as stronglv as chosen strategies are, and
attractions are weighted averages rather than cumulations, EWA reduces exactly

to weighted fictitious play.
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EWA learning includes reinforcement learning aradass of weighted fictitious play beliefs-based
models as special cases.

In EWA strategies have attractions which refleabmppredispositions, are updated based on payoff
experience, and determine choice probabilities raoeg to some rule (e.g., logit).

A key feature is a paramet@mhich weights the strength of hypothetical reictament of strategies
which were not chosen according to the payoff theuld have yielded.

Wheno = 0 choice reinforcement results. When 1, levels of reinforcement of strategies are
proportional to expected payoffs given beliefs ldame past history.
Another key feature is the growth rates of attcagi

The EWA model controls the growth rates by two ggzarametersp andp, which depreciate
attractions and amount of experience separately.

Wheno = p belief-based models result; wher 0 choice reinforcement results.
Estimates ob are generally around .5¢,around 1, ang varies from 0O tap.
EWA combines the best features of choice reinfoer@mand beliefs-based models, allowing

attractions to begin and grow flexibly as choicafi@cement does, but reinforcing unchosen
strategies substantially as belief-based model§aitiyp do.
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Evidence: Convergence and equilibrium selection vikearning in Van Huyck, Battalio, and
Beil's (1990AER, 1991QJE, 1993GEB) coordination experiments

VHBB’s 1990 and 1991 experimental designs

Repeated play of player-role-symmetric coordinagames in populations of subjects, interacting al
at once (“large groups”) or in pairs drawn randofirandom pairing”).

Subjects chose simultaneously among 7 efforts, pagroffs and ex post optimal choices determined
by own efforts and an order statistic, the popatatnedian or minimum effort in large groups or the
current pair’'s minimum with random pairing.

There were five leading treatments, varying theepsedatistic (minimum in 1990, median in 1991),
the size of the subject population, and the patternvhich they interact (minimum games were
played either by the entire population of 14-1®prandom pairs, median games were played by th
entire population of 9).

(Here | focus on the treatment with repeated randairnng (G), with only brief mention of the
results for the treatment with initially random biereafter fixed pairing ()

Explicit communication was prohibited throughotie brder statistic was publicly announced after
each play (with random pairs told only pair minimed the structure was publicly announced at the
start, so subjects were uncertain only about otleficrts.

The subject populations were large enough thaestjreated own influences on order statistic as
negligible (the smallest “large” number in behagiagame theory is around four or five).
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Pavorr TapLE I'

Median value of X chosan
7 6 5 4 3 2 1
Your i 1.80 1.15 .90 0.55 0.10 1,45 =110
chaice & 1.25 1.20 105 080 045 0.00 -0.55
af 5 1,50 1.15 1.10 0.95 0.70 0.25 =111
X 4 A5 1.00 1056 1.00 A& 0,60 0.25
3 .50 0.75 0,80 0,85 0.50 075 0,50
2 .05 0. 40 .65 0.80 0856 .80 0. 65
1 —-0.50 — 05 .30 0.55 0,70 0.75 0.70
FaYOFF TARLE A
Smallezt Valoe of X Chosen
T & 5 4 k! 2 1
Your T 1.30 1.10 0.2 070 .50 00,30 (. 16
Chaoice 6 - 1.20 L. .80 a0 .40 .20
af 5 - - 116 0.90 370 {.50 0.30
X 4 - - - 1.00 080 {1.60 (.40
1 - - - - 01,50} .70 (.50
y) — - - - - (:50 .60
1 - - - - - - 0.7

VHBB’s Leading Median and Minimum Payoff Tables
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The random-pairing and large-group minimum gamedager versions of two-effort Stag Hunts.

Other Player All Other Players
Not
Stag Rabbit All-Stag  All-Stag
2 1
Stag 5 0 Stag 2 0
Rabbit |, °l, 1 Rabbit| 1 1
Two-Person Stag Hunt n-Person Stag Hunt

The stage games all have seven strict, symmearetéranked equilibria, with players’ best
responses an order statistic of the populatiorrtediistribution.

The games are like a meeting that can’t start argiven quorum is achieved—2100% in the large-
group minimum game, 50% in the large-group medemes.

Intuitively, efficient coordination is more diffi¢t) the larger the quorum or the larger the group,
other things equal; but traditional equilibrium s and refinements don’t fully reflect this.
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VHBB'’s 1990 and 1991 results

The five leading treatments all evoked similariatitesponses (table from Crawford (199&EB)).
TABLE 1

Minimum treatment

A (%) B %) A (%) Co (%)  Ci (%)

Subject’'s 7 33 (31)  76(84) 23 (25 11 (37) 13 (42)
initial 6 10 9 1 (1) () I (3) 0 (0
effort 5 34 (32) 2 (2) 2 (2 2 (7 6 (19)

4 18 (17) 5 (9 7 8 5 (U 2 (6)

3 5 (5) 1 () 7 (8) 3 (10) 1 (3)

2 S ) 1 () 17 (19 [ (3) [ (3)

1 2 (2) 5 (5 34 (37) 7 (23) 8 (26)

Totals 107 (101) 91 (99) 91 (100) 30 (100) 31 (99)
Median treatment

I', I'dm (%) Q) (%) ® (%)

Subject’s 7 8 (15) 14 (52) 2 (7)
initial 6 4 (7 1 4 3(t)
effort 5 15 (28) 9 (33) 9 (33)

4 19 (35) 3 (1 11 ¢41)
3 8 (19) 0 (0 2 (N
2 0 O 0 (0) 0 <0)
| 0 () 0 0 {0)
Totals 54 (100) 27 (100) 27 (99)

Inexperienced subjects’ initial strategic thinkiohgesn’t react strongly to order statistic or greige.

Thus the strong treatment effects in subsequenbmés are due to the dynamics of learning.
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Subjects almost always converged to some equifiriu
But the dynamics varied with the treatment varialftgder statistic, group size, interaction paltern

with large differences in drift, history-dependenade of convergence, and equilibrium selection:

e In 12 out of 12 large-group median trials, thereswaar-perfect “lock-in” on the initial median
(even though it varied across runs and was usurafficient)

e In 9 out of 9 large-group minimum trials, there wasy strong downward drift, with subjects
always approaching the least efficient equilibrium

e In 2 out of 2 random-pairing minimum trials, thevas very slow convergence, no discernible
drift, and moderate inefficiency

Comparing the first two reveals an “order stattsbic“robustness” effect, with coordination less
efficient the smaller the groups that can disrwgdiihble outcomes.

Comparing the last two reveals a “group size” gffecwhich coordination is less efficient in large
groups (holding the order statistic constant, meststrom the “bottom”).
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TABLE II1

MEeDLan CHOICE FoR THE FiraT TEx Prr1ODS oF ALL ExPEriMENTS

Period
Treatment 1 2 3 4 5 & T 5 9 10
(rarnma
Exp. 1 4 4 4 4 4 4 4% 4 4* 4*
Exp. 2 3 3 a ] ] 5 & 8 B 3
Exp. 3 ] 3 5 5 A A & i 3 BT
Grammadm
Exp. 4 4 4 4 4 4 4" 4" 4+ 4 4"
Exp. 5 4 4 4 4" 4* 4* 4¥ 4+ 4 4%
Exp. § & & 5 ] A 5 ] a* 5% B®
Omega
Exp, 7 T 7 7 i 7™ ™ ks 7 7* T*
Exp. 8 5 5 5 5 h* 3" a* a* 5" B*
Exp. 9 T ¥ (i ™ 7 7 T (A 7" 7™
Phi
Exp. 10 £ 4 i 4 4% 4% 4% 4* 4* 4%
Exp. 11 5 3 5 6™ &* 5= B* 5* a" a*
Exp. 12 51 & 5 5 5* 5* 5 h* 3% 3

Matgs. Exp. = expecioant, * « indieates a mulusl besl rasponge sulcome
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TaBLE I —EXPERIMENTAL RESULTS FORE TREATMENT A
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TabLE 2~ EXPERIMENTAL HESULTS FOR TREATMENT A, Comtinued
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TABLE 5==[NSTRIBUTION OF ACTIONS FORE TREATMENT
Banniosd Fataimgs

Period
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Aside

In case you are wondering what happened with fragider than random pairing, here are the results

There is clear evidence of “strategic teaching’n(@eer et al. (2002ET), with 12 out of 14 pairs
somehow “teaching” their way to the most efficiequilibrium.

Most subjects seemed to understand that straegohing is pointless with random pairing, because
it's costly but others reap almost all of the baseBut they used it effectively with fixed paign

Outcomes cannot be modeled taking stage-gamegtaias the objects of choice, because teachin:
looks beyond current payoffs.

But it's not clear how to model them taking repdagame strategies as the objects of choice either.
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TABLE 4 — ExPERIMENTAL RESULTs FoR TREATMET £
Fiuino Paomnepcs
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Il iz 23 4 5 14 7
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frair E

Subject 8 7 6 f ) 7 7 1
Subject 9 3 5 7 T 7 7 7
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Minimum 1 5 d4 5 i & T
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TanlEe 4 —FixEn Palprnes, Comtinued
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Subjest T 3 ? ) T 7 7 7
aizhjest 10 3 ? 7 7 1 7 1
i STTETE at " L [ T I T

* — Denotes 2 orutual best-response autoome.

End of aside
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VHBB'’s 1993 design and results

VHBB'’s (1993 GEB) design was the same as their 1991 design, wikkated play of one of the 1991
median games, but with the right to play auctioeach period to the highest 9 bidders in a
population of 18 (an English clock auction, witle tame price paid by all winning bidders).

The market-clearing price was publicly announceedrafach period’s auction, the median was
publicly announced after each period’s play, ardstinucture was publicly announced at the start.

The stage game has a range of symmetric equilibrighich all bid the payoff of some equilibrium
of the median game and play that equilibrium, untakers bid differently.

In 8 of 8 trials, subjects quickly bid the priceadevel that could only be recouped in the most
efficient equilibrium and then converged to thatiiégrium: strong, precise selection among a wide
range of equilibria.

Auctioning the right to play had a strong efficigrenhancing effect via focusing subjects’ beligfs o
more efficient ways to coordinate—a new and po@digtimportant mechanism by which
competition promotes efficiency.
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Explaining VHBB’s 1990 and 1991 results (omittinghose for fixed pairing)

A. Rational learning

Rational learning is unhelpful explaining VHBB’sd®and 1991 results: Any pattern of coordinated

jumping from one pure-strategy equilibrium to amwtover time is a rational learning equilibrium.

(Similarly, QRE with time-varying precision yielditle or no insight here.)
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B. Deterministic evolutionary dynamics

VHBB's results can be mostly (but not entirely) ergtoodvia a simple evolutionarigasin of
attraction story proposed in Crawford (199EB, 1995Econometrica).

Deterministic evolutionary dynamics have two adeget over traditional equilibrium analyses
(including rational learning models) for the purpad explaining results like VHBB'’s:

Together with the dispersion of initial responghs, effect of the order statistic on the sizedef t
basins of attraction begins to capture the intevadietween strategic uncertainty and learning
dynamics.

And the dynamics give a rudimentary account ofdnstiependent equilibrium selection, in which
the population always converges to the equilibrnunose basin of attraction includes its initial stat
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Imagine that there are only two efforts as in $agt, not seven:

Other Player All Other Players

Not
Stag Rabbit All-Stag  All-Stag
2 1
Stag 5 0 Stag 2 0
Rabbit |, °l, 1 Rabbit| 1 1

Two-Person Stag Hunt n-Person Stag Hunt

Graph the expected payoffs of high (Stag) and Rebpit) effort against the population frequency of
high effort in the random pairing and large-groupimum games and the large-group median game

A
A\ 4
A\ 4
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In the large-group median game, the all-Stag aRrRatbit equilibria are both locally stable.

[
>

By symmetry, random shocks are neutral, equalbfiyiko flip the population from all-Stag to all-
Rabbit or vice versa.

With random initial conditions, the population wdude equally likely to converge to all-Stag or all-
Rabbit. If the initial conditions (strategic thimkj) favor one equilibrium, then its probability lméing
selected is higher.

In the seven-effort version of the game that VHBRIged, if learning always makes subjects adjust
their efforts toward the current value of the madthen the population converges to the median
without changing it (a general property of ordatistics like the median).

Even with random shocks, the median is just a$ylitaego up as it is to go down.

Either way, the learning dynamics have no up orrdowend; and (given the dampening effect of the
median on shocks) the population is very likelyleak in” on the initial median, as it did in
VHBB'’s median experiments.
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In the random-pairing minimum game, the all-Stad ali-Rabbit equilibria are again both locally
stable.

< [
<% >

Random shocks are again neutral; and with randdraliconditions, the population would be
equally likely to converge to all-Stag or all-Rabbi

Crawford (199%conometrica) shows that in the seven-effort version of thisygahat VHBB
studied (i.e. for their payoffs), it's actually apal for a (risk-neutral) player to set his effegual to
his forecast of the median effort in the entireydapon.

Thus, just as in the large-group median game gaming dynamics have no up or down trend and

the population is likely to “lock in” on the inifianedian.

However, with random pairing a subject samples andgynall fraction of the population effort
distribution each period (his current partner'®dffs an estimate of the population median, but a
very noisy one), so convergence will be much slpasiit was in VHBB'’s experiments.
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Finally, in the large-group minimum game, the aflbRit equilibrium is locally stable but the all-§ta
equilibrium is locally unstable. Starting from &tag, any shock, however small, will make the
population converge to all-Rabbit.

This makes the strong convergence to the equilbbmuth lowest effort VHBB observed in the
large-group minimum game plausible, but in thisecd® story is more complicated.

In the seven-effort large-group minimum game, arfeng always made subjects adjust their efforts
toward the current value of the minimum, then tapydation would converge monotonically to the
initial minimum without ever changing it.

This result, formalized in Proposition 1 of CrawdpfLearning Dynamics...”, is general across
group sizes and order statistics in this classaafes and evolutionary models.
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However, in VHBB’s experiments the initial minimunas above one in five out of seven sessions,
but it always converged quickly down to one. E.g.:

Taple 2—EXPERIMENTAL RESULTS FOR TREATMENT A

Period
1 1 3 4 3 & 7 f 9 10
Experirment 1
Ma. of 75 8 1 1 ] 1] i ] 1] ] 1
Mo, of 675 3 2 1 i 0 a 1] ¥ G il
Mo, of 373 2 3 2 L ] i} 1 i] ] {
Mo, of 4% 1 é 4 4 1 1 1 i] ] {
Mo, of 3" 1 2 5 5 4 1 1 1 ] 1
Mo, af 2's 1 32 2 4 B T 3 & 4 1
Mo, of 1' 0 1] { 1 3 7 5 9 12 11
i svam 2 1 2 1 1 1 L 1 L I
Experiment 2
Ma. af T's 4 ] 1 0 i} ] ] i 1] 1
Mo, of §'s 1 ] L ] ¥ 1 ] Lf] 0} 0
Mo, of &'s 3 3 2 1 0 1 1 1 1 1
Ma. of 4's 4 i) 2 3 3 ] 1] i) 1] 1)
MWa. of 3's 1 4 z 5 ] 1 1 a 1 i
MWa. of 1's 3 1 é 5 5 9 3 4 1 1
No. af 1's ] 1 2 2 ] a 11 11 11 13
i mum i 1 1 1 1 1 1 1L 1 1
Experiment 3
Ma. of T's 4 4 1 [ 1 1 1 il a 2
Mo, of 675 1 0 1 0 i ] ] a a ]
Mo, of ' 3 [ 1 L 1 0 a a ] |
Mo. af 4'5 3 3 2 L 1 1 0 i a 1
Mo, of 3' iy 1] 7 [ y] 2 3 1] ] [y
Mo, of 1's i) 1 1 4 g 3 [ k! 2 y)
Mo, of 1's 0 i ] ) 5 7 4 11 12 4
Minimam 4 2 2 1 1 1 1 1 I 1
Experiment 4
Mo.af T's a L] 1 1 ] 0 1 i} 1] 0
MNeo. of é's 0 G 2 i 1 L i} (i} i 0
Ma. of §'s A § 5 4 0 1 | 1] O 0
Mo of 4'= 1 1 B & 7 1 p 1 1 ]
Mo af 3's | 1 3 1 4 3 1 ! L ]
Mo of I's | i i { 2 3 7 4 2 2
Mool 1% {l 0 i) 1 1 3] 3 i L 11
M imimum d 1 E] 1 1 1 | 1 1 1
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Crawford (199%conometrica) shows that this happens because in the larggagnaimum game,
random shocks (which represent subjects’ inaltditperfectly predict others’ adjustments) are not
neutral as they were in the median game:

Instead they tend to make the minimum go downntexdent that can be approximately quantified.

As in our intuition about the effect of a largetogum or group suggests, the downward trend is
stronger, the larger the group or the closer tderostatistic (below the median) is to the minimum.
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C. Long-run equilibria of stochastic evolutionary dynamics

Deterministic evolutionary dynamics may have maepdy states, which in one-population models
normally include the stage game’s symmetric puratagy equilibria.

Which steady state the population converges tordipen the initial state and is difficult to predic
But when the system is perpetually perturbed bd@anmutations, followed by adjustment to a best
response to the current state, the limiting outcaomag paradoxically become more predictable.

The dynamics are then ergodic, so that they coevierg distribution over states that is independent
of history.

In the long run the process cycles perpetually apsbates, with their prior probabilities at anyegiv
time determined by the ergodic distribution.

This distribution depends on the probability of atigns, and is difficult to characterize in general
But when the probability of mutations approachas zihe ergodic distribution is concentrated
around the steady states of the dynamics withottmons and approaches a limit that can be

characterized by estimating the relative likelih®od entering and exiting the steady states fram th
number of simultaneous mutations such changesreequi
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In VHBB’s games, transitions between (symmetrioggstrategy) equilibria occur if and only if more
players cross the order statistic from below tHaova, or vice versa.

Recall the large-group median Stag Hunt game, dnileenplate alternative order statistics.

[
»

When the order statistic is below the median, teeahtinuous drop in effort 2's expected payoff
occurs in the left half of the horizontal axis.

When the basin of attraction of the low-effort diquium at the right end is larger than that of the
high-effort equilibrium at the left, fewer simul@ous mutations are needed to go from the high-
effort equilibrium to the edge of the basin of attron of the low-effort equilibrium than vice vars

A noninfinitesimal mutation probability thereforeakes the probability of “tunneling” leftward
across the boundary between basins of attractwerlthan the probability of tunneling rightward, so
that the ergodic distribution assigns higher prdtgho the low-effort equilibrium.

As the mutation probability approaches zero, thie & the two tunneling probabilities approaches
infinity, and the probability of the low-effort edjbrium in the ergodic distribution approaches one
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This result, formalized in Proposition 2 of CrawdpfLearning Dynamics...” (see also Robles (1997
JET)), is general across group sizes and order statistthis class of games and evolutionary
models:

In VHBB'’s (1990, 1991) games, the long-run equilion assigns probability one to the equilibrium
with lowest (highest) effort whenever the ordetist& is below (above) the median, and positive
probability to every equilibrium when the ordertstc is the median. In each case the long-run
equilibrium is independent of the number of playand the order statistic, as long as it remains
below (or above) the median.

Proposition 2 shows that analyses of long-run daal discriminate among strict equilibria and
obtain unique predictions in most of VHBB's (199091) environments.

These predictions are obtained without modelinggasl initial responses or using empirical
information about behavior, by studying ergodic @yics and passing to the limit as the mutation
probability approaches zero.

However, although they distinguish between VHBBIgIE-group minimum treatment and their
median and random-pairing minimum treatments imgpke way that is qualitatively consistent with
the variations in observed outcomes, they are wiBerundiscriminating.

By limiting the effects of history, such analysémeate much of the information about the effects
of changes in treatment variables an analysis dBBM results can provide.
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D. Adaptive learning models

Crawford (199%Econometrica), summarized in Crawford, “Learning Dynamics...”p8als that the
dynamics and limiting outcomes in VHBB’s (1988R, 1991QJE) games can be more fully
understood via an adaptive learning model withrogEeneous beliefs.

The model assumes that players ignore their indalichfluences on the order statistic, learn to
predict it, and independently choose their optiafédrts.

Learning is beliefs-based, which seems closestit the evidence suggests here (although EWA
may allow a somewhat better fit).

But learning is characterized in the style of tHagive control literature, with players’ beliefs
represented by the optimal efforts they imply.
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The form of the learning rules and the “evolutioriatructure of VHBB's designs allow a simple
statistical characterization of the dynamics oyplta’ beliefs and efforts.

The model is a Markov process with nonstationaagdition probabilities, whose long-run steady
states coincide with pure-strategy stage-gameibgail

Its recursive structure and i.i.d. shocks rulewouhodeled coordination (as by deduction);
coordination can occur only via independent respehs common observations of the order statistic

The key difference from stochastic evolutionary ayncs is that the heterogeneity of players’
beliefs, modeled as i.i.d. random perturbationsiabaommon mean, converges to zero over time,
rather than remaining with variance constant ovee t

This makes adaptive learning inherently nonstatypaad nonergodic, allowing the extreme form of
history-dependence seen in the data, in whichyhamics lock in on a particular equilibrium in the
stage game.

A full analysis normally depends on the valueseaifdwioral parameters; the model provides a
framework in which to estimate them, using datanftbe experiments, and allowing different
parameter values in each treatment.

The estimated models give an adequate statisticatgmry of subjects’ behavior, and generate
dynamics and limiting outcomes in each treatmerdseprobability distributions closely resemble
the empirical frequency distributions in the expemnts.

43



Unless the heterogeneity of beliefs is eliminated/\slowly, the learning dynamics converge, with
probability 1, to one of the symmetric equilibriatlee coordination game.

The model’s implications for equilibrium selectioan be summarized by the prior probability
distribution of the limiting equilibrium, which isormally nondegenerate due to the persistent sffect
of strategic uncertainty.

The limiting outcome is determined by the cumulkatiirift before learning eliminates strategic
uncertainty (faculty meeting example with varyingpgum and group size).

The form of the learning rules and the “evolutioriatructure of VHBB’s designs allow a closed-
form solution for players’ behavior as functiongloé behavioral parameters, the treatment variable
and the shocks that represent strategic uncertauigh shows how the outcome is built up period
by period from the shocks that represent strat@goertainty, whose effects persist indefinitely.
Persistence makes the limiting outcome depend qira behavioral parameters.

This dependence is eliminated in other approachiyshy ruling out either significant strategic
uncertainty (as in equilibrium analyses) or itsspeent effects (as in long-run equilibrium anasjse

Paraphrase of quotatigabout optimality, not equilibrium] in Stephen Jaguld’s Wonderful Life:

“Equilibrium covers the tracks of history.”
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Overall, the analysis yields the following conchrss:

e Perfect history-dependence in 1991 median tredasngmue to no drift and small variance; but
convergence to initial median in 12 of 12 trialsynoaerstate history-dependence: initial median
“explains” 46-81% of variance of final median.

e Lack of history-dependence in large-group minimueatment is due to strong downward drift,
which yields convergence to lower bound with veightprobability; but convergence in 9 of 9
trials may understate the difficulty of coordination simulations it occurred in 500 of 500 trials.

e Slow convergence, weak history-dependence, akdliaitend in the random-pairing minimum
treatment are due to no drift and subjects' observaf only their current pair's minimum, which
IS a very noisy estimate of the population medraat tletermined their best responses.

The analysis yields qualitative comparative dynangianclusions about the direct effects of changes
In treatment variables, holding the behavioral peaters constant:

Coordination is less efficient the lower the ordtistic (the smaller the subsets of the populatio
that can adversely affect the outcome), becausé somabers of deviations are more likely than
large numbers.

Coordination is to be less efficient in larger grsiholding the order statistic constant, measured
from the bottom) because it requires coherence gmure independent decisions (not up-down
asymmetry!).



Explaining VHBB’s 1993 results

Crawford and Broseta (19%ER), following Crawford (199%conometrica), show that this effect
can be understood as following from effects thatfaize “order statistic,” “optimistic subjects,ha
“forward induction” intuitions.

The optimistic subjects and order statistic efféatgether have approximately the same magnitude i
VHBB'’s environment (where the right to play a niperson median game was auctioned in a group
of 18) as the order statistic effect in an 18-permsoordination game without auctions in which
payoffs and best responses are determined byfthdiifghest (the median of the nine highest) of all
18 players’ efforts.

Auctioning the right to play a 9-person median gama group of 18 effectively turns the game into
a “75" percentile” game (0.75 = 13.5/18), whose orddissi@effect contributes a large upward drift
as Crawford’s (1995) analysis suggests there wioal@ been in such a game without auctions.

Crawford and Broseta’s analysis attributes theratldf of the efficiency-enhancing effect of
auctions in VHBB'’s environment to a strong forwarduction effect.

The analysis shows that coordination is more efficiwith more intense competition for the right to
play, because it yields higher prices for a givaarel of dispersion in bidding strategies, and it
increases the optimistic subjects effect.

This effect should extend to related environmdnit$,may not always yield full efficiency.
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